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Preface 


This volume contains the proceedings of the International Conference on the 
Navier-Stokes Equations: Theory and Numerical Methods, held in Villa 
Monastero in Varenna, Lecco, Italy. The meeting followed two others of the 
same type held in Villa Monastero in 1992 and 1997. 

Interest in mathematical analysis of nonlinear phenomena has led to 
increased interdependence and cooperation among scientists. Also, the rapid 
development of large-scale computers and progress in mathematical analysis 
has encouraged industrial use of nonlinear mathematical models for solving 
problems of technology. The attempt to understand nonlinear problems has 
stimulated application of mathematics in many areas of science, in particular, 
in fluid mechanics. 

There is a real need to promote and realize unifying and distinctive 
meetings that point out the most important contributions, indicate the 
directions of future research, and promote collaboration between young and 
established researchers. The conferences in Varenna moved in the direction of 
these objectives. By any measure, this event was a great success. 

More than 80 invited specialists from all around the world 
participated. This volume collects 23 selected articles which cover a wide 
spectrum of topics in the mathematical theory of fluid mechanics: 
compressible and incompressible fluids, nonnewtonian fluids, the free- 
boundary problem, qualitative properties of solutions, hydrodynamic potential 
theory, and numerical experiments. The contributions present original results 
and surveys on recent developments. 

In addition to the editor, the organizers of the conference were M. 
Biroli (Politecnico di Milano), J. G. Heywood (University of British 
Columbia), K. Masuada (Meiji University), G. Nespoli (Politecnico di Milano- 
Sede di Lecco), R. Rautmann (University of Paderborn), and V. A. Solonnikov 
(University of St. Petersburg). 

I take the opportunity to express my gratitude to the sponsors for 
financial support: Camera di Commercio di Lecco; Comune di Lecco; 
European Community “Human Potential Programme-High Level Scientific 
Conferences," Contract No. HPCFCT  -2000-00014;  Murst-Project 
“Noneuclidean Structures: Dirichlet Forms and Fractals” n. 9801262841; 
Politecnico di Milano-Sede di Milano, di Lecco and Dipartemento di 
Matematica; Provincia di Lecco; Unione Industriali di Lecco; 
UNIVERLECCO-SONDRIO. 

Special and sincere thanks go to Mr. Graziano Morganti, public 
administrator of Provincia di Lecco, and Dr. Ing. Vico Valassi, president of 
UNIVERLECCO-SONDRIO, for their constant encouragement and help. 


Rodolfo Salvi 
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A Reynolds equation derived from the Micropolar 
Navier-Stokes system 


MAHDI BOUKROUCHE 
CNRS-UMR 5585 and UPRES 3058 Saint-Etienne 
boukroucQanum.univ-st-etienne.fr 


Abstract 


In this paper we generalize [3] to the nonlinear case. 


1 Introduction 


We consider the following system which is a mathematical model of stastionary flow 
of viscous micropolar fluids, which describes the motion of solid particle suspension 
in a liquid: 


— (v + v4) Au + (u: V)u+ Vp= 2v, rot  inQ (1.1) 
divu= 0 in Q (1.2) 


— (Ca + eq) Aw + I (u-V)w — (co + ca — Ca) V dive 
+ 4y,w == 2v,rotu in Q (1.3) 
u=g and w=f ondQ. (1.4) 


where v is the usual kinematic Newtonian viscosity, v, is the dynamic microrotation 
viscosity, cg, Ca, Cq are new viscosities connected with asymmetricity of the stress 
tensor, called coefficients of angular viscosities, u is the velocity vector, p the pres- 
sure, w is the angular velocity of rotation of the particules of the fluid, J is a scalar 
called the microinertia coefficient. 


It has been extensively examined from various points of view, both mechanical and 
mathematical, see for exemple [5], [13], [12], [4], [8], [9]. 


2 Boukrouche 


We consider the problem (1.1)-(1.4) viewed as a lubrication thin film problem de- 
scribing flows of micropolar fluids in an infinitely long journal bearing : 


Q = ((11,22, £3 ) € RP (z1,22) € ff, —00 < z3 < +00} 
where 
QF = {(a1,22) € R?:0< mi <27,0< 22 <eh(z)}, e>0, 


and h is a positive smooth function on the interval [0,27]. Then QF may be viewed 
as a cross section of Q perpendicular to the 0z3 axis. 


Assuming that the flow in Q des not depend on the x3 coordinate (it is the same 
in each cross section z3 = const), the velocity component ug in the direction Ogg is 
zero, and the axes of rotation of particles are parallel to 0z3. Then the fields u,w,p 
reduce to 


u = (uy (21,22), U2 (21,22),0) , w = (0, 0, w3 (z1, £2 )) , p(z) = p(z1,22) 


Putting u,w,p in the above form in system (1.1)-(1.3) we obtain the following two 
dimensional nonlinear problem in QE: 








Op® Ow Out Oui 
E Aut or ut VAM ee peed! er 1 
(v + v,) Auy + Bx, Vy Dns uj ar u$ B; (1.5) 
=, Op _ ðw  ,0u$j  ,0u$ 
— (v + v) Aug + Bom 2v, Pu uj An, 252. (1.6) 
Qui Ou$ 


Qu uf Qu$ Ows 
— (Ca + ca) Aw$ + 4v4u$ = 2v, (52 — a) -T («a5 + uo) . (1.8) 


The appropriate Dirichlet nonhomogeneous boundary conditions of (1.4) are : 


u^ = gf on OY, f g^.n do — 0, (1.9) 
ane 


ws — f^ on ANE, (1.10) 


In Section 2 we introduce the notations and define the weak solution of the mi- 
croscopic problems (1.5-1.10) in narrow films Q, e > 0. To study behaviour of 
solutions (uj, u$, p^, w§) of problems (1.5-1.10) as € —> 0 we rescale them by intro- 
ducing the new independent variable y = z5/c. We obtain in this way a family of 
problems in the fixed domain 


N= ((m,y) e P:0«m «21,0«y « h(zi)], 
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for some new dependent variables (uf, 45, p°, Q$). Of course, it is crucial to know 
the relations between the boundary data g* and f* for various £. At the end of this 
Section we specify these functions as well as the variables (2$, %5, p°, 0$) in Q in 
terms of solutions (uj, u$, p°, w5) in QE. 

In Section 3, we obtain uniform estimates of solutions (a: , u$, P^, ag) with respect 
to £. To this end we have to specify the behaviour of the coefficients in (1.5)-(1.10) 
as € — 0. Passing to the limit as € — 0 in variational formulations of the rescaled 
problems, we obtain the following macroscopic laws for the related limit functions 


(ut, u$, p*, w3) : 








Op — ut » dwt T 
55 c ap Ua dec P UN E 
OP 0 in DA (1.12) 
Oy — i 
8? wy 5 Zui) , 
= ru '(Q). 43 
Oy? 2N3 (3 + By in D'(2) (1.13) 


Then, as in [3] this system (1.11)-(1.13) can be solved explicitly in uj (21, y), 
w3 (24, y), using the continuity equation in the form 


h(21) 
f uj (%1, Y) dy=g(t1), 0< zı < 2n 
0 
where g is a known function, to obtain the following Reynolds equation for p" : 


V { CN: 3 (h(x), No) ve) s - T (1.14) 


where 0 < N, < 1 and 


1 1 if w 
= ta ye th (NoV/T— NB). (1.15 
(h No) = 5 tASü- Ni AVIS acth ( N P). Qa) 





2 Weak formulation of the problem (1.5-1.10). 


We denote by V (N£) the subspace of (Hi (N€)? defined by 


V(O) = (ue (HAO)? divu=0}, O) = {pe (o) f p=0} 


It is known [6] that for any functions : 9° = (gf, 9§) € ( H!?(80*) ? with 


f gindo=0 and fE € ui"? (90*) 
ANE 
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there exist functions G* = (G§,G§) € (H!(Q*))? with divG* = 0 in N£, and 
F* € H!(QE) such that GE = g€ and F* = fE on ONE. 
Problem (P*): (The weak formulation of problem (1.5-1.10)) Let 
= (G$, G$) e ( H' (05) n (L9 (05)? , with div GS — 0 (2.1) 
F* e HQE) N L**(Q*). (2.2) 


Find ui,t2,w3 in H!(Q*), and p in L2((1*) such that for all functions p, vr in 
Hà (Q*), 


Ou, 9p Our 9p Op — 
ipae Qe (se xe Ox, On Ox. -f v 


Pon 
B Qus Qu; Qui 
= 2v, md ds (ui ae wae (2.3) 
Qus Ow Qu» Ow Ow 
wrm) f (Ge s iie) - |^. 
= m, [Sy - [St euo (2.4) 
Qe CTi 
Qus 29 y Qus n T ET 
(Ca + ca) f. (5s Ox, TL. Ira + 4v T Qe] — 
i uz Dui in ex 
= 2» L. E — $n rf GE tuz mn (2.5) 
and 
(uj — G$, ue — G5) € V (95) (2.6) 
w3 — F* € Hi((*), (2.7) 


Let J = (Ji, J2) such that DivJ = 0 in ( H! (Q) )? and K € H'(Q). We define, for 
(21,22) in QE: 


Gi (21,22) = J (z1, =z) , G5 (z1, £2) = Ja (ui, =) (2.8) 


F* (a, 22) = -K (zı, i) (2.9) 


Obviously, G* is such that DivG* = 0 in ( H1(0*))? and F* € H!((1*) for each 
€ > 0. Formulas (2.8), (2.9) establish relations between boundary data for different 
E> 0. 
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Introducing from now on the new independent variable y = =, we obtain a family 
of problems in the fixed domain : 


Q = ((n,y)e R? :0«z «21,0«gy « h(31)), 
for some new dependent variables 
Tp = ONN{y=0}, Tı =3NN {y = h(zi)), 
T; = (00m [21 = 0}) U (60 n {x = 2n )). 


Let ui, u2, t3, p be a solution of problem (P*) and let (z1, £2) = (a1, ey) in N°. We 
define the following functions in 2 : 


" D. 1 
@ (zi1,y) = u (z1,22) , üz (£1, y) = Dus (21,22) 
G3 (31,9) = ws (1,22) , P(m,y) =e? Ry p (21,22) 


z ^ 1 
G, (z1,9) = Gi (zi,€y) ; Go (25,y) = zG% (21,6 y) 


F (z1,y) -eF*(m,ey) for (m,y) €N, 


-1 p, \ 1/2 
where Rz = (v -- v4) . We set also N = (=) and 


v+vy 


Remark 2.1 : Since div G* = 0 we have div G = 0. If (ui, U2, W3, p) is a solution 
of problem (P£) then (81, ti2,@3, P) is a solution of 


Problem (£*): Find & = (4), tig) in (H!(0))? , Qs in H! (N) and f in L2 (N) 
such that 


(a; — Gi, fiz — Go) e V(Q), (2.10) 
uy = te = 0 on T4 ; (2.11) 
i, = sER onlo, (2.12) 
ü; = OonIo, 6(0,.) = (27, .) (2.13) 
Qs — F € HA(M) , s(0,.) = Qs (2m, .), (2.14) 
0n 0e | [0$ 9e fpe- 
Q Or, Or a Oy Oy Por. 


Q ~ Ou 
= 2N? E g- Pn, faze pr. EN (2.15) 
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in Ob | [OR Op [OU _ 
o Ox, Az; o Oy Oy Jn” dy ~ 
-2N3g Lm 34 — eR, [ms a, T Y (2.16) 


Rr 005 On Rr 003 on 2 E 
R. o Ori On, Re R. € o Oy Oy XE [aon i 
Oti) Oti, ~ 003 | . O3, 
—2N?*g | L— -aw fo -rR,[ -—- i 
le oo L AZ pn By )n (2.17) 


for all functions y, ,n € Hé(2). 


Following [8] we can establish the following existence, uniqueness, and regularity 
results : 
Theorem 2.1 (Existence): Under the assumptions (2.1),(2.2) and if (v + (1 — 


C2)vy) > 0 then, for every £ > 0 there exists at least one solution to problem ( P* ) 
Where 
C; = Qd») (vytlG*ll. + 2d(ca + ca) WWF za) + 
and d is the diameter of 2. 
Theorem 2.2 (Uniqueness) : Let Cı and C4 be the positive constants defined by 


Cy = (vt+vy)||VG* |] + 2» FE + Intl. + (2.18) 
* 2(cq + ca) v,d|F*|lp4||G*]l gs + 2v,d||V F*]| + 
+ 8(Ca ea) 1 dh? |F*|| + 4(ca + ca) *dv5||G* |]. 
Cy = (214+ d)v-! + (2(1 +d) P UG Nga + Aca + 0a) dr + 


1/2 


+ 4(ca + ca) du, (A + d?)C3 + 2dvy(ca + ca) 1(2(1 + d?)) FE pa. 


If we assume that v + v, > C4, then the solution of problem (Bs ) is unique. 


Theorem 2.3 (Regularity) Under the assumptions of Theorem 2.1, Theorem 
2.2, and if 2 is an open Lipschitz-continuous subset of R? (ON € C9), we have 
uf = (u$,u$) in (H?(0))?, pin H!(Q) and w$ in H?(Q). 
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3 Some estimates and convergence results. 


Lemma 3.1: Assume h satisfying h(0) = h(27). Under the assumptions (2.10)- 
(2.14) we have 


~ 003 |. 003A. _ 
Í (a Oz, +m ZF | SET oH) 
Proof: We have 
0653 a A AQ R [ae fa ~ OQ 
2s 2)de - | ao" - A. 
» Uy 55 Q3 = 2 4103 cos(Ti, z1)do us Bs, sun Bn, (3.2) 


[aye - je: (3 (2073) cos(7, vdo- f (Qa A -[e9 (3.3) 


adding (3.2),(3.3) and using (2.10) we get 


J E 7 ENCORE 
aQ a0 


Now the surface integrals give 


f AA A dE 
Q 


n (Gomes dees J Gim coat n 
Truro Dr 


f (3) i, cos(ii, y)do = J (Gs)? 85 cos(tt, y)do + f (£3) Gp cos(ñ, y)do 
an D1UDo Pr 


as cos(7i, y) = 0 on Ty, and ü = 0 on l'o UT. We obtain 


2 | (ax EIE Q3 = L (3) ui cos(ñ, zı )do = 
Q T Oy 


h(0) 
- T OO (0, y) cos (it, z)dy-- 
0 


h(2z) 
f (Qs (27, y))^ (27, y) cos(ñ, zı dy 
0 


using the fact that the functions h, 01,03 are 2m z,-periodic, (3.1) follows. 
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Lemma 3.2: Assume h satisfying h(0) = h(27). Under the assumptions (2.10)- 
(2.14) we have 


^00] ~ OthY.. 
I peat =0 E! 
| (a Om”? Oy = (4) 
and E 5t 
^L Ou» a OU2\ ~ 
Las E rem = Q, , 
ni (s Dri + uo By ) uo (3 5) 
Proof. From 
Ulun—uj = ujcos(?,21) — | Uj— — | ti, 3.6 
Q ! 8g, : aa : ( 1) Q 1 9i Q ‘Ox, ! ( 
Ug uy = u2Uu; cos(n,y) — | ui— — | Uw—~, 3.7 
[ e M y) o | dy a y (o 
[a Dn, Ñ, = f 41 5 cos(ñ, 21) s rv 4 UU ; (3.8) 
s Oi, f ^3 > ^2 üz I ~ Oti, . 
U2—— Uo = u5cos(n,y)— | u5—— — | ti2—— s. 3.9 
a Oy on ^ ) o ^Óy a Oy on 


Adding (3.6) and (3.7), and using (2.10) we get 


88). 08 x 
a) Ga a= f aeostitn) + fafa, cosl) = 
a\ Ox Oy oo | on | 


h(0) h(2m) 
= J teostit,n)=— f| ce» +f Ren) =o. 
PL 0 0 
Adding (3.8) and(3.9), and using (2.10) we get 


2 | (a T + a) U2 = ri 4,62 cos(7i, z1) «f 45 cos(7i, y) = 
Q Oz, Oy an an 


h(0) h(27) 
--] todo» [ terry) =0. 
0 0 
Theorem 3.1: For 0 < e < 1 let &, ti2, Q3, P be the solution of problem (P*). We 
make the following assumptions : 
0 < A(z) < , 0€ zy €2n with ô small enough , independent ofe (3.10) 
IR; =e. (3.12) 
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Then 
Ot E 2 Ott düz 005 003 Je 
< . 
|e FR + lle rm JJ y +l or. dE + |@3|| < const, (3.13) 





















































where ||-|| is the usual norm in L? (f?) and const depends only on Rr, N and on the 
H’ (Q) norms of Ji, Jo, K. 


Proof: We take o = %, — Gi , v = 4s — G in (2.15) and (2.16) respectively. We 


get r 
ou ou 
2 1 1 = 
: LS) JU xy - [Px P Bx, aaa CUN 
da, OG 88, 0G 003. 4 
2 1 1 1 1 2 EN 
= eee ee oe UU DNE Md ez 
Q Ox, OX, o Oy Oy jh Oy (411) 
. OU z fa OU, a ^ ) 
i.a z —(ui—-G .14 
E Ry, (f, tı Jz, (üj ~ Gi) + [d Oy (ui 1), (3.14) 
and 


0ü3 V? 863 V? nm "NT. 0, OG. 
E fete 2f (2) -| 8z(ü—G23) =] z—— 
2 LE) $E L [5,9 2) = Q 021 024 
9ü,062 — are? | o Ge 
Qo OX 
~ OU2 ,. A ~ üz, ^ 
-et Bü, ([ mam - Ga) + [ 2 - 62). (3.15) 
Adding (3.14) and (3.15) we get 
aa, V? aa, V? [ (8) [ (y 
2 1 1 4 2 = 
ee —— ee! + eee = 
Er JACI te adn) ^ Ja Vy 


88, OG, 00,00, 4 f 0ü,0G; | , f 005 AG, 


—— ——-— + u— +e 
Q T1 02, 4 Q Oy Oy : Q 021 Óz, Q Oy Oy 


~ O2 Oti» a OQ a x 
4 — G 2N TA -G 
+E Ry f æ + fi» » 2+ : By (tı 1) 


88, 8, V. 3 .. Oti 2) zm 
2 rr Gi. 
-en, [ (& E vu mM) arene [ (az +u t2 1 
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Using (2.10), lemma 3.2 and ab < «8 ue pt we obtain 


a a me 
Ox, Oy 2 Jg \On1 2 Jo \ Oy 


O3, . A 003,. A . OU x 
< Bee Ye Ogee zs — 2N? 3 iind: TS 2 f ibo 
«2N Í Dy (tu: — G4) N*g m (U2 — G3) +E Rr Ma By Gi+ 


Ou} 
«en, [ à ài, Te Rr (fa Ui AG, «f a, 36, TÉ, (3.16) 
Q Q 


where 


TM MERE Pan PER 
1 OG, 1 f OG, 1 f 0G3 1 f 0G» 
jux cation he ee (ae fetes A gee renee J geet ot 
: GR t3 OR To Jo Ox, * 3 Jo Oy 
Taking 7 = Q3 — F in (2.17) and using the same arguments as before we get 


Ri IN? R J 894 V? l Í ET 
2R. Jo \Or1 pol NVa < 
2Re Í (=) a 2R.€? Jg \ Oy + 2N : (03) < 


2 «e f 2200 = — —2 N2? Zolta a Pye 
N'e Bars (Q3 — F) N > y (Q3 — F) 
-I.R [ «526 -P)-LR [aZe -Ĥ)+K. (3.17 
S Ja 18r 3 UT ja ? ay W3 2: . ) 


where 
ds nd 
_ fa OF Rp OF E E 
n= ia f(E) + * oR, ms f (5) PANS Uns 
We add (3.16) and (3.17) 
TOETO ORNO 
Ox, Oy 2 Jo \Or1 2 Ja \ Oy 
"ni^ 0653 Re Í 003 2 2 
Eu ait < 
TOR. (2) 4 2R? (S) TAN (09) < 
OQ ^ Ou Ou 
BON eee | IS e — — e? 2 diu MERC M d ae 
2N"^e Ls (tz — Go) —& ri | (s dy +a) ü+ 


«en, | (mF + at 6 + aN 2 | 3 (a - P 
Q 
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O2 Oita Op üz 
4 — 
en (f (azn +g?) Ge - INC EL DE 


063 ~ Os V a ~ 003 an 003Y .. 
+I. n, f (as + 2) P-rA, | (ugs +a T) Q34- Kio K5. (3.18) 
Q zı y Q zi Oy 
Using lemma 3.1 and lemma 3.2, we put 
A, = 2N? f, 99x (ü, — Gi) — 20e? fo (ü — G2), 
Ag = e? Ry Jo 4€ (2, 5: ou; 4 d, 28s )& + e* Ry, fo (a, 9% + d» z) Ga 
%vspace0.3cm 


Ag = 2N?e? fo SE (0, — P) — 2N? fo 82: (0s — F), 


\{ 


Ag =I ht fa (a, 92 + i) F. 


Using (3.11) we can write (3.18) in the following form 
2r 23] 3 m 2 (2) A - 
—PlL)-z +—f (2?) «UE 
2 Q Ox Oy 2 Q Or, 2 Q Oy 
E f (89 90s 2 i, 
bo (22) « a. (5 2) 4 an dest 


A; + Ag + As + Ag + Kı + Ko. 


Now, we will estimate A;, A2, A3,A4. Using the usual Poincare inequality : 


6° Ov 
TESI zx, 3.19 
[5 [ie (3.19) 


for every v € H!(Q) with zero value on Tp or F; and using ab < § (a? +b?) in Aj, 
we get 

0 6 | A(t — G1) 

3 oss M | ptosis 

[ Oy (uy 1) | 8y 

65 am \? (00V. 

W3 ui 1 

e pipes : 3.20) 

v2 2]. E A): "o ) ( ðy ) | 


OQ = a OG 
m | dii - Gill s ; 
y 

















ala 











Similarly, we have 
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[3-005 (8) (m) em 


From (3.20) and (3.21) we deduce 
mox ANS 
S (8, (=) 0G; 
x)4-l—x }+ 
Oy Oy 
~ 2 
2N?5e? 00. V? (O%2\" — [ 0G» 
ame pm. quy. (uy). en 





























We have 
OERI a < 
aN? 1/3? 1 [af 
szl le (£2) + alm) Tj | Gi 
and 


LOD <aL{@) (CR) (&) pom 


Then from (3.23) and (3.24), we get 
A\ 2 
2N265 0ü93N7 (003\? [oF 
As ee Ep rie ui 
TES /2 d (S +(F) + y T 
2N?5 88 aa? (8PV. 
22 (5 Ay. (m + (2) (3.25) 
oy y 


A» < e*Rr (/ a, 9 6. + nag, + 
Q Oy 


t e* Rz, (f G+ | 2,526, ) , 
o Om o Oy 


We also have 
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Since G = (G1, Go) € (L™())*, using (3.19) we obtain 



































































































































OU. Otis Oti P Ou 
[age + [ «20, < m (icol ay | + Ill] AL ssp) < 
T. /2 Oy Oy Ox 021 
, ôM 8d may (2 ) 
MEE -—— ; 2 
= ZA Ja (G 3] 7 ( ðy ) * \ dx, 909) 
and 
Os x Oi» Dus a üə 
des Pia: E A et 
ETE &«M(|: d EST $2 «Ie all 23) < 
óM [1004 Oi OG. 
Sz Ha lea = < 
mE € Oy “Oa, Oy ) ES 


ôM da; 2 95V? (my 
— 2 ; .2 
sz AES m i CE) ta ae 
From (3.26) and (3.27) we obtain 


R,6Me? A ey (m 
Ag < ——z— —] €i) +(=— + 
SE y2 E Oy dy zA 


R,6Me? (2 | (a (By 
———— ——]| + =|] + —— ] 3.28 
3 2/2 Ja | Oy * Mm "y s 
And as IDs 00s 
A4 = —I.Rz, ic p I. " o 2p 
o On o Oy 
Also 


= 2a) 


LR, [ S SP < fir Rr Müs||— 


















































1 f |30|? ea " per 
4160. RM)? f Il? «c af A + > 
and 
003 = LM 00s e? f |80|? 
I.R; a U1 eon, aloz 
2 2 ~ 42 

le(I-REMP fo o È [ A633 |” , 16(I.RL Mô) f 0; ao 
T e? [iat < 16 Jo | Ox. 2c? o! Oy Ree 
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14 
From (3.29) and (3.29) and using (3.12) we get 
~ 2 2 ~ 2 2 ~ 2 
A, < i Oui , 160-RLM9)" H 0» ^ O05 
, I6. RL Mô)? A 8d; |’ an 
Qe? Oy 
8d; |” 2s 8d, |? 
«suspe | =~ nd —— 3.30 
me [ 55 (may | IF (3.30) 











From (3.22),(3.25),(3.28) and (3.30) we pe 
a f (Shy +0 I (E) +a f (2) +a | (Sy + 
t Jo Xóm * ds Oy ? Ja Nm ^c Oy 
te nD A2 
as f (= +a f (=) ++ ar f Gs? < K 
Q \ Ox a \ oy o 


T 1 E (Aa + ae) 
, 2 9 V2 e V2 , 





: - e( a see 
9 4 V2 2/2 ’ 


€ 4N?ó6  RyóM 2 





^X 2R.e /2 16 





25.2 2 x 
Ry B (== )^- Ry - (Sr +e), ar = aN 


^ 2 ^ 2 ^ 2 ^ 2 
A A[f[f(808NV if (ai) 1[f[(8G 7 06, 
K= a f(E) ER) ALE) ELE) 
Be 2 
4 Dr LL 
2R. Q 021 


bed (E) om Lor LB) 
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PES ee 
,2N*é€ f (3G) , 4N*6 f OF 
V2 o V Oy V2 Ja\ðyj] - 
Finally, for ó small enough, (3.13) follows. 


Now, we estimate the pressure uniformly with respect to £, using the following result: 
Lemma 3.3 [1]: Yy € H! (N) , y =k on OQ, we have 


) (3.31) 


1 3 1 
Op |*Op|]* , | Op|? 
lel ra (oy < dr, p 4 


Oy Oy 


Lemma 3.4: Under the assumptions of Theorem 3.1 we have the following esti- 
mates: 


















































Dp. < const, (3.32) 
ðr İlm-i) 

| Op | < €.const (3.33) 
Oy H-1(Q) 





where const depends only on H! (N) norms of Jj, J2 and K. 


Proof : From the identity (2.16), we have 





































































































































































pt o a f 2 OU oa f 2o 
Poy T * Oy’ aren =e o 02,02, — Jo Oy Oy 
p a -en, [ a Kye n, f me, (3.34) 
Q OTI Q 
sage p, 98; || || Ov 9; || || av a0 
p 4192 u2 2.2 AL 
EET E oua | [CP | LaN 
Ey >| et [al zen [e] [ZO] eom |o] n 
zx u 
+ € Ry |[£i lr a(oy = l(a): 
Using Lemma 3.3, we get 
Op Ou 003 
< 5»! >| «c [e ese tele "|| + eN? [e nae | Ili (oy 
1 3 1 
aü ||* || OU, ||4 OU, ||? Oti 
+C en ( 2x wi 5a p IL E 
1 3 1 
Os || 4 || OU2 || 4 Oi |? Ou 
t C' |R: ( T E» dy Jl = | IIl ara (o): 
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where C' is a positive constant which depend only on 2, Ji, Jo, K, Ry, and N. Using 
(3.13) we deduce 


< $e ,V» < O (e+e + N?e + Ry (et +e? + ed + ef) Ill gna (a): 


Then 


[ila 0^ 
H-1(Q) 


where C is a positive constant which depends on 2, J;, Jo, K, Rr, and N. 
Using the same argument from the identity (2.15), we deduce (3.32). 
Having estimates (3.13),(3.32) and (3.33) we can select a subsequence 


( 8$, ùz, O3, PF ) of solutions to problems Pe ) which converges to some limit func- 
tions uj, u5, w3, p* in suitable topologies. Let 


V, = fu e L (Q) : 25 p cay} 


and let ||v|| + be the norm in Vy. 














ðv 
ðy 
Theorem 3.2 : Let the assumptions of Theorems 2.1 and 2.2 hold, then there exists 
functions uf, wš € V, and p* € L2 (f?) such that (for a subsequence) 


üi > uj weakly in V, (3.35) 
Gg — w3 weakly in V, (3.36) 
f£ —p' weakly in L2 (Q). (3.37) 


Moreover if vR, is equivalent to e~*, then there exists No such that No = limeso N, 
and the following relations hold : 








Op*  O?uj 20W3  . ua 
— 2N, ; 
Az oy? 075 in H^ (Q), (3.38) 
Op* _ j 
27 0 ae inf (3.39) 
9?u* .. Our TERME 
Oy? = 2N2 (245 =) in H (Q) (3.40) 


Proof : Identities (3.35) and (3.36) follow immediately from estimate (3.13). As 
p is in L2 (Q) and is uniformly bounded in H^! (Q), we have [14] 


le^ || < C Ilf lg - 1 (o) < const, 
so that there exists a subsequence (p°) converging weakly in L? (Q) to some p*, and 


llp“I|_ € lim inf._,9 lP || < const. 
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Moreover, p* € L2 (Q) as L2 (Q) is weakly closed in L? (Q). 
Using (3.35)-(3.37) we pass to the limit as e — 0 in (2.15)-(2.17), where Rr,R. and 
I are as in (3.11) and (3.12), and obtain for all functions p, ~,7 € Hl (Q) : 


ARUM a o 
Pe cS D = 2N? A (3.41) 
Ow 
—-p zx = 0, 3.42 
i es (3.42) 
Ow3 0n mu 
a Oy dy evi [ win = -2ng [ FA (3.43) 


This proves UM 

The study of the limit equation (3.38)-(3.40), can be found in [3], where a higher 
regularity of uf, w3, p* is proved then this system was exlicitly solved in uj and wł, 
to obtain the generalized Reynolds equation (1.14). 
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0 Introduction 


We are interested in solving the three-dimensional incompressible Navier-Stokes sys- 
tem in the whole space, say 


ey Au —V-(u@u) — Vp, 
Vu 0, (0.1) 
uo(z), zx € R5, t » 0. 


Sg 
~ 
5 

ce 
= 

i il 


It is well-known that local (or global under smallness assumptions on ug) well- 
posedness holds in various functional spaces ([19, 18, 3, 22]). A classical example is 
provided by the space of continuous in time solutions taking values in the Sobolev 
space H2 , say u € C,(H? ). Moreover, we have at our disposal a persistence result, 
namely: if the initial data ug is not only small in Hi 2, but also belongs to H+, then 
the above mentioned solution u is globally continuous in time with values a H!. 
To prove such a result it is enough to show that the H! norm of the solution is a 
Lyapunov function, which means a decreasing in time one. More accurately, in the 
celebrated paper by T. Kato and H. Fujita [19] the following inequality is proven : 


d 
jl Vvl& < —2lIVul£(1 — Cllull 4), (0.2) 
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that immediately provides the announced decreasing in time of the homogeneous 
norm ||u|| ji, as long as ||ul|,,4 is small enough. On the other hand the L? norm of 
the solution u decreases as well, which allows to conclude. T. Kato [20] extended 
this kind of result, actually proving the following inequality : 


d S S 
Eug S -0 - lulls) Q5 (J*u), (0.3) 


where J = (I — A), s > 0, 2 € p « oo and Qp is a quantity depending on u and 
its derivatives. In other words, a new family of Lyapunov functions is derived, and 
they do not necessarily arise from an energy norm. 

The aim of this paper is to adapt Kato’s result to the more general Besov spaces 
that appear since 1995 ([3]) to be better suited for the Navier-Stokes equations. 
The importance of this result in connection with the stability theory is extensively 
discussed in [5]. Generally speaking, stability theory enables one to derive from first 
principles the critical values which separate the different regimes of flows as well 
as the types of the fluid motions is these different regimes. The time evolution of 
Lyapunov functions is a suitable property to describe the dissipativity of a system 
and the stability of its equilibrium solutions. For the Boltzmann equation, the so 
called H-function (that is a decreasing in time one) plays a key role in the discussion 
of the change of rate of entropy for a rarefied gas. 

For the Navier-Stokes equations, the decreasing in time of the L? norm is a 
well-known property, whose importance is capital for the analysis of Leray’s weak 
solutions. In this case, the usual procedure is to argue on the basis of continuous 
dependence properties of weak solutions derivable by energy methods and Gronwall 
type inequalities. In other words, weak flows satisfying the Navier-Stokes equations 
have the property that, when the viscosity of the fluid is greater than a critical value, 
all solutions of the initial Cauchy problem tend monotonically to a single flow (the 
basic one) and the energy of any disturbance of this flow decays from the initial 
instant. 

Very recently, following a tradition inaugurated by T. Kato and H. Fujita [15, 
19, 28, 29, 16, 18], a lot of attention has been devoted to the study of the existence 
and uniqueness of global strong regular solutions not necessarily having a finite 
energy [3, 4, 5, 6, 7, 8, 14, 21, 24]. Less is known with regard to the existence of 
Lyapunov functions associated to these strong regular solutions, a part from the 
above mentioned result obtained in [20] by T. Kato. 

As announced, we will concentrate our attention to the Besov frame, even if a 
careful analysis may allow to consider other “esoteric” spaces such that, for instance, 
the Morrey-Campanato, Lorentz, BMO and Triebel ones. Our motivation is clearly 
explained in D. D. Joseph [17] “It is sometimes possible to find positive definite 
functionals of the disturbance of a basic flow, other than energy, which decrease on 
the solutions when the viscosity is larger than a critical value. Such functionals, 
which may be called generalized energy functionals of the Lyapunov type, are of 
interest because they can lead to a larger interval of viscosities on which the global 
stability of the basic flow can be guaranteed.” 
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Another motivation for looking at Lyapunov functions in different functional 
spaces for Navier-Stokes is that they allow to get uniform estimates for the solutions 
u(t) of the type ||u(t)|| € lluo|l. Now, it is well-known that such an estimate, via a 
bootstrap argument, allows to pass from a local in time solution to a global one. This 
is for instance the case for the Sobolev space H+ (R3), for which, as we have already 
recalled, a Lyapunov function exists if the norm of the initial data is sufficiently 
small in H 3 (R3) [20, 19]. Now, in the case of the super-critical space L?(IR?), for 
which a local in time solution is known to exists, it would be of paramount interest to 
dispose as well of a Lyapunov function, for, finally, this would give a global existence 
result. 

Before proceeding, we would like to add here some remarks on the original proof 
of T. Kato [20]. The key estimate that guarantees the monotonically decreasing 
property of the L? (R?) norm is given by eq. (0.3), say 


Sleg < -C(v - K|lu(t)lla)Q (u(t), (0.4) 


where C and K are two positive constants and Q(u(t)) is defined by 
qq = f DIVU Pde. (0.5 


Of course, Q(u(t)) is a well-defined function of t if u(t) is the solution given by 
T. Kato's celebrated paper [18, 14]. In fact, the solution u(t) not only belongs to 
L^ (R3), but also [18] tVu(t) € L?*(R?), so that Vt > 0, |u(t)]| Vu(£))? € L! (R3). 
What it less easy to ensure is that Q(u(t)) is an L} (R) function of t. And this 
is evidently of paramount importance when deducing the decreasing property from 
the estimate (0.4). This is why T. Kato has to impose the additional condition 


Vo(t) € LL.((0, T; L5 (R3)). (0.6) 


We will see how to avoid this extra condition (that does not follow trivially from 
any well-known estimates verified by the solution u € C;(L?), even if it may be 
derived from the estimates proved in [6])). 

Finally, let us recall here the definition of the Besov spaces that will be used in 
the following pages. The reader will find à more detailed analysis in the classical 
books [1, 23, 13] : 


DEFINITION 1 i 
Let p € S such that ) = lor 1 < € < 2 and vanishing outside the ball 1 < € < 3. 
We define A; f = 2"/(27-) + f. Then, a tempered distribution f belongs to the 
homogeneous Besov space B5? (R^) if ^ ; Ajf converges to f in “some sense" and 
if 

As fll =e) €U. (0.7) 


i 
Bot = (2 e$) 7. 





The last quantity serves to define the norm, say ||f| 
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1 The theorem and its proof 


Our main result will be 


THEOREM 1 
Let uo be an initial data in B5", with s = 2 — 1, p,q > 2, such that 
2 
? +->1. (1.1) 
p q 


Then, there exists a constant C(p,q) such that if a solution u of (0.1) verifies the 
estimate 
sup lulz, t) zi. < Cp. a); (1.2) 


the norm luz, t) as is a Lyapunov function, that is a decreasing in time one. 


Before proceeding with the proof we would like to make some remarks: typical spaces 
satisfying the hypothesis of the theorem are H?, B2 ? (which is slightly bigger than 


L?), and By *^ On the other hand, the existence of solutions to the Navier-Stokes 
equations in these spaces is ensured by the recent result of Koch and Tataru in 
BMO-"! [19] ; by using the trivial estimate llu(z, £a 1... S llu(z,t)lpmo-1, eq. 
(1.2) can be seen as an extra smallness condition on the initial data to the necessary 
assumption needed to prove the existence. We also remark that the constant C(p, q) 
tends to zero when one approaches the equality sign in condition (1.1). Finally, the 
proof of the theorem is based in a crucial way on the use of the dyadic norms as 
recalled in the introduction. 

The main idea of the proof is simple and is inspired by Kato's approach intro- 
duced in [20]. In fact, we will derive a differential inequality similar to eq. (0.3) 
but for the norms constructed from the dyadic blocks A;u. In order to proceed, we 
apply the operator of localization in frequency A; to the equation (0.1), then we 
multiply by |A;u|?~?Aju and get : 


d y - 
lAr + cp f Asup 'IVA;ul*dz $ f Ayup NA;PV(u@u)|dz, (13) 


where we integrated by parts the term containing the Laplacian, P being the pro- 
jection onto the divergence free vector fields. 

Let us recall here that, when p — 2, the previous estimate is nothing more than 
the classical energy estimate allowing the construction of solutions in H3 as in [8, 9]. 
However, when p Æ 2, the second term appearing in the l.h.s. of (1.3) is not easy 
to be dealt with. The frequency localization helps through the following lemma of 
Poincaré type [25]: 
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LEMMA 1 
Let f be a function in the Schwartz class whose Fourier transform is supported 
outside the ball B(0, 1). Then, for any real p > 2, 


f IFP « C, / Iv ffr. (14) 


The reader is referred to [25] for a more general version of the lemma as well 
as a its proof which is based on integration by parts in each directions z;, after 
spitting the Fourier space into conic sectors around £;. This lemma has to be seen 
as a generalization of a previous result by R. Danchin [11], where the same lemma 
is proved under some additional restrictions (p € 2N as well as a restriction of the 
localization of the support of f ), and was also applied in a recent work by the same 
author [12]. 

Applying the previous lemma we find 


d ; z 
5 lAsulle + es 271A sulle S | [Aju P-A; PV (u & w)]dz. (1.5) 


We are now left with the estimate of the right hand side. To this end, let us make 
use of J.M. Bony’s paraproduct techniques ([2]) : we denote by 5; = J p<j Ak so 
that A;(u?) is the sum of two types of terms, $;-2uA;u and A;(»5,. ;(Axu)?) (the 
ones with A&uA,44u can be treated in the same way). For the first term we get : 


J sev ont Vs $ Aul TIPS; 1) ly 
S lA;ull5 1 27|S;-2uA;u)ll S 2? I|A ulli sup(2715;-2ull-s), 
by using the continuity of P in L? as well as Bernstein inequalities. 


Now, we recall that 


lulz, haze & sup 277]|Sjulloo & sup 274 ||Ajulloo, (1.6) 
j j 
therefore under the hypothesis sup, ||u(z, t)|| 3-1. < £0, we get 
J sure (S;-2udjullde S es! Asl (1.7) 


and we can include this term in the second one appearing in the l.h.s. of (1.5). 
Let us consider now the diagonal terms in the paraproduct decomposition and 
proceed as before : 


[ sre s Qoae 


k>j 


Sl Aselloolf A sull IP V CA; C. (Aru)? 
kj 


S llA;ulloclA ull? 223 S Arul? S 27eolA;ull; ? X hAl. 
kj kj 
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We have thus obtained, after obvious simplifications, the following inequality, 


d ; : 
q lAsulls + ep2” [A jul[5 S 276 > lAkull;; (1.8) 
k»j 


which, after multiplication by 274*||A ;u]|27?, becomes (here r = 2/q + s > 0) 


d.. 1 ET B : 
3; QI" NAg) +e” 1A jul S 602" 2'ilA;ulz-?2?7? V" Arul. — (1.9) 
kj 


Let us denote by f; = 27*||Ajul|p et g; = 2°7||A;ul|p, the inequality becomes (after 
summing over j) 


d = E 
3 (2 ft) + D195 $ c9] 27277tgi. (1.10) 
j j k>j 


Remark that, k being fixed, 5/,.. ; gf 723 = 2547? and 57, ue S 25,9; (asa 
convolution between i! — 17), and get 


d = 
zo fto, SD cok "ot, (1.11) 
j j k 
and by using Hólder's inequality we finally obtain 


FOA ex —e0) oof $0. (1.12) 
J J 


We observe now that a solution u associated to an initial condition ug € B; verifies 
the following property ([10]) 


t 
ari f lAjullids = nj) et Sry S all (1.13) 
j 


Besides, such quantities can be used to construct directly a solution to the Navier- 
stokes equations via the fixed point theorem ([9]). As far as we are concerned, we 
can integrate (1.12) to obtain 


t 
llu(z, t2... + Cp,q(1 Ex Eo) f llu(z, 8)|l 7... ds < lluoll s.s; (1.14) 
P 0 P P 


which is the announced decreasing in time property for the Besov norm. This is 
enough to conclude the proof of the theorem. 
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1 Introduction 


The magnetic Bénard problem concerns the onset of convection in a horizontal layer 
of a heavy, incompressible, viscous, electrically conducting fluid, heated from below, 
when a vertical constant magnetic field is imposed and the Boussinesq approximation 
is adopted. In this case, the rest state is a possible solution for all values of the 
temperature gradient 8 and of the intensity of the magnetic field H; however, such 
basic solution is observable only for suitable combinations of the values 8 and H. 
While he linear stability studies the limit relation between such values, that is, the 
critical linear Rayleigh number Rz, as function of the Hartman number Qz, above 
which the convection sets in, the nonlinear stability looks for a corresponding limit 
relation between critical nonlinear Rayleigh number Rn and the Hartman number 
Q4, below which the rest is nonlinearly stable. The nonlinear stability of magnetic 
Bénard problem has been studied with different methods, and is based on the choice 
of an appropriate Lyapunov functional. The original energy method furnishes for 
Rn the same critical number as for a non electrically conducting fluid. We shall call 
"classical energy" the Lyapunov functional constituted only by the L? norms of the 
variables. The first heuristic reasoning that gives a R, as an increasing function 
of Qn is due to Galdi 1985 [2]. Then, a more general method of construction has 
been proposed by Galdi and Padula 1990 [3], and finally Rionero and Mulone [5] 
have considered a Lyapunov function that improves the earlier nonlinear stability 
results. Such methods, also called "generalized energy methods", require the use 
of a heavy norm in the energy functional containing the derivatives of the basic 
variables, also called “generalized energy". Till the paper [2], the only results which 
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let the temperature gradient to increase with the increasing of the basic magnetic 
field where those due to Chandrasekhar for the linearized system. 

The aim of this note is to furnish a naive Lyapunov functional that allows the 
Rayleigh number to be an increasing function of the Hartman number and that 
employs only weak L? norms of the variables. Actually, we observe that, in order 
to qualitatively show the inhibiting effect of the magnetic field on the convection, 
it is sufficient to add in the energy functional an additional (multiplicative) term in 
the variables which can be dominated by the classical energy functional. Our scope 
is not to try improving the earlier results, we only wish to propose a new method 
in the study of nonlinear stability that we find useful and somewhat simpler than 
those described above. 


2 New naive Lyapunov functional 


Let us consider a horizontal layer of electrically conducting viscous fluid heated from 
below upon which an uniform magnetic field H orthogonal to the layer is impressed. 
Let us denote by sg the state in which a steady adverse temperature gradient is 
mantained and there is no motion, and by u, p, 0 and h the perturbations to the 
velocity, pressure, temperature and induced magnetic field of the state so. 

According to [1], the perturbation (u, p, 0, h) obeys to the following adimension- 
alized equations: 


V-u=0 


Tr + Ru Vu = Au - Vp + ROK + Qk -Vh ++Qh Vh 


Pre + PrRu- V0 = A0 + Rw (2.1) 


V-h=0 


Pm?! + PmRu-Vh = Ah + Qk-Vu+Qh-Vu 

where R? = offgd*/xv is the Rayleigh number, a the linear thermal dilatation coef- 
ficient, 8 the value of the temperature gradient of the steady state so, g the accel- 
eration of gravity, v the kinematic viscosity, Pr = v/& the Prandtl number, k the 
coefficient of thermal diffusivity, Q? = u,, H?d? /An ovra the Chandrasekhar number, 
lim the magnetic permeability, nm the magnetic resistivity, o the (constant) density 
and Pm = v/nas the magnetic Prandtl number. Finally, by p we denote both the 
mechanical and the magnetic pressures. To (2.1) we add the stress-free boundary 
conditions for u and 0: 

ðu — dv _ 

ðz Oz 


at z = 0,1, and moreover: 


w=0=0 (2.2) 


hxk=0 (2.3) 
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at z — 0,1. To exclude rigid motions and constant vertical magnetic fields we impose 


the conditions: 
[us [oq f eo (2.4) 
C C C 


where C is a periodicity cell. 

It is well known from the experiments that the presence of a magnetic field has 
a stabilizing effect. 

Let us apply the energy method in the classical way. Let us consider the scalar 
product in L?(C) of (2.1); by u, of (2.1)3 by 0, of (2.1) by h. Adding the three new 


equations we have: 


1d 
3d +D= 2R(0, w) (2.5) 


with 
E(t) = |lu]? + Prl|6|l? + Pm|jh|? 
(2.6) 
D(t) = (Vul? + [V6]? + || Vh[?. 


It is clear that it is necessary to modify the energy functional in order to take into 
account the magnetic effect. 

According to [3], for small initial data we can disregard the nonlinear terms in 
the construction of the Lyapunov functional. Therefore, we rewrite only the linear 
part of (1) as: 


V-u=0 
Ou = Au — Vp+ Rok + Qk: Vh 
00 
Pr = Ad + Rw (2.7) 
V-h=0 
Pm? = Ah + Qk- Vu 


Let us consider the third component of the vector equation (2.7); and let us 
integrate it from 0 to z. Multiplying scalarly in Z?(C) the resulting equation by 6, 
using (2.7)4 and the boundary conditions, we obtain: 


Pm (0.5, f i h) 2 (2.a f l ha) + (6,Qu) . (2.8) 


Let us now consider the scalar product in L? (C) of (2.7)3 by I h3. Multiplying both 
sides by Pm/Pr, using again (2.2) and (2.3), we have: 


00 [* Pm s Pm ž 
Z éd eMe ; 2. 
Pm (Sf ha) Pr (ae. f ha) +R Pr (v. f ha) (2.9) 
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Adding (2.8) to (2.9) we obtain: 


d d Pm g 
Pm (s. [ ha) = (1 + = (ve.v a ha) + (2.10) 


The new energy functional we propose is obtained by subtracting from (2.5) the 
previous ids ia by a factor "y: 


Pm B 
with E 
E = E —2yPm (6, fi hs) 
(2.12) 
D= D — y (1 +b) (V0, V f? hs) , 
with b = A Using Poincaré inequality, see [4], 
T||ull? < [[ul[? 
l (2.13) 
m||Vull? < ||Aul|? 
we obtain: 
Pm 
E > |lu]? + Pr? + Prikl}? — 27 onini = Er 
(2.14) 


D > nêla? +7? (1 - IED) ope + 92 (1 - 1E) aye = 
2r 


The factor y has to satisfy the condition: 


2 2 2 
2 frx T T 
oes ua; 2.1 
y «nin [gs] (14-83 ea) 
in order to render £r and D, positive definite. 
Then we have 


ld 
Sou PISO, (2.16) 


with 
145 
T = r? ||ulP + n? (1 -— mx] lll? + (2.17) 


ue 


r? (1- IEP) up - 2R - voel - 2 pa 
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3 Sufficient condition for nonlinear stability 


In order to obtain stability, Z has to be positive definite. It's sufficient that the 
determinant of the matrix associated to Z, say Az is positive, since it is easy to see 
that all the submatrices have positive determinant. Then, putting detAz > 0, we 
obtain a second order inequality in y: 


(R20? + à? Q? y? — 2[2n? RQ — 5 (1 + b) y — 4r? (r4 — R?) <0. (3.1) 


This equation has real roots only if its discriminant is non-negative, say A > 0. 
Then, a necessary condition for the existence of at least one y satisfying (3.1) is: 


4b? R^ — Antb? R? + 4(1 + b) (à? R)(?Q) — nê [4Q? — n? (1 +b)?] « 0. (3.2) 
A sufficient condition that ensures that (3.2) is satisfied is 
4b? R — 2n*[b? — 1 — 25] P? — n9[2Q? + à? (1 + b] « 0, (3.3) 
that implies: 


4162 — 1 — 2b 81564 + Ab? + 6b? + 1 -- Ab $2 
æ< |= m n5[5b* + + PL TQ 





4b? 16b4 2b? Sy) 


Notice that, denoting with y+ the two roots of (3.3), the condition A > 0 ensures also 
that y- < Ga. We observe that the first rooth *.. of (3.3) is always negative, then 
condition A > 0 ensures that whenever satisfies (), there exists a y less than the 
minimum between 7/(1 + b) and y+, such that the functional Z is positive definite. 
Therefore, applying the reasoning of [3], we conclude that there is an exponential 
nonlinear decay to the rest state for small initial data. It is not difficult to see that, 
at least asymptotically, this relation is satisfied for Rayleigh numbers increasing as 
the square root of the Hartman number Q. These relations, even though obtained 
in a very naive way, should be compared with those previously obtained in [2], [3], 
[5]. If b < 1, better conditions can be deduced as a coincidence between linear Rz 
and 4 for bounded Q, however these results are beyond the scopes of this note. 
We still emphasize that our study is far to be complete for the following reasons: 


1 we have not computed the maximum of the functional Z in the class of the 
functions u, h, 6, where the first two vector fields are solenoidal; 


2 instead of solving the correct condition A > 0, we have just found some very 
elementary sufficient conditions for nonlinear stability. 


For these reasons we don't make any comparison between the graphs obtained in 
earlier works. We limit ourselves to remark that R, behaves asymptotically like the 
square root of Q, in the line with all nonlinear results already proven. This result let 
us to hope that a more precise and detailed study could furnish results analogous to 
those of [5] but in a shorter way. 
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Stability of Navier-Stokes flows through 
permeable boundaries 


JOE V. HLOMUKA and NIKO SAUER 
Unit of Advanced StudyUniversity of Pretoria, 
Pretoria, South Africa 


1 Introduction 


A phenomenon observed in non-Newtonian fluids which is absent in Navier-Stokes 
fluids, is the presence of a normal stress component, additional to the pressure, 
determined by the velocity field. For second grade incompressible fluids which adhere 
to a boundary this component has been calculated explicitly by Berker [1], and the 
expression shows that for an incompressible Navier-Stokes flow, the component is 
Zero. 

A question to be asked then is: if the boundary is permeable i.e. allows the 
motion of fluid through it, is it possible for fluid to pass through the boundary as 
the result of fluid motion in the region bounded by the particular wall? A model for 
studying this situation has, for incompressible fluids of second grade, been proposed 
and studied in [6, 7]. It was found that for second grade fluids the problem is 
well-posed if certain additional boundary conditions were imposed. The additional 
boundary conditions can be expected since the equations of motion of second grade 
fluids are third order. 


The model mentioned above, is formulated for arbitrary fluids and the question 
arises as to its applicability for Navier-Stokes fluids, which are less complex than the 
nonlinear fluids. Once this is established, the behaviour at the permeable boundary 
can be compared to what, seemingly, has been observed experimentally. It is the 
aim of this paper to establish at least the aspect of well-posedness which deals with 
stability of the rest state. The more delicate question of existence will be dealt with 
in subsequent work. 
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2 The model 


In this section we shall give a somewhat detailed overview of the model for permeable 

flow, since it has bearing on the meaning of the results. For full details [7] should 
be consulted. 

Consider a container filled with fluid into which another fluid-filled container 
with a permeable wall is immersed. The 3-dimensional space between the two 
containers is denoted by Q and the interior of the immersed container is denoted by 
Qo. The permeable interface boundary is denoted by I‘ and the outer boundary of 
Q is denoted by X. This boundary is supposed to be impermeable and sticky. A 
visual representation of the ‘geometry’ is given in Figure 1 below. 





Figure 1: Geometry of the model 


The unit exterior normal to I will be denoted by n, and the trace operator y, will 
be used to denote restriction to F. Let v(z,t) and p(z,t) denote the velocity and 
pressure fields at z € Q at time t > 0. The equations of motion we shall be interested 


in are 
pDyv (z,t) = V -T(p,v) (1) 
V v(z,t) =0, 


where p > 0 denotes the constant density of the fluid, and T(p, v) the stress tensor. 
The material derivative D, is defined as 


Di :-0,-v- V. (2) 
In the case of a Navier-Stokes fluid, 
T(p,v) = -pI + 2uD(v) (3) 


with u > 0 the viscosity, which is assumed to be constant, and D(v) the rate of 


deformation tensor, i.e. 
D(v) := 1[Vv + V7v]. (4) 


Here the notation V7v is used to denote the transpose (adjoint) of the tensor Vv. 
It is assumed that the velocity field v always satisfies the homogeneous Dirichlet 
boundary condition 

v(:,t) 20 0n X for t » 0. 
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The interesting part of the modelling concerns the boundary condition at I. It 
is assumed that the flow through the permeable boundary is always in the direction 
of the normal, i.e. 

Jv = -nn onl. (5) 


The scalar-valued function 7 defined on T is unknown, and is determined by a 
dynamic boundary condition which, like the first equation in (1), is an evolution 
equation obtained by formulating the dynamics of the flow through the permeable 
boundary. The permeability of the boundary T is brought into play by means of 
the concept of effective area. Heuristically, if the permeable boundary is thought of 
as consisting of ‘holes’ through which fluid can ‘permeate’, the area through which 
fluid can move, is smaller than the ‘true’ area of the surface in question. This should 
be seen as a local property. Thus the measure of effective area da is related to the 
measure ds of true area by 

da = ((y)ds; y €T (6) 


with Ç a measurable function defined on T such that 0 < ¢(y) < 1 for every y € T. 
The momentum transfer tensor is defined as 


P = pyu Ov. (7) 


We use the ‘o-times’ notation for tensor products. 


The other concept of importance is that of surface density of the fluid in the 
surface l. Heuristically this is given by the expression o(y) = d(y)e¢(y) with ó(y) 
a measure of the ‘thickness’ of the surface at y. Formally, it expresses a way of 
calculating the mass of fluid in any measurable boundary patch as an integral with 
respect to the measure ds. We shall assume that ø is a measurable function which 
is bounded and bounded away from zero by a positive number. 

The law of conservation of linear momentum in the surface I is, in the absence 
of body forces, expressed in terms of the momentum transfer tensor P and the stress 
tensor T. It is stated in the following way: for every measurable boundary patch 
I’ C T, the rate of change of linear momentum in I" is explained by the net influx 
of momentum into I" and the resultant force due to stress on the patch. Thus, if Po 
and To represent the momentum flux tensor and the stress tensor on the f19-side, 
then 

a a(y)y%u(y,t)ds(y) = | [P — Po]n da + f [To — T]n ds, 

dt Jr r r 
because momentum can only be transported through ‘holes’. Since this holds for 
arbitrary patches I", it formally follows that 


ie, v] — [P — Poln = [To - T]n (8) 
where we have used (6) to obtain the factor ¢. Substitution of (5) in (8), yields 


[loðinn + Pn — Tn = -Ton + CPon. (9) 
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Next, we assume that the fluid in No is at rest. This implies that in Qo, the 
pressure pg depends only on time, and from (7), Po is the zero tensor. It follows 
from (9) that 

CÓ, - (n - Pn -n -Tn = —p(t). (10) 


This is the general form of the dynamic boundary condition. It is independent of 
the choice of T' and therefore applies to any fluid. 
The final step is to express the rate of deformation tensor at the boundary [ in 


terms of the unknown function m. Differential geometric considerations [6, 7] show 
that this is possible. It may be shown that 


%[D(v)] = -nM * àN (11) 
where the tensors M and N are defined by 


M := kn ON — KT] DTI — KT: OT? (12) 
N :-neUyc-pon. (13) 


In (12) 7, and T»; are unit vectors tangential to orthogonal normal curves in I’, «i 
and kz the corresponding curvatures, and &:- Kı + kz the mean curvature. It 
will be assumed throughout that Q U fg is a bounded set and that the surface T 
is infinitely smooth. This implies amongst other things that the mean curvature is 
a very smooth function. In (13) the vector p is tangential to T. It can indeed be 
expressed in the form 

V —w^mn -2V, (14) 
with w:= V ^ v the vorticity, and V, the surface gradient. The wedge notation 
is used for vector products. A direct application of Stokes’ theorem shows that w 


is tangential because of (5). It follows from (5) and (7), that n - Pn = pn?. In 
addition, it is seen from (11), (12) and (13), that 4,[D(v)]n = —2«nmn + v, so that 


n % [D (v )n = —Kn. 


By making use of this result and (3), it is seen that n - Tn = -YP — 2ukr so that 
the (10) takes the form 


on + Con? + 2uKn + yp = —po(t). (15) 
We shall refer to this as the dynamic boundary condition. 
3 The system as an implicit equation 
The system consisting of (1) and (15) may very easily be viewed as a very mildly 


coupled system with the coupling situated in the pressure term which appears in 
both equations. Apart from that, there is an amount of coupling within the system 
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(1) due to the constraint that V -v = 0. The system is, indeed more closely coupled 
once one observes that 
N = M = -wv]:n 
The modelling described in the previous section therefore leads to the following 
constraints on the velocity field v: 


V-v=0, 
v=0 0n}, i 
HV = -n onl, cs) 


n - [%D(v)|n 2 —KNy. 


It is important to note that these constraints are all of a linear nature and that 
a large class of functions has all these properties, e. 9. the class of all solenoidal 
C» (Q)-functions. 


Let us write down explicitly the system of evolution equations alluded to above, 
in a form slightly different to that obtained from (1), (2), (3), (4) and (15): 


p" [Byv 4- v - Vv] — 2p? uV - D(v) - p^" Vp — o | a7) 
oY Quy, + Cop? + 2yo rN + 07y p = o7 V? polt). 

This system may be expressed as an implicit evolution equation by defining the 
mappings L, B, N and L formally by 

Lv := —2u(p? V - D(v), o7? ry) 

Bv := (pv, 01 ny) 

N(v) := (Pv - Vv, po 92) 
L p := (p^ V2, p). 


(18) 
Vp,c- 


The notation (a, b) is used to denote an ordered pair, i.e. an element of some product 
space. The mappings L, B and L have the potential of becoming linear once the 
class of functions on which they act, is prescribed as some vector space. This can 
never happen to N. The system (17) can now be rewritten in the implicit form 


,[Bu] + Lv + Lp = (o, po(t)) = L po(t). (19) 


In this equation the velocity field v and the pressure p are the only unknown 
functions. 
In order to be more explicit about the mappings defined in (18) and the equation 
(19), we define the following spaces: 
o X denotes the space L?((1) of measurable square integrable vector fields defined 
on f). We shall not be too concerned about the topology induced by the ‘natural’ 
norm || {|x which makes X a Banach space. 
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o $ will denote the vector subspace of X consisting of those elements of the 
Sobolev space H?((1) which satisfy the constraints (16). According to the trace 
theorem [5], the constraints make sense in H?(Q). 

o Y := L?(Q1) x L?(T) endowed with the inner product 


((a, 5), (a^, 6 ))v = (a,a')x + (b, b) L2). 


The corresponding norm will be denoted by || ||v. With these endowments, 
Y becomes a Hilbert space. By the boundedness-assumptions on the surface 
density c, the metric in Z? (T) can, without any complications be defined with 
c as à weight. We shall have occasion to use the equivalent norm 


(gs = 1 oly) (ey) ds(y) 


for L^(T). 

The space 2 shall be taken as the domain for the operators defined in (18). By 
the trace theorem, L and B are well-defined linear operators on D with range in Y. 
By the Sobolev embedding theorem, the nonlinear operator N is also defined on D 
with range in Y. 

We shall use the notation v(t) for the function v(t) : z € N+ v(z,t) for t > 0. 
Similar notation will be used for the pressure p. Let v : t > 0 ++ v(t) € D be 
a given function. We shall say that Bv is differentiable in Y if for every t > 0, 
limg.5o h` [Bv (t + h) — Bv(t)] exists in the norm of Y. This limit will be denoted 
by [Bv(t)|'. The pair of functions v(t) € D, p(t) € H!(Q1) is said to be a solution 
of the Implicit Cauchy Problem (ICP) if Bv(t) is differentiable in Y and for given 
po(t) and y€ Y, 


[Bv (D)! + Lu(t) + N(w(t)) + Lp(t) = L polt) 
(20) 


jim, [|B (9) - lly =0. 
4 A Helmholtz-Weyl projection 


The traditional Helmholtz decomposition of vector fields is associated with an 
orthogonal projection which annihilates pressure gradients and leaves certain solenoi 
dal vectors intact. Since the implicit system (20) contains terms of the form L p, this 
is of little or no use in the present situation. There exists, however, an orthogonal 
projection operator P : Y — Y which annihilates terms of the form L p and, for 
vector fields v which comply with the constraints (16), leaves Bv intact (8]. This 
projection, applied to (20), gives the Projected implicit Cauchy Problem (PICP) 


[Bv (t)] + PLv(t) + PN(v(t)) 20 | 


Jim ||Bv(t) - Pylly = 0. (21) 


This formulation concerns only the velocity field v. The mapping PL: DC X >Y 
is sometimes called a Stokes-like operator. 
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5 Some identities and inequalities 


Before proceeding with the study of stability, a few identities derived from integrati 
on by parts, and some inequalities need to be discussed. The following identities are 
obtained after integration by parts, the definitions (18) and the fact that PB = By 
if Bp € D: 


PROPOSITION 5.1. For e, YED, 


(PLe, Bi)y = 20(D (e), D(V)) (22) 
(PNG BOVesp J [c - 3i ds (23) 


where 


(D(g), D()) = [ D(o) : D(b)dz. 


The colon-notation is used for the ‘scalar product’ between tensors, i.e. the sum of 
products of corresponding components. 


By expanding the expression for D(y) : D(q) in terms of the definition (4), 
performing integration by parts on the ‘odd’ term, and making use of (11), the 
following is obtained: 


PROPOSITION 5.2. For e € D, 


ID (p)? - à live? «f stu nb (u) asta) | (24) 


This identity has important consequences when the mean curvature of the 
surface I is nonnegative. We observe first that since elements of 2 vanish on the 
outer surface E and 2 is bounded, the Poincaré inequality holds: 


PROPOSITION 5.3. (The Poincaré inequality.) There exists a constant Cp > 0 such 


that for any y €D, 
IIVell* 2 Collelizacay- (25) 


In order to keep the norm in the Sobolev space H!((1) dimensionally correct, 
we Shall define it by means of 


llellir o) = Vell? + Collelizacay- 


We may now prove the following: 


LEMMA 5.4. If the mean curvature «x of the surface T is nonnegative, then ||D(¢)]|| 
is a norm on D, equivalent to the norm of the space H' (1). 


Proof. From (24) and (25) we see that 


IDC)? = $IIVeell* 2 iVe? + Cleta] = tllellzn ay: (26) 
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The other inequality follows from (24) by making use of the trace theorem. o 


We shall also need estimates of PLq in terms of the norm in the Sobolev space 
H? (N). This is obtained from the standard a-priori estimate (which holds when the 
boundary is smooth) 


lelli < CalIAvellZ2(0) + Cl %¢llzary 
ES Cal[Acell7:(o) + Cyllnollzacrys (27) 


for  € D (see e.g. (2]). The right of (27) may, in the case where « is nonnegative, 
be compared to the expression 


2 
Lolly = &- lal zs (oy +e M zt nello) 


2 2,,2 
> ds [CallAglizzay] + tts (Collngllézcry] (28) 


with k? := inf &?(y) and S := supo(y). Combination of (27) and (28) yields the 
estimate : 

Lolz > n? min{ gh, lelro (29) 
for p € D. We therefore have 


LEMMA 5.5. For » € DÐ, the norm of the Sobolev space H? (N) and ||Le||y are 
equivalent. 


Proof. The converse of (29) follows from the trace theorem. 0 


We end this section with an estimate of the nonlinear operator N, which, as 
already remarked, maps D into Y. For this we shall need the Sobolev embedding 
H?’ (N) — L%(Q), i.e. there exists a positive constant Cg such that 


sup |e(y)| € Czllellaz(o) (30) 
yea 


for every p € H?(()). We also need the embedding 4,[H!(0)] — L‘(L) in the 
form: there exists a positive constant Cg, such that 


Ilmellz«ery € CeAallella:(o) (31) 


which is true for every y € D. Finally, we define the constant Cz according to (27) 
and (29), by means of 


F 2 
CL = min(zi, as} 
Si=s 
yer o(y) (32) 


2 5 2 
k^ sx inf « (y). 
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LEMMA 5.6. Suppose that the mean curvature « is nonnegative on T. Then there 
exists a constant cı > 0 such that for every y € D 


IN (IY S [eal] D(H) Lely? 
with c, defined by 
cii. [ci + och.) 
1° £cl [VE s 
s:= ant o(y), 
with the embedding constants Cg and Cg, defined in (30) and (31). 
Proof. From the definition of N(q), 


2 
IN (IR =o f le Velas +o? [ Suid: 
2 
<o f lel'Ivel az e£. f nas 


pci 
< PCl II Vell? + — ella: o 


The estimate is completed by using (26), (29) and (32), after writing the fourth 
power as the product of two squares. g 


6 Stability 


For the stability, we shall apply the results of [4] (which is an adaptation of the 
results of [Galdi-Padula, 3] to implicit evolution equations, making use of the theory 
of bilinear forms rather than spectral theory). To this end we define the bilinear 
forms R and S by means of 


R(e, V) = (PLe, By)v 
Sle, V) == (PBọ,By)y. 
By Proposition 5.1, R is symmetric, and S is almost trivially so. Lemma 5.4 states 


that the quadratic form FR associated with R is strictly positive. Following [4] we 
introduce the norms || ||; and || ||; on D by 


lel? : Êlo) = Rip, v) 
loll? : (e) + MILellr. 


By Lemma 5.4, || ||; is equivalent to || ||1(q) if the mean curvature « is nonnegative 
on I, and by Lemma 5.5, || ||2 is, under the same condition, equivalent to || ||12(q)- 
Lemma 5.6 gives constants c; and a = 1 such that for o € Ð, 


INI? < feillelltllella" 
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if x > 0. The energy associated with q € D is defined as 
E, = 3(S(p) + R(9)] 


and is, by Lemma 5.4, seen to give rise to a norm equivalent to || ||j:(o) provided, 
once again, that the mean curvature « is nonnegative on y. If v(t) is a solution of 
the PICP (24) we shall use the notation 


E(t) = Est t20 
Eo := E(0). 


The stability theorem may now be obtained as a simple translation of one of 
the main theorems in [4]. 


THEOREM 6.1. (Stability.) Suppose that the mean curvature « is nonnegative on I. 
Let v(t) is a solution of the Projected Implicit Cauchy Problem (24) which has the 
property that the mapping t ^ PLv(t) is weakly continuous in Y. If 


2 
1 3-1 
Eo c [4 
then there exits a constant C > 0 such that for t > 0, 
du 
Iv (Il: S xe 
7 Comparisons and remarks 


In studies of stability it is always tempting to apply the ‘well-tested’ energy appro 
ach, i.e. to take the scalar product of (21) with Bv. The result, after making use 
of (22) and (23) is the energy identity 


z dlolle (lla + ln O12] + 2D (v)? + Í IC- lm ds=0, (33) 


which is quite a fancy expression. There is one difficulty, however. The ‘energy’ 
is only in terms of L?-norms of the velocity field and its normal component at the 
boundary. It becomes hard to estimate the deformation energy term from below in 
terms of this 'energy', but it can be done when it is assumed that the mean curvature 
k is bounded below by a positive number [6]. In that case a Poincaré inequality of 
the form 

Dw)? > esfolleliZcoy + Inl] 


is possible. This is not the main difficulty, though. It lies in the boundary integral 
term which can only be estimated from above, and the only in terms of the norm of 
the Sobolev space H!(Q). Thus, except in the very special case when (y) = 1/2 on 
T, there is no hope of finding a stability result in this manner. 
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The energy method described above, works in the case of second grade fluids 
when it is assumed additionally that the tangential vector w defined in (14) is zero. 
In that case the energy (the term differentiated with respect to time) also contains 
the energy associated with the rate of deformation because the graded fluids are of 
differential type. The estimate of the boundary integral term, which is similar to 
the one in (33), then works in tune with the other terms to yield exponential decay 
of the energy [6]. 


A modified energy method in which the scalar product is taken with Bv + Lv, 
formally yields the same as the more sophisticated approach in [3, 4] except that 
differentiability of v in H? (N) is required. This may intuitively be thought of as a 
substitute for the assumption of weak continuity in Theorem 6.1. 

The nonnegativity of the mean curvature « seems to be important in the results 
presented above and the others we have mentioned. The physical relevance of this 
assumption is unclear. It may have to do with the modelling assumption that the 
fluid in the container Mg is at rest which means that fluid particles moving across 
the interface are accelerated/decelerated from/to rest over a very thin boundary. 
Studies of instability may throw some light on this mystery. 
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Abstract 


This article surveys our recent studies on the Kuramoto-Sivashinsky equation. 
Main topics include: (i) a simple proof of the nonexistence of monotonic global 
solutions; (ii) the existence of solutions which blow up on bounded intervals. 


1 Introduction and results 


This is à review on our recent researches for steady solutions of the Kuramoto- 
Sivashinsky equation and related problems [4][5]. 
The Kuramoto-Sivashinsky equation 


l. 
Up + saos + Uze + js 20,  ucu(z,t) (1) 


is known to arize in a wide variety of interesting physical phenomena [8][9][11][13]. 
If we postulate u(x,t) = —c?t + v(x), which is numerically suggested by [10] with 
the velocity c ~ V1.2, and define y(x) = 2-1/?c71v, (21/?c712), then we obtain the 
following third order ordinary differential equation (ODE) 


Ay" (x)  y'(z) = 1— y(z)^, (2) 


where A := c?/2. Solutions to (2) are customary referred to as steady solutions of 
the Kuramoto-Sivashinsky equation. We remark that (2) can be recovered from (1) 
by a usual traveling wave form u(x,t) = v(x — ct) in (1) and suitable calculation. 
While if we just put u(x,t) = v(x) in (1) and y(z) = 2-!/?c7!v, (2!?c7!z), then we 
find that y verifies a similar ODE 
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Ay" (a) + y'(z) = —y(z)^, (3) 
where A = c?/2 as before. 

Existence and/or nonexistence of various kinds of solutions to (2) have been 
investigated. Troy [15] made a thorough research of (2) in the case A = 1/2; he 
imposes the initial condition y(0) = 0, y'(0) = 6 > 0, y"(0) = 0, and pursues the 
trajectory in detail regarding f as a parameter. Main results of [15] state that (2) 
with \ = 1/2 has at least two odd periodic solutions and that there further exist at 
least two globally bounded solutions obeying y(z) => 1 as x +00, respectively. 
In [16], the same method is applied to derive the nonexistence of monotonic global 
solutions; that is, there is no solution to (2) with A z 1/2 such that y'(r) > 0 for 
all z € R and y(x) — +1 as x — +o, respectively. The nonexistence of monotonic 
global solutions is later extended in [6] to include all A > 0. See also [12]. The 
method of proof in [6] should be compared with the one [1] given for a similar ODE 


ey" (z) + y (zx) = cosy(z, |^ €» 0, (4) 
which arises from dendritic crystal growth. After a pioneering observation by [7], 
it is now also concluded that there is no solution y of (4) which satisfies y'(x) > 0 
for all z € R and y(x) > +7/2 as x — +00, respectively. We remark that Toland 
[14] already gave an elementary approach to proving the nonexistence of monotonic 
solutions of (2) if A > 2/9. Our first result [5], on the other hand, presents a simple 
unified argument toward the nonexistence of monotonic global solutions for certain 
class of ODEs including (2) and (4); however, [5] restricts the range of parameters 
A and e depending on nonlinearities. Here is our theorem. 
Theorem 1. Jf A > 8/27 in (2) (resp. € > 32/27 in (4)), then there is no solution 
y satisfying y' > 0 and y(x) — +1 (resp. y(x) — t7/2) as x > +00, respectively. 

We turn back to the existence of solutions: Jones, Troy, and MacGillivary [6] 
exhibit that there is an odd periodic solution to (2) for all small A > 0. We again 
refer to [12] for the existence of a unique monotonic solution of (2) with \ = 1/2 on 
the half interval 0 € z < oo which fulfills y(0) = 0 and y(x) > 1 as z > oo. 

Our second result [4] concerns another type of solutions to (2) from those men- 
tioned above, which seems missing in the foregone literature. These are finite blow- 
up solutions in the sense that y(x) > Foo as x — +2, respectively, where positive 
xg is finite. To be stated more precisely, we supplement (2) or (3) with the initial 
condition 


y(0)—0, y'(0--8«0, y"(0) =0. (5) 
Note that under (5) the solutions of (2) or (3) turn out to be odd. Now our results 
read as follows. 


Theorem 2. For all large values of B > 0, there exists finite xg > 0 such that there 
are solutions y of (2)(5) veryfying y'(x) < 0 on —zg < x < za and 


ylz) — Fœ as x > Xzg, respectively. 
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Moreover there hold 


lim sup(ag — z)?(—g(z)) € 30104, 


atre 


lim inf (zg — x)? (—y(x)) > 244. 
rTrs 


Concerning (3)(5), there also exist similar blow-up solutions with possibly different 
ZB. 

The proof of theorems involves the reduction of the third order equation into 
the second order one, which is assured by the monotonicity of the solution [3]. This 
technique, in this context, is introduced by ‘Toland [14] and independently by Bernis, 
Peletier, and Williams [2]. 


2 Proof of theorems 


First we prove Theorem 1 in the case (2); a similar obvious procedure applies well 
to (4). Since y'(z) > 0 for all x € R, we regard y as an independent variable. Let 
z(y) denote the inverse function of y(x) defined on —1 < y € 1. We put 


t=y and v(t) = (y (x()))" (6) 
and compute 


v'(t) = 2y'(x(t))«' (t)y" (x(t) = 2y" (x(t)) 


Av" (t) = 2Ay"' (z(t))z'(t) = y ee x — 2. 


V v(t) 
The problem we want to solve becomes the next overdetermined equation. 
1-t£ 
———-—2, v(t)>0 for -1«t«1, 
v v(t) (7) 


v(X1) = v'(X1) = 0. 


Av" (t) = 2 


We prepare a comparison function 


w(t) = MvV1-#?, 


where M > 0. Straightforward calculation tells us that w(t) is a supersolution if 
À > 8/27, irrespective to M. By virtue of w(+1) = 0 and w'(+1) = oo, we can 
assign M so that w(t) touches u(t) from above at the interior; a contradiction. This 
completes the proof of Theorem 1. 

Next we construct the solutions claimed in Theorem 2 for the case (2). The same 
method works for (3). By symmetry it suffices to discuss the problem on the half 
interval {x < 0). Since y'(0) = —8 < 0, there is a small zo > 0 such that y(x) is 
monotone decreasing on —z9 < x X 0, where we can regard y as an independent 
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variable. Let z(y) denote the inverse function of y(x) defined on 0 € y € tg := y(o). 
We define v(t) as in (6). Then the problem we want to argue becomes the following. 


lsr 

vo — (8) 
v(0) = 8? >0, v'(0)=0, 

where the differential equation is temporarily understood to hold on the interval 


0 « t « to. We also note that y' < 0 is taken into account. We proceed with series 
of lemmas. 


Lemma 1. For all sufficiently large B > 0, there exists a first tı > 0 such that 





Av" (t) = —2 


v(t) 20, v'(t) 20, v(t) > 0. 


Proof. By virtue of v'(0) = 0 and v"(0) = —2 + 1/8, we infer that v'(t) < 0 at least 
for small t > 0 provided 8 > 1/2. So long as v'(t) « 0, we integrate (8) succesively, 
first on the interval 0 «€ t € 1. 





_ 43 
Av'(t) > io! re t, 
v(1) 
2. 44 
Av(t) > Ag? — PS P, 


V v(1) 


from which we especially see that v(1) > 67/4. Now we integrate (8) on the interval 
t > 1, still keeping the assumption v'(t) « 0. 


EN 
B 


Aw(t) > Zp + Av'(1)(t — 1) — s(t —1)? + yj - 1t - (t - 1)*. 


Av' (t) > Av'(1) (t— 1) 4 gt —1)? -2(t — 1), 


This shows that there must exist a first tı > 0 such that v(t1) > 0 and v'(t,) = 0, if 
we choose f large if necessary. 

At tı there holds v” (tı) > 0. If v” (t1) = 0, then we discover that v"'(t,) > 0 upon 
differentiating the equation (8), which implies that v"(t) < 0 in the left neighborhood 
of tı; a contradiction with the definition of tj. We have therefore v"(t1) > 0 as 
desired. This completes the proof of Lemma 1. Li 


Lemma 2. There holds that 
u(t) > v(t1) for all t > 0. 
In particular the transformation (6) is legitimate for all t > 0. 


Proof. Suppose that there exists a first tg > tı such that v(t2) = v(t;). We multiply 
the equation (8) by v'(t) and integrate on the interval tı < t < tz. 
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SOE = -4 f A- PG) dt- 2005) - v(t) 
= 4(t2 — 2) v(t) — Ji ty v(t) dt 
t 


< A(t — t2) / v(t4) — 8V v(ti) ik tdt = 0, 


where we have taken into account that v(t) > v(t1) = v(t3) on t4 < t < tg. This is 
a contradiction and we arrive at u(t) > v(t) for all t > 0. N 


The behavior of v(t) as t — co is described in the next lemma. 


Lemma 3. For all large t, there holds 


3 


31/3 4-2/3,8/3 « v(t) <3. 31/39—-2/34-2/348/3. 
10 = = 


Proof. We introduce a functional 


Flv(t)) = SW)? + 2u(t) + 4(1 — PV. 


We compute 


Š Plue = -SVwWf«0 for allt > 0. 


F[v(t1)] = 2u(t1) + 4(1 — t) V v(t) 
< 4u(t1) + 4(1 — Ê) Volti) = -22v(&)v" (ti) < 0. 
We thus obtain 


AQ? < at i - Aa - 200) < 4& TD 


VETI « v'(t) < V eno" for t > tı, 


from which we conclude that 


u(y < V S. - 8) ev 
u(t) < C5t?/?, 


for all large t with a suitable constant C2. 
Now we observe that for all large t 
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1—¢? 

volt) 

2 5 2 

> La. 274/99, 
VC, 2 
Integrating the above inequality twice, we find that 





Av"(t) = —2 


v(t) > C,t8/9, 
for all large t with another appropriate constant Ci. With a little much careful 


analysis, we can determine the value of C1 and C5. This finishes the proof of Lemma 
3. o 


Lemma 3 immediately leads us to 


z= f E< “d Er NOS 
? o volt) 0 u(t) ta VC,t8/3 : 
for some large t,. We therefore establish that the existence interval of the solution 
for (8) is finite. The asymptotic profile as x — rg is demonstrated in the same 
spirit. We may safely omit the details and we refer to [4]. The proof of Theorem 2 
is thereby completed. 
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1 Introduction 


In a recent paper [13] we studied the Stokes system by the techniques of 
the potential theory and we obtained existence of solutions to the boundary 
value problem and a maximum modulus theorem in both cases of bounded 
and exterior domains, by requiring the datum to be only continuous. It is 
of some interest to detect whether the above results continue to hold for the 
Navier-Stokes system. 

The boundary value problem associated with the motion of a viscous 
fluid filling a region exterior to a (not necessarily connected) compact set 
Qo C IR" and in the absence of body force, consists in finding a solution 
(u, x) to the Navier-Stokes system 


vAu = (Vu)u + Vm, in Q 
V-u=0 inQ 1.1 
u=a on OQ. 


As far as bounded domains are concerned, the existence and uniqueness 
of solutions to system (1.1) with finite Dirichlet integral has been studied for 
the first time in [18] (by the methods of potential theory) and subsequently by 
several authors (see [6,5], essentially by variational methods, for a detailed 
bibliography). Recently, system (1.1) with continuous boundary data has 
been treated in [11,12,21]. 


In the case of exterior domains, system (1.1) must be completed by a suitable 
condition at infinity. In this connection, we have to distinguish the case where the 
solution u to system (1.1) tends to a limit u. £ 0 at infinity from the case where 
u tends to zcro. The first problem has been studied in [8,2] (see [6,5] for a detailed 
bibliography). As far as we are aware, the second problem has been considered in [2] 
and (5] in the class of solutions vanishing at infinity as |z| ^*^ and having a finite 
Dirichlet integral respectively. More precisely, in (4] it is proved that ifa € H 5 (80), 
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then System (1.1) admits a unique solution (u, w) such that |r|u(z) is bounded. 
Subsequently, [17] and [16] have been studied the behaviour of the derivatives of 
the field u(x) and in particular in [16] is proved that a solution and its derivatives 
have the same behaviour of a solution to the Stokes system and of the corresponding 
derivatives. 

The aim of this note is just to show that the above results continue to hold 
for classical solutions. More precisely, we prove existence and uniqueness as well 
as a maximum modulus theorem for solutions to system (1.1) corresponding to 
continuous boundary data and boundary of class C'^. Moreover we prove that our 
solution coincides in a suitable neighborhood of infinity with that one given in [4] 
and so it admits the properties established in [16]. 


2 Some notations and statement of the problem 


In this paper, the boundary value problem (1.1) is studied in an exterior domain 
Q = R” — Ur. Ña where Q, (h = 1,...,m,m € IN) are m bounded domains of 
IR" of class C*^,(o € (0,1]) with connected boundary and such that Ña N Ñ; = 
0, (h, k 2 1,...,m,h Æ k). 

C* (D) (D C IR?) is the set of scalar (as well as vector and tensor) fields on D 
that are continuous together with any partial derivatives up to the order k inclusive; 
C*8(D), B € (0,1] is the set of all fields on D that are in C*(D) and their derivatives 
of order k are a—hdlderian on D. W**(D),q > 1, L1(0), if k = 0, (k € No), denotes 
the Banach space of scalar (as well as vector and tensor) fields on D whose moduli 
are q-summable on D together with weak partial derivatives up to the order k 
inclusive; W1-1/44(80D) is the usual trace space of functions belonging to W^(D). 

The symbol c will denote a positive constant whose value is inessential for our 
purposes; the numerical value of c may change from line to line and in the same line 
it may be, e.g., 2c € c. 

We shall prove the following 


Theorem 2.1. Let a € C(OQ) and set A = llallc(any. If 
5B(1 + Bo)A < Bo, 4ABoB,(1+ Bo) « 1, (2.1) 


where B, Bo and B, are suitable positive constants independent of a, then System 
(1.1) admits a solution (u, w) € [C?(0) n C(1)] x C! (Q). Moreover, 


|u(z)€eA|s|"*?, veen, lullo < cllalleco;. (2.2) 


Remark 2.1 - Theorem 2.1 gives an existence theorem for classical solutions 
corresponding to small data (in a suitable sense) in C(O). This restriction is not 
surprising. Indeed, all the results concerning the regularity of weak solutions in 
Q C IR",n > 4, as well as those in the papers [2,5,17,16] are stated for small data. 
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Remark 2.2 - The only information about the behaviour at infinity of the 
solution is furnished by (2.2). As far as the behaviour of the derivatives of any 
order in the three dimensional case is concerned, by uniqueness we can employ the 
results in [16]. However, our technique allows us to prove that, for n > 3 and for 
any fixed k the derivatives of order less than k of the solutions to system (1.1) have 
the same behaviour of the derivatives of the solutions to the Stokes system. The 
importance of these results lies in the fact that the approximation by the Stokes 
system of the Navier-Stokes system can be made not only in a neighborhood of 02 
but also in a neighborhood of infinity (cf. [7]). 


Remark 2.3 - As is well-known, the stability of the solution (u, p) to System 
(1.1) by the so-called energy method, is studied by detecting the behaviour of some 
suitable L?-norm of the perturbations u of the kinetic field v which obeys the 
following system 


Ov = -Vv(u— v) — (Vu)u + vAv - Vo, in x [0,+00), 
V-v=0, in 2 x [0, +00), (2.3) 
v=0, on 02 x [0, +00). 


If the functional 


1 
sup z————.—- | w-(Vv)wdy < v* 
sup Roe (Vv)w dy X 


is bounded, i. e., v* € (0, +00), then, the solution (u, p) to System (1.1) is unconditionally 
asymptotically stable, i.e., 

a) Ve» 0,35, 2 0 : ullen < 9 > 

=> [[ut))la «e  vt2 0, 

b) lim [lu(t)lb = 0, 

provided that 
yv. (2.4) 

The existence of v* and (2.4) are an easy consequence of (2.2). Stability results with 
respect. L?-norm and other norms of data and solutions under condition (2.4) can 
found in [3,14,9,10]. 


3 Some results about the Stokes system 


We denote by (U(z), q(z)) the Stokes fundamental solution, that is, n > 3, 


1 1 I zz 
UT 72 lea ae p 
1 z 
q(z) = - 


wn |z” 
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where wn is the surface area of the unit ball of IR”. 
The following lemma are particular cases of classical results about the weakly 
singular kernel (cf. e. g. [15]): 


Lemma 3.1 - Let 
H(z) = f lz — yl-#(1 + ly)" dy 


with u € [0,n) and n Æ pi > 0 and such that p + m >n. Then 
H(z) € c/(1 + |z|)", Vx € IR^, with i = min{p, p+ m — n}, 


where c is a constant independent of x. 


Lemma 3.2 - Let 
T(8)(z) = f VU(z — y) - &(y)dy, Yz € N, 
Q 


with ® tensor field, then _ 
i) if B(y) € L'(?) n LIQ), p > n,q < n, T(9)(z) e C??(12), vB € (0, n/p) 
with |T(®)|coe < cll, + |e|;]; 


ii) if B(y) € C%4(N') n L*(Q), for someq > 1 — T(®)(x) € CIP (Q^), VB! e 
(0, min{a, 8}), VO! C Q with |T()|or.0'@ < (E EE. + ilo., 
with [-lo,6 Holder coefficient. 


Lemma 3.3 - Let 
T(#)(x) = i U(z — n) ®(n)do,, Yz EN. 
an 


Then T is completely continuous from C(8Q) into CL (X1), with B < 1. Moreover 
T(9)(z) e C*?(Q). 
Let us consider the Stokes system 


Au(z) — Vn(z) = f(x), V: u(z) = 0,0n 9, 

u(z)jgo = a(z), with f a(£) - nda, = 0 if Q bounded, 3.1 
en 

u(x) 0 for |x| — oo if Q exterior. 


The following theorems can be found in [13] 


Theorem 3.1 - Let Q be an exterior domain of class C'* and let a € C(0Q1). 
Then there exists a classical solution (u, p) € C(€3)) n C?((1) to System (3.1), with 
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f = 0, which, for n > 3, is unique in the class ((u, p)| u = o(1)). Moreover, there 
exists a constant c independent of a such that 


[u(z)| € c(1 + |z]) **?. 3.2 
If a € C9(80), with B < a, then u € C99 (0) and 


Iulces( < clalces(50). 3.3 


Theorem 3.2 - Let D be bounded of class C*(?-*)>, let a e W*-1/e«(8D) 
satisfying (3.1)4, and f € W*-?4(D), with k = 1,2. Then there exist a unique 
weak solution u € W"4(D) to system (3.1), with an associated pressure field p € 
W*-19(D), such that 


lulius) + Mpllwe-1«() S clallwk-:s«(5py + F£lw-24); 


with c independent of a and f. 
If D is an exterior domain, then the same results hold for q € (1,n/(n — 2)) if 
f € W-!«(D) and for q € (1,n/(n — 1)) if £ € L*(D). 


o 
Theorem 3.3 - Let D be bounded. Let u € W'**(D) be a weak solution to 
system (3.1) with homogeneous data. Then u — 0 in D. 


Theorem 3.4 - Let D be bounded. Let £ € CO?(D) and let a € C(AD) satisfy 
(3.1)4. Then system (3.1) has a unique classical solution (u, p) and 


max [u(z)] < c(max |a(£)| + max |f), 
D 8D D 


Y. ID*u(z)) + $ ID*p(z)| < c(K)(max la(£)] + [f|coe), Va € K, 
Ik|<2 Ik]<1 
VK C D such that dist(K,O0D) > 0. 


Corollary 3.1 - Let u be a weak solution to system (3.1), with f = 0. Then, we 
can associate a pressure field p to u in such a way that (u, p) € C” (N) x C(Q) is 
a solution to system (3.1). 


Remark 3.1 - 

Of course, if f # 0, then regularity of the solution to System 3.1 depends on the 
regularity of f. 

These results reproduce some classical ones in [1,19,20]. 
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4 Proof of Theorem 2.1 


Throughout the proof of the theorem we denote by Bo a constant greater than the 
ones appearing in Theorems 3.1 - 3.3 and by B, a constant greater than the ones 
appearing in Lemmas 3.1 - 3.3. 

In virtue of the results of Section 3, there exist a solution ug to System (3.1), 
with f — 0, and a positive constant Bo, independent of a, such that 


|uo(z) < BoAlz| !, ^ Jug(x)| < BoA, Vzef. (4.1) 
Let us consider the boundary value problem 


Au, — Vo, = (Vun—1)Un-1 


V E Un = 0, 
Uu, = a, 
u, = o(1), 


Let us show that System (4.2) defines a sequence of fields {u,,}nem such that 
un E€ C(Q)nc?(n) 
jun(x)| < 2BgA|r| !, |u,(z) €2B9A, V2eQ, 
|us|ces(o) € ABo(B1A + C(')), 
lun = Ug|c0.8 (9) < (2B)° A?, 


(4.3) 


with Bo, Bi, B and C(€)') independent of n. 

Of course, the properties (4.3) are true for n — 0. Then, in order to get the 
desired result by induction, we have to prove that, if un, satisfies (4.3), then so 
does u,. To this end, set 

Un = Vn + Ü, + uo, 


where v, is a solution to the system 


Avn em Vpn = (Vûn-1)Ûn-1, in R” 


V-vn=0, in R” (4.4) 
Vn = 0(1), as |z| — oo, 
with (z) a 
: Sf unm) zE, 
Buceo l 0, z € IR" Af, 


and ü, is a solution to the Stokes system 

V-u, =0 in Q, 
DO (4.5) 
ü,-—-v,, on dn, 


ün =o(1), as |x] — oo. 
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Next, by taking into account that Z> is a single layer potential with a smooth 
density, we have that there exists a positive constant B» such that 


\Z2(x)| € B24?|z|"*? and |Z2(x)|< B;4?, Vx € IR". 
Therefore, setting B = max{B,, B2, B2), we obtain 
Iva (z)) € 5BA?|2|~"*? and |v,(z)| < 5BA?, Ve € IR^, Vn € IN. (4.6) 


Consider now the solution a, to System (4.4). Taking into account the 
estimates on v4, in virtue of Theorem 3.1, we see that 


lün (x)| € 5BBoA?|z| ^*? and |a,(z)| <5BBj)A?, VaeR", VneN, 
and a, € C%%(N) n C?(Q), with 

lá, osi) € Bolvaleos(on; € 4BoB? A”. 
Therefore, bearing in mind that u,, = Vn + Up + ug, we get 


lun (z)| € [BB(1 + Bo) A? + BoA]|z| ^ *?, 


vzcen 
|u, (z)| € 5B(1 + Bo) A? + BoA, 


and estimate (4.3); for the Hólder norm. Since, by hypothesis, 5B(1 + 
Bo)A < Bo, we have proved that u, satisfies (4.3), for any n € IN, with the 
exception of C?-regularity. On the other hand, since the regularity of the 
solutions is a local property, it is a simple consequence of the Theorem 3.4 
applied to System 4.2. 

Let us show that the sequence {un (£)}nen just constructed, converges, 
as n — oo, to a solution to the Navier-Stokes system (1.1). To this end set 


n 


Un (a) = Y^ [u(z) — ux-i(2)] + uo(z) = Y ^ we(z) + uo(z). 
k=1 


k—1 
For any k € IN, we have that 
AWk+1 — Versi = (Vux)wy + (Vwy)ux-i, in Q, 
V. Wk+1 = 0, in 2 
Wk41 = O, on Q 
Wxk41 = o(1), as |z| — oo 
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Let us show that the sequence {un (z)) em just constructed, converges, as n — 
oo, to a solution to the Navier-Stokes system (1.1). To this end set 


n 


u,(z) = Y. [u (2) — ups (2)] + uo(z) = Y, wi (2) + uo(2). 


k=l k=l 
For any k € IN, we have that 


AWesi — Vpr+1 = (Vug)wg + (Vwy)us-i, ing, 


v. Wri = 0, in Q 
Wri = 0, on 2) 
Wri = o(1), as |x| — oo 


and = 
wr EC(Q)N C?(Q), 


Iwa(z)| € (4ABoBi)**" (1 + Bo)*|z| "*?, 
Iws(z)| < (4ABoBi)" (1 + Bo)", Vz cfl, 
wy € C^ (T) n C97 (0), with 

Iwilco.o (à) < (2B) (44Bo Bi)**! (1 + Bo)* and 
Iwsloso gy € 2B 44BoB))"! (1 + Bo)*. 


(4.7). 


Relation (4.7), is an immediate consequence of the definition of w(x). In order to 
prove (4.7), set 
Wi4a(2) = weti (2) Wiz), 


where wp is a solution to the System 
AUk 41 = Via = (Vug), + (VW, )Ue-1; in IR” 
V -wki = 0 in IR", 
Uk41 = o(1) as |x| ^ oo, 


with $&, € C98 (IR^), &, = w, in f? and $&, = 0 on R” \ Q, and Wy, is a classical 
solution to the Stokes system 


AWg41 — Vfj41 — 0, in f), 
V. Wk4l = 0, in Q, 
Wri = —Uk4i, on Of, 
Fiat SOC), as |z| — oo. 


The solution w,41 can be written as 


aer) =f Ule =p) (Vus + (V9)m.-1] d 
(4.8) 
mm A [VU - y) @ usi + ut 9 Weary. 
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In virtue of (4.8), (4.3) and Lemmas 3.1-3.2, it is simple to realize that, if 


I (z)]  (&ABoB1)* (1 + Bo)" |z|"*?, 
[We (x)| < (&4BoBi)(1-- Bo), Va IR” 
I&(z)lcos(ms) S 2B) (AABoB1)** (1 + Bo)*?, 
then 
lake (£)| € (&44B9B1)**! (1 + Bo)! |z| 7? 
lekai(z)] € (44BoB1)*+1(1+ Bo)'!, | Vx e IR? 4.9 
wes (z)lexs qns) < (2B (44BoB1)** (1 + Bo). 
Consider now the field W,41(z). In virtue of Theorem 3.1, it satisfies inequalities 
4.9): 
rx |We41(2)| € Bo(44BoB1)**! (1 + Bo)" 7! |z| "+? 
\Wisi(z)| € Bo(44BoB))** (1 + Bo)*!, Ve e 
Ici (2)losor gy S (2B)! (AABoB1)**! (1 + Bo)*^! and 
lWirtloos Gy € 2B) (A4ABoB1)F*! (1 + Bo)". 
Hence, bearing in mind the expression of wy, we arrive at (4.8). Putting together 
the above results, we have that the sequence {u,,(z)},em converges to a limit u(z) € 


C(Q) such that 
u(z) = w(x) + W(x) + u(x), Vee 


u(z) = a(x), Vz e OQ, 
with 
w, w e C(f)nc?P(n)nc (o), 
uo(z) e CM) n C?(Q), (4.10) 


u < M4ABoB,(1 + Bo)|z|*?, |u(z)]| € M4ABoBi(1 + Bo), Vx EG, 


and 
1 


~ 1—4ABoBi(1 + Bo)’ 


The field u(x) is in particular a weak solution to the Navier-Stokes system with 
Vu € L2,(D), D CQ, so that, in virtue of Theorems 3.2 -3.3 and Corollary 3.1 we 
have that u € C?(Q) and there exists a field p € C1(Q) such that the couple (u, p) 
is a regular solution in f? to System (1.1). 

The existence of a classical solution is completely proved. To prove uniqueness 
in the class of solutions C(f1) that behave at infinity as || "*?, we observe that the 
difference v of two solutions satisfies the system 


M 


Vv(u + v) + (Vu)u = vAv — Vo, in f), 
V-v=0, in Q, 
v=0, on Of. 
v(x) — 0, |x| — 0. 


(4.11) 
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and that thanks to property (2.2) and the smallness of data, uniqueness is a simple 
consequence of the energy relation deduced from system (4.11). In order to prove 
the energy relation we must prove that Vv € L?((1). Set f = (Vv)(u+ v) + (Vu)u. 
Since v8 v, v&u = O(|z|?"**), by Theorem 3.2 there exists a weak solution (w, p) 
to the system 
vAv — Vw =f, in Q, 
V-v=0, in 2, 
v=0, on OQ). 
v(z) > 0, |x| — 0, 


such that Vw € L?(Q). In virtue of the regularity of f, we have that w is sufficiently 
smooth in Q so that by Theorems 3.2 - 3.3 it is not difficult to deduce that Vw € 
L* (008g), Vg > 1. Thus w € C(Q)NC?(Q). By the uniqueness of classical solutions 
to Stokes problem in exterior domains [13], we have that v and w coincide so that 
Vv € L?(Q). Thus the uniqueness is achieved. 
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Abstract 


We consider the stationary Navier-Stokes equations in a 2-dimensional Y- 
shape infinite channel involving the general outflow condition. Assuming that 
the domain and the data are symmetric with respect to a straight line, and that 
the line of symmetry intersects every boundary component where the boundary 
integral does not vanish, we show the existence of symmetric solutions. We 
report also the regularity and the asymptotic behavior of the solution. 


Keywords: Stationary Navier-Stokes equations, Non-vanishing outflow, 2 dimen- 
sional Y-shape channel, Symmetry 
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1 Introduction 


Let 2 be a two dimensional domain with unbounded boundary, symmetric with 
respect to the x2-axis satisfying the following conditions. 


(A-1) For some large Ro > 0 and 0 < a < 7, Q consists of four parts. 
Qı := ((z1,22) ; xı sina + z2 cosa > Ro, |z1coso — zz sino] < 1} 
Nə := ((z1,22) ; -zı sina + z2 cosa > Ro, |x; cosa + x2 sina| < 1) 
Nz := {(21, £2) ; |r1| < 1, v2 < —Ro} and 
Q \ (Q1 UN2 UN3) is bounded. 
Put No :z N \ Mi UN, U fz. 
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(A-2) The boundary 80 is smooth and consists of infinite part yọ, and finite part y1, 
Y2, ***, YN the latter being simply closed curves. The infinite part "yg consists 
of three curves (i = 1,2,3), where y} is the upper part, ^2 the left part, and 
yë the right part. Namely, 0€) = y U 1 U 4 U -**"yy.. Furthermore, yl, 71, 
+++, Yn intersect the r2-axis. 


We call the domain 2 satisfying these conditions Y-shape channel, because it 
looks like the letter Y for 0 < o < v/2. Let T = {(#1,22) ; |ri| < 1} and 
U(zi,22) = 3 (0, 1- 2). Ti is the rotation of T by the angle —« around the origin, 
and 75, by the angle a. U, (resp. U2) is the standard Poiseuille flow in T3 (resp. 
T3). 


Ty = ((21,23) ; |z1c0so — zz sina| < 1) 


To = ((21,22) ; |r1c0so + zo sina| < 1} 


3 
U; = 70 — (xı cosa —z5sina)?)e, e= (sina,cosa) 


U = Hi — (xı cosa + z2 sina)? } f, f =(-sina, cosa) 


We study the Navier-Stkes flow in the Y-shape infinite channel such that the 
velosity tends to Poiseuille flow at the infinity, and there are some inflow and outflow 
from the boundary. More exactly, we consider the boundary value problem for the 
Navier-Stokes equations. 


(u-V)u = v^u-Vp in Q, 
(NS) { divu = 0 in Q, 
u= B on óN, 


u—> pU, asa, +00 in Q, 
u— LU, aszi— -—oo in Q, 
u— AU asrz,— -oœ in Q, 


(BC) 


where u is the velosity of the fluid, p is the pressure, À, p are real numbers, £ is a 
given function on the boundary 0€), smooth, symmetric with respect to the z-axis 
satisfying 


N 
(A-3) B — 0 on % and Y^ | 8: nds 30-5 20, 
i=1 “Yi 


n being the unit outward normal vector to OX). The vector field u = (uj, ug) is 
called symmetric with respect to the z-axis if uı (x1, %2) is an odd function of zi 
and u2(%1,2%2) is an even function of zi, ie., 


wu (—21,22) = —wui(21, 23), ux(—21, £2) vez ux(z1, £2) 


holds true. 
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The purpose of this report is to prove the existence of a symmetric solution to 
(NS)(BC), the regularity and the asymptotic behavior of the solution. 

We note that the number of curves which form the inner boundary is arbitrarily 
finite, and that the angle a is also arbitrary. 

For “full” infinite channel and semi-infinite channel, symmetric with respect 
to the axis, we have shown the existence of symmetric solutions. See Morimoto- 
Fujita[3], [4]. We have also reported the existence result for V-shape channel [5]. 

In Section 2, we state the notation and the results: existence of symmetric so- 
lution(Theorem 1) and its regularity(Theorem 2). In Section 3, we construct a 
solenoidal extension of the boundary value under general outflow condition, and 
“connect” three Poiseuille flows in Q. In Section 4, we give a proof of Theorem 1. 
Proof of Theorem 2 is similar to that in Morimoto-Fujita[3] and is omitted. 


2 Notation and results 


We need the following function spaces. Let L?(Q) be the set of all R2-valued square 
integrable functions defined in Q with the inner product (-, -)o and the norm ||- |o. 
If it is clear from the context, we write simply (-,-) and ||- ||. Let C$, (à) be 
the set of all smooth solenoidal R2-valued functions with compact support in Q. 
H, = H,(Q) is the closure of C39, (€) in L?(Q), and V = V(Q) is the completion 
of C$. (©) in the Dirichlet norm ||V - ||. Let C$»? (9) be the set of all functions in 
Co, (€) symmetric with respect to the r2-axis, and V3 = V5(Q) the completion of 
CF (N) in the Dirichlet norm ||V - |]. 

Let P be the set of all functions W which is symmetric with respect to the 
x-axis, solenoidal in Q, belongs to H'(w) for every bounded open subset w of 2, 


and 
pu, in OQ 
W=¢ U2 in (1 
AU in Nz. 
We denote by SÉ: the set of all functions of the form u = w + W + bo where 


w is in V (Q), W is in P and bo is a solenoidal extension of 8 — W |ən with compact 
support. 


We consider the problem to find u € SÊ? such that 


v(Vu, Vv) + ((u- V)u,v) 0 (Vv € Co? (Q)) (0.1) 
holds true. 
Let 
D ((p: V), U) (0.2) 


= sup —s— 
eeva  IIVell? 
S ((p j V)e,U) (0.3) 


of := sup re. 
pevsir) — IIVell? 


It is known that 0 < c? < c. See [4]. Our main result is as follows. 
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Theorem 1. Let Q be a domain symmetric with respect to the z-axis satisfying 
the condition (A-1), (A-2) and B be a smooth function defined on ƏN, symmetric 
with respect to the x2-azis vanishing on yo and satisfying the condition (A-3). If 
v > max(|ulo, |A|o9), then there exists u € SÉ? which is symmetric with respect to 
the x-axis and satisfies (0.1). 


Theorem 2. The solution u obtained in Theorem 1 is continuous in Qı (resp. Qe, 
Q3), and converges to the Poiseuille flow pU, (resp. pU2, AU) uniformly at the 
infinity. 


Remark 1. We can replace (A-3) by the following condition: 


(A-3y the support of B is compact, / B: m — 0 fori = 2,3 and 
% 


N 
f B:ndo - ^ | B-ndo «20-3 2 0. 
Yå 


i-i" 
We remark that every integral | B -ndo need not to vanish nor to be small. 
^i 


Remark 2. If we may say that Y-shape channel has two “hands”, our result holds 
true for the domain having more than two hands. 


3 Preliminaries 


Firstly, we begin with the well known result about the solenoidal extension of the 
boundary value. 


Lemma 1. Let B, be defined on 00, smooth and have a compact support. Suppose 
(SOC) Í &,-nde 20 (i2 1,2,-, N), f f, : ndo =0 (i — 1,2,3). 
Yi % 
Then for every € > 0 there exists a solenoidal extension of Bo of compact support 
satisfying 
Iv - V)v, bo)| < el| Vell? (Vv € V(Q)). 
If 8y does not enjoy the condition (SOC), we can not expect the existence of its 


solenoidal extension satisfying the above inequality. Nevertherless, if it is symmetric, 
we have 


Lemma 2. Let 8, be smooth on OQ, symmetric with respect to the zz-azis and have 
compact support. Suppose 


N 
f Bo: nde 2 M Bo: ndo + | B : ndo = 0, | 6 màn =0 (i = 2,3). 
an 17058 Yò % 


= 
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Then, for every positive £, there exists a solenoidal symmetric extension bg of Bo, 
such that 


I((v - V)v,bo)| € ell Vel? (We € V?(0)) 
holds true. 


In order to prove this Lemma, we use the virtual drain method originated by 
Fujita[2]. For the detail, see Fujita[2]. Remark that 42 and 72 do not intersect 
the 75-axis. 


Let us construct an element of P, that is, let us ‘Mconnect” three Poiseuille flows 
BU, uU; and AU in Q. Let X; = 00; Noli = 1,2,3). Consider the following 
Stokes problem. 


—Av+Vq=0, dive — 0 in fg 
vl, = wi, vjz = uU», v|Es = AU 
vl, =0 (i 2 1,---, N), 


V| Anan. = (0, (^ — 24)n(21)), vlina = 0 (i = 2,3), 


where n(t) is a smooth even function with small compact support, the integral 
DES n(t)dt = 1. Let vo be the solution in H! (No). vo is symmetric with respect to 
the z-axis, because the boundary value is symmetric with respect to the 2-axis. 
Since vo satisfies the stringent outflow condition, that is, for every connected com- 
ponent of the boundry of No the integral f vo - ndo = 0, there exists its stream 
function qo, and vo = Vty = (—Deyo, Dipo) holds. 

Using these functions, we define a connection of the three Poiseuille flows as 
follows. 


Uo in Qo 
W (z1, £2) = 4 U; in Q; (i=1,2) (0.4) 
AU in Q3. 
This W belongs to P. Furthermore there exists a stream function ®(x) of W 


W = Vt$, 


We can choose $(r) such that $(z)|o, belongs to H?((19), and is continuous and 
bounded in Ñ; for i = 1,2,3. 


Let W be the symmetric flow defined in (0.4). This function W does not belong 
to V9((1), but we can construct a function sọ € C$? (Q) enjoying the following 
estimate(Lemma 3). Let 0(t) be a smooth function of t > 0 such that 


0«60(t «1, 06(t 20(0€tx1/2, 0(t -1(xt) 
and we define 


61; (z) = 05(z1 sina + 2 cosa) 
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05,5 (z) = 05(—x1 sina + zz Cosa) 
05, (z) = 05(—22) 
where 05(t) = 0(6t). 


Lemma 3. There exists a positive constant Co such that for every positive € and 
0 < ó < (2Ro) !, there exists a function so € C$»? (Q) satisfying the following 
estimates. 


3 
((w - V)w, Wo < ((w + V)w, 3o)o + 9 ((w - V)w,02,W)o, (0.5) 
i=1 
+(€+Cp6)||Vw||? (vw € V (Q)). 
The proof is similar to that of Lemma 6 in [4] and is omitted. 


In order to prove Theorem 1, we need the next theorem due to Amick(1]. Let us 
recall that ø and c? are defined by (0.2), (0.3). 


; = S 
Theorem 3. jim, L(0) = max{|pIo, |Ao? } 
where 
3 
_,((w- V)w,0? .W)o, 
I(5):- sup Lica ((wV)w Si Wa (0.6) 
wevs(a) IVl 


4 Proof of Theorem 1 


By the assumption v — max(|u|o,|A|o?) > 0 and Theorem 3, we can choose € 
and 6 such that the following inequalities hold. Co is the constant in Lemma 3. 


1(6) - max(\ulo, |Alo®) < 1 (v — max(lulo, o9), (0.7) 


2e + Coó < iy — max(|plo, |Alo*)}. (0.8) 


Let N",n = 1,2,:**, be a sequence of bounded symmetric domains with smooth 
boundary such that Q^ c Q**! c Q, AN NAN c ANH NAN, and N” > N as 
n — oo. We suppose that the domain Q! contains QN (|z| < 1/6). We consider the 
stationary Navier-Stokes equations in 2”. 


(u-V)u = v^u-Vp in €, 
(NS)a | divu = 0 im Qm, 


with the boundary condition 


B on óOQnóQ", 
W on 0n"\an 


u 


Go. ds 
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where W is chosen as in (0.4). A function u is called a weak solution to (NS), 
(BC)n, if u € H1(Q"), divu = 0, 


v(Vu, Vv) + ((u- V)u,v) =0 (Vu e V(")), 


and u satisfies the boundary condition (BC), in the trace sense. 

Let un be a symmetric weak solution to (NS), (BC)n, the existence of which 
was established by Fujita[2]. Put un = wn + W + b, where b is the solenoidal 
symmetric extension (in Q) of 8 — W constructed in Lemma 2. In fact, since 8 — W 
satisfies the hypothesis of Lemma 2, there exists its solenoidal extension b for which 
the following inequality holds. 


(((v - V)v,b)o| < el| Vell, (Vv € VN). 


It should be noted that the support of this extension is compact. Without loss of 
generality, we can suppose that the support is contained in Qo. Since div w, = 0 
and w;|ao» = 0, Wn belongs to V5(") and satisfies the following equation. 


v(Vwa, Vv) + ((Qwa: V)wa,v) + (wa: VW - (W - Vywa,v) (0.9) 
+ ((wn+ V)b o (b: V)wn,v) 
(F,v) —v(Vib+W), Vv) (vv e V(2")), 
where F = —-((b.- V)b+ (W - V)b - (b- VW -(W- VW). 
Using a similar argument in Morimoto-Fujita[4], we can obtain an apriori esti- 


mate for wn independent of n, that is, there exists a positive constant M independent 
of n for which the following inequality holds. 


lIVw,]] € M. 
By the standard argument, we can show the existence of u € S£? which is symmetric 
and satisfies (0.1), and Theorem 1 is proved. C.f. Morimoto-Fujita|4]. Q.E.D. 
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Abstract 


The regularity of a solution to the variational inequality for the Stokes 
equation is considered. The inequality describes the steady motion of the 
viscous incompressible fluid under a certain unilateral constrain of friction 
type. Firstly the solution is approximated by solutions to a regularized problem 
which is introduced by Yosida's regularization for a multi-valued operator. 
Then we establish a regularity result to the regularized problem. The regularity 
of the solution to the original inequality follows by the limiting argument. 


1 Introduction 


The present paper is concerned with the regularity of a solution to the following 
problem: Find u € Ki(Q) and p € L? (N) satisfying 


a(u,v — u) — (p, div (v — u)) 
*j(v)-j(u)z(fo-wu, (vveK!(Q). (1.1) 


Here and hereafter the following notation is employed: Q is a bounded domain in 
R”, m = 2 or 3. The boundary N is composed of two connected components To 
and T. For the sake of simplicity, we assume that To and T of class C? and that 
To T =ø. The additional smoothness assumption on [ will be specified later. We 


introduce 
K!(Q) = (v e H'(Q)™ | v = 0 on To}, 
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then K1(Q) denotes the solenoidal subspace of K!((1). (-,-) denotes the inner prod- 
uct in L?(Q) or L?(Q)™ according as scalar-valued functions or vector-valued func- 
tions. We set 


1 Ou; ðu; 
aluo) = 5 | esj(u)ei;(v) de, ei(u) = Set + 
for u = (u1,*:: ,Um) and v = (vi,*:* ,Um). Finally 
jw) = f g\v| ds, (ds = the surface element of T), (1.2) 
r 


where g is a given scalar function defined on F. 

As was described in Fujita and Kawarada [7], the variational inequality (1.1) 
arises in the study of the steady motions of the viscous incompressible fluid under 
the frictional boundary condition, where u denotes the flow velocity, p the pressure 
and f the external forces acting on the fluid, and g is called the modulus function of 
friction. We now review the boundary condition of this type. Let o(u, p) be the stress 
vector to I. That is, we let e(u,p) = S(u, p)n, where S(u,p) = [—pdi,; + ei;(u)] 
stands for the stress tensor and n the unit outer normal to T. Then we pose on 
c (u, p) that 

lo(u,p)| < g (1.3) 
and 
lo(u, p)| <g => u=0, 
u=0oru#0, (1.4) 


o(up|=g => 
| u £+ 0 => o(u,p) = —gu/|ul 


almost everywhere on T. The classical form of the frictional boundary value problem 
for the Stokes equations dealt with in [7] consists of 


-Au + Vp= finQ, divu=0inQ, u=0 on To (1.5) 
together with (1.3) and (1.4). The inequality (1.1) is a weak form of this problem. 


nona 1.1. To be more precise, j should be understood as the functional on 
H”? (Dy; 


i = f gln} ds, (n € HVPE)". 


However, for the sake of simplicity, we will regard j as the functional on H! (Q) 
through 


it) = f glll ds 
and write it as (1.2). 
The existence theorem was established in [7]. Assume that 


feLrQ™, geL*(T, g>0a.e. F. (1.6) 
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Then (1.1) admits of a solution {u,p}. The velocity part u is unique, and the 
uniqueness of the pressure part p depends on cases. We shall give an example about 
this issue in $5. 

Henceforth we write || - ||, I> ||; and I|- |s;r instead of [| - Ilz2(a), || Ilaro) and 
il- Has qr), respectively. The trace yu on T of v € H!(Q) is denoted by v|r, where 
y stands for the trace operator from H'(Q) into H'/?([). The meaning of v|r, 
and v|ao is similar. For vector-valued functions, as long as there is no possibility of 
confusion, we shall use the same symbols. C denotes various generic constant. If it 
depends on parameters q1,:-«,qw which may not be numbers, we shall indicate it 
by C = C(qi,: *« , qu). Furthermore ð| - | denotes the subdifferential of the function 
[| = (27 b m). 

The main purpose of this paper is to prove the following regularity result. 
Theorem 1.1. Let T be of class C?. Assume that (1.6) and moreover that g € 
H'(T). Let {u,p} be a solution of (1.1). In particular, p is any corresponding 
pressure of u. Then u € H7(2)™ and p € H'(f1) with 


lulia + lola < CCLFIL + Ilgllr), 
where C = C(Q). Moreover we have o(u,p) € H1/?(D)" and 


—o(u,p) € gO|u| ae. T. 


In order to prove Theorem 1.1, we follow the method of Brézis [2]. Namely, we 
approximate a solution (u, p) of the inequality (1.1) by solutions (u., p, ) of equations 
which are obtained by replacing j by a regular functional je in (1.1). Then the 
regularity of (u., p.) is studied. Actually, for € > 0, we introduce 


je(v) = I gpe(v) ds, — (ve H' (Q)"), 


where 
fil - 8/2. (ul >), 
Pete UE (lvl < €). 


Then an approximate problem for (1.1) we shall consider is: Find us € K} (Q) and 
p. € L?(Q1) satisfying 
afue, V — uc) — (Pe, div (v — Ue)) 
+ je(V) — je(ue) 2 (fv ~ue), (Ww € K!(Q). (1.7) 
Concerning the approximate problem, we have the following three theorems. 


Theorem 1.2. Assume that (1.6) and let € > 0. Then (1.7) admits a unique 
solution {ue,pe} with 


luel + pell < CAFI + llgllzacry), 
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where C = C(Q). Furthermore, {us, pe} is a weak solution of (1.5) together with 
—0 (ue, Pe) = goc(u.) a.e. T. (In particular o (us, p.) € L?(T)™), (1.8) 


where we have put 


ae ce (lul > £) 


v/e (l<e). 


Remark 1.2. In Theorem 1.2, c(u, p) is understood as a functional on H!/?(T)" 
defined by 


(e, 7) = afue, Wr) — (pe, div Wn) — (f, V5); (VQ € HM? (rym, 
where i), € K! (N) is any extension of 7. 


Remark 1.3. Our choice of the regularized functional is based on Yosida’s regular- 
ization. Namely, Yosida's regularization of 9| - | coincides with a, = V pe. 


Theorem 1.3. Assume that (1.6) and lete » 0. Let (u, p) and (u,, pe} be solutions 
of (1.1) and (1.7), respectively. Then we have: 


ljue — ull + Ile — Bll < C(&, g) v6, (1.9) 
where p = p — |0|^! (p, 1), Be = pe — |Q| ! (pe, 1) and |Q| indicates the measure of N 
in R™ 
Theorem 1.4. LetT be of class C? and lete > 0. Assume that (1.6) and moreover 
that g € H!(T). Let {ue, pe} be a solution of (1.7). Then ue € H?(Q)" and 
[lee ll2 + Ilpell < CFI + Hells n). (1.10) 
It should be kept in mind that C = C'(Q) does not depend on e, 


Now we can state: 


Proof of Theorem 1.1. Let € > 0, and let (uc, p.) be a solution of (1.7). By virtue of 
Theorem 1.4, sequences |jus||2 and ||p.||; are bounded as € | 0, respectively. Hence, 
there are subsequences {us } and {pe} such that 


ue > u* weakly in H?(0)", pe > p* weakly in H'(Q) 


and 
llee*l2 + lp* ll < CCF + Malls). 


According to Theorem 1.3, {u*,p*} is a solution of (1.1). Next let {u,p} be any 
solution of (1.1). By the uniqueness of the velocity part, we have u = u*. On the 
other hand, p— p* = k and a constant k is restricted via (1.3). Therefore p € H+(Q), 
and we deduce 

c(u,p) —o(u,p*)=kn a.e.T. 
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This, together with (1.3), implies that |k| < 2g holds almost everywhere on I. Hence 
[kl € 2|]? |[g|| ro(r), where |I] denotes the measure of T in R?-1. By making use 
of this estimate, we have 


Illo + Mp" lh + [Al V2 
C(IlFll + llglls.r), 


which completes the proof. oO 


[leell2 + Ilplla 


IA IA 


The rest of the present paper is composed of the following sections: 


§2. Proof of Theorem 1.2 
$3. Proof of Theorem 1.3 
$4. Proof of Theorem 1.4 
$5. Remarks 


Acknowledgment. The authors wish to express their gratitude to Professor Haim 
Brézis for his valuable suggestions. 


2 Proof of Theorem 1.2 


As a preliminary to prove Theorem 1.2, we describe a decomposition theorem con- 
cerning K!(Q() which is essentially due to Solonnikov and Séadilov [14]. 
Through Riesz's representation theorem, we define an operator B from L?((1) to 
K!(Q) by 
(Bq,v)m(oy» = (q,div v), (Vac LN); vv e K!(Q)). (2.1) 


Lemma 2.1. The range R(B) of B forms a closed subspace of K1(Q). Moreover 
we have the orthogonal decomposition 


K (N) = R(B) e Kl(Q). 


Proof. By taking v = Bq in (2.1), we have ||Bq||; < l|gl|; Thus, the linear operator 
B is bounded. On the other hand, as will be verified later, for any q € L?(Q), we 
can take õ € K1(2) satisfying 


div õ=qin Q, |lõllı x C'llall. 


Substituting v = 0 into (2.1), we obtain ||q|| < C'|[Ba||i, which means that the 
inverse operator B~! is also bounded. Consequently, we have 


f Cllall < ||Ball: < C'llall (Va € Z2 (0)). (2.2) 


Therefore the closedness of R(B) follows. To prove R(B)- = K1(Q1) is an easy task, 
where R(B)+ denotes the orthogonal complement of R(B) in K!((1). It remains to 
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verify the existence of à appeared above. We take w € H?((1) subject to Aw = p in 
NQ and introduce ( € H!/(00)" by 


¢= Vw on Io 
^" làn oT, 


where a constant A is chosen as \ = |T|! (Vw, n) ps(r,;. Then, since (¢,n)z2(a9) = 0, 


there is a vo € H'(0)" such that div vp = 0 in € and |lvolh < Cll¢ll1/2,00 < Col. 
The desired function is 0 = Vw — vo. 


Proof of Theorem 1.2. Since je is a convex, lower semi-continuous proper func- 
tional, from standard theory of convex analysis (for example, Glowinski [8]), the 
minimization problem: Find u € K1((1) satisfying 


Je(u) = inf Je(v) Se(v) = av, v) — (fv) + j«(v) 


veKi(Q) 
has a unique solution u which is characterized by 
a(u,v — u) + je(v) —je(u) 2 (vu), (Vv € Kz(0)). (2.3) 
Following Solonnikov and Séadilov [14], we shall prove that a scalar function p 


can be taken as (u, p) solves (1.7). Substituting into (2.3) v = u X: tọ with arbitrary 
$ € K1(Q), t > 0 and letting t — 0, we obtain 


(0) + [ galu) -9 ds (0, (YO € KM). 
We introduce a linear functional in K! (NQ) by setting 
FQ) = a(u,9) + | gac(u)-¥ ds- (4,9). (vw) e e (0). 


Then by making use of Lemma 2.1 and Riesz's representation theorem, we can easily 
show that there exists a p € L?((1) satisfying 


F(U) = (pdiv)) (Wb € K'(Q)). 
This yields 
a(u, sj) — (p, div 4%) + [ goe(u) Y ds - (f) (W E KM). (24) 


The uniqueness of p is obvious on account of (2.2). Thanks to the convexity of je, 


i: goe(v) - (u — v) da < j(w) ~Je(v), (Vo, e I (0)^). 
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By using this, we can easy verify that (u, p) solves (1.7). On the other hand, (2.4) 
leads to 


(0,0) + f goe(u)-Wds=0 (Yn € H!?(T)™), 


where i) € K!(Q)) is any extension of y. Consequently, it follows from go,(u) € 
L?(D)" that o(u,p) € L?(T)™® and 


—o(u, p) = ga. (u) a. €. L, 
which completes the proof. m) 


Remark 2.1. The bilinear form a is continuous in H!((1); There is a constant 
ôo > 0 depending only on 2 such that 


a(u,v) < dollullillull: (vu, v € H'(2)™). 


Moreover, a is coercive in K!(Q). In fact, Korn's inequality (e.g., for example, 
Duvaut and Lions [5]) implies that 


a(v,v) > dillulli (vv € K*(Q)) 


with a domain constant 6, > 0. 


3 Proof of Theorem 1.3 


The derivation of 


llu — well € C(Q, g) ve (3.1) 


is same as the proof of Theorem 10.4 in Kikuchi and Oden [9]. In particular, we can 
take a constant as C (Q, g) = (|L] - [[g]|r«»(r)/0:1)!/?. We proceed to the estimate of 
the pressure part; Namely, we shall prove 


lie — Pil < C’ (Q, g) Ve. (3.2) 
Putting qe = f. — p, we have 
a(u — ue, $) = (qe div ) (Yọ € Hj(()"). (3.3) 


In view of Babusca-Aziz's lemma ([1]), we can take w, € HÀ (Q)"" subject to div we = 
ge in € and |lw.| < C"(Q)llg.||. Now substituting ¢ = we into (3.3), we deduce 


Ilgell? = a(u — ue, we) < doll — uellillwell: < 9C" (N)llu — uella llall. 


Combining this with (3.1), we get (3.2) and therefore (1.9). o 
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4 Proof of Theorem 1.4 
We firstly review the well-known regularity result for the Stokes equations under the 
Neumann boundary condition. 


Lemma 4.1. Let f € L?(0)™ and w € H!P(Dy". Suppose that {u, p} € H!()™ x 
L?(Q) is a weak solution of (1.5) with o(u,p) =w on T. (See Remark 1.2). Then 
u € H?(Q)" and p € H'(Q) with 


Illa + lll: < CMI + Hells o r)- 


Lemma 4.1 in the case of w = 0 was described in Solonnikov [13] with a mention 
on Solonnikov and Séadilov [14] concerning the method of the proof. However it 
seems that the complete proof for the case of w Æ 0 is not explicitly stated in these 
papers; In this connection, we refer to a forthcoming paper Saito [11]. 


Lemma 4.2. Let (u, p) be a solution of (1.7), and put we = gac(uc). Then we have 
we € HIP? (Ty. Thus, from Lemma 4.1, ue € H?(Q)™ and p, € H!(Q). 


Proof. Firstly we verify that o«(u.) € H!/?(Dy" with 
llo (ue)ll1y2,r € C(e, P)[luelrlli/2,r- (4.1) 


This is essentially due to Brézis [2], where he dealt with the scalar case, and it is 
possible to extend his result into our vector-values case. In fact, we can prove that 


1? o, is a bounded operator in H! (T)™. 

2° |loe(w)Ihi;r € €! C(D)llwllin, (Ww € H+”). 

3* ||oc(w) — a(l € € ! CQD)Ilw — ellzsqryn, (Ww, € P*(D)"). 
The assertions 2? and 3? are easy consequences of a property of Yosida's regular- 
ization. Ás a result, we can apply a nonlinear interpolation theorem by J.L. Lions 
(Theorem 3.1, [10]) and obtain that o, is an operator on H?(D)" with 

llaeW)llor < EC koller, (Yw € H*(r)") 
where 0 < 0 < 1. Taking 0 = 1/2, we have 
llee)llijar SET C(D)lelliyar, (Ww € Hr”), 


which implies (4.1). 
Next let us denote by g € H! (N) the weak harmonic extension of g € H!/?(I): 


Ag=0inQ, g—-0onTe, g=gonTl. 


It follows from the maximum principle that ||gllz-(a) < llgllr(r). On the other 
hand, we take the weak harmonic extension & € H'() of a-(v). That is, we 
extend each component of a,(v) into f? by the harmonic function. By the definition 
of œe and again the maximum principle, we have [||àe|lr-(o) € llec(v)llzs ry € m. 
Since jà, € H! (N), the trace ga-(v) € H! (T). 
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In order to derive the estimate (1.10) which is independent of ¢, we need another 
device. 


Lemma 4.3. Under the same assumptions of Theorem 1.4, 


IBellsyar < CCQCILEM + loll), (4.2) 


where 3, = uele- 
At this stage, we can state 


Proof of Theorem 1.4. Let € > 0. Lemma 4.3 implies that a solution {ue, Pe} of 
(1.7) satisfies the usual Dirichlet boundary value problem composed of (1.5) and 


Ug = ße on’. 
Therefore, by virtue of Cattabriga's regularity result ([3]), we have 


lluell2 + lipell < C(Q)(IF I] + [1Bells2,r)- 
By taking account of (4.2), we finally have (1.10). C 


It remains to prove Lemma 4.3. 


Proof of Lemma 4.3. Let zog € T. Then there exist a neighborhood U C RY of zo 
and a one-to-one mapping ® = (%1,--- ,®m) from U onto U C Rọ enjoying the 
following properties (See, for example, §I-2 in Wolka [15]): 


1° & is a C?-diffeomorphism; 

2° (zo) = 0; 

3° BUND) = Qn = (y = (y', Ym) € R"^ x R; [y'| < R, 0 < ym < R}; 
4° BUNT) = R= (y = (y Ym) € R”? x R; |y'| < R, ym = 0}; 


5° 02m = =n; on U NT, where n = (ni,*** nm). 
Ox; 


Setting y = (x) = ($, (x): +- ,Bm(zx)) and introducing 





v(y)- u(x),  q(y) = p(z) 


and . 
f(y) = f(z), gy) = g(x), à(v(y)-o(u(z)), 
we have for j = 1,--: ,m 
Eje, +5 Tu SE = F; in QR, (4.3) 
1«k £m y kzi 0*4 OUR 


&;(v,q) = —$à;(v) on YR (4.4) 
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and 
09, 0 
Y m — 0 in Qr. (4.5) 
1<kl<m OTE OUk 
Here 
Ov | 09, S^. 9H Ov, OX 06, 00, 
Ej = bi z— Oi + 9s; 2 bz, yy" kl = 5 Ae, 0s, 
ðv " 09,, m 
Y &;(v,q) = qx Em 
v=1 


and d; denotes a bounded function in Qr depending on , V® and V?®. In fact, 
(4.3) follows from 


m 
ð Op 
-M eju) z— = fj, 
i-i Ox, Ox; 
which is an equivalent expression to —Au; + Op/Ox; = f; under div u = 0. On the 
other hand, div u = 0 and (1.8) imply (4.5) and (4.4), respectively. 
Let y; be a function such that y;(y',ym) = 0 for |y'| > R or for ym > R. 


Multiplying by v; both sides of (4.3) and integrating over Qpr, we have by integration 
by parts 


OY; f (2 / , I 
Ejkau — = | 6;(vavj;dy-* |  Fjo;. 
d os Oy 2, QR t5. Ox; 3s; ^) YR ed Qn i 
Hence, writing y = (%1,--: , Ym), we obtain 
Ov op Ov Op 
M EM (5j. veh) (35, *9))] 
-E f a(t) =f woda f Fe. «9 
p Qr Ck YR QR 
Now we choose 9; as 
TN Sz ð 2 204), 
i Oyi Á Oyi 
where 7 € C??(IR7^) stands for a cut-off function subject to 


0<n<lin R7, g-linQg;s, m-0Ofor|y| > Ror y», > R. 
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If we write (4.6) as I4 — I2 = I3 + Ig, then we deduce 


m-—i 


hed, > rss TR | 


i=1 k=1 














4.7 
"s l (4.7) 
- ebllvlli os x 2 I5. | - elit, 
i < calallan (lvth.on + »» > raros (48) 
fs < elöli nallo on (4.9) 
and ERS 
1a < es(lifllos + lelien) (Hellion + 4.10 
4 € ce(llfllos vlh.en)(Ilelli.en > Daal) (4.10) 


Here we check only (4.9). Other inequalities are verified by Saito [12]. Firstly, we 
note that 
Vsa(s)t-t > 0 Vs,t c R”. 














Hence 
= E Qv Ov à i 
IZ = 2. A lov (Woda 5] + (2 -à(y)) - n? By; 2) dy 
< ia dil, < rli sulivutlos. 


Taking into account of (4.7)-(4.10), we have 


m-—1 


m Əv 2 z 
D nm < estlvllios + laler + llle + lfilor) 
k=i yiOyk 


m—i m 
(Imor + 3 > bras 


i=1 





3. 


This yields 
jt 0?v ; 
LI adhue zi 
— 2; "2,57. | < co(llullion + lldllon + Walia + Flor), 


and therefore v 


> l|. < ellos Mellon Mos + lilon) 
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with E' = R/2. According to this inequality, introducing 


Ov 


=—T]l , (jol-,m-1 
By; bs (j ) 


Hj 
we arrive at 


luis S ei llvllioa + llllos + Illis + Ilflor) G= 1, m 1). 


This means that all tangential derivatives of v|,,, belongs to H!/2 (yp). Therefore, 
vlw € H3/2 (yp )™ and 


lolo Maja. S eisllolli.on + Mallos + lõlli ya + llfllex) 


Summing up the above estimates, we finally have 


lesa. r S cia lulio + [lalla + lal. + If llo). 
Therefore we have established the desired (4.2). C 


Remark 4.1. As is described in [12], the inequality (4.7) is a consequence of Korn's 
inequality, and (4.8) is that of (4.5). Furthermore, the constant c4 depends on the 
third derivatives of & so that we need to assume that I is of class C?. 


5 Remarks 


(A) Non-uniqueness of the pressure part. In general, a corresponding pres- 
sure p of the velocity u which is a solution of (1.5)(1.3)(1.4) is not unique. We give 
a simple example. For the time being, we employ the polar coordinates x = (r,0) in 
R?. We assume that 


N={(r,);1<r< V2}, TMo={r=1}, P={r= v3}, 


and set e, = (cos0,sin 8), eg = (— sin0,cos0). Put u(r,0) = w(r)eg and p(r) = xr, 
where w(r) = 2/r —r and x > 0 is a constant. We notice that (u, p) solves 


-Au + Vp = kern, divu=0inQ, ulr, =e, ulr =0. (5.1) 


Moreover the stress vector is written as o (u, p) = —p(r)er + W(r)ee, where W (r) = 
—4w(r)/r?. Hence |o(u, p)| = V2&? + 4. 

Firstly we define g = V2K2?+4+1. Then |o(u,p)| < g and u|r = 0 hold. 
Therefore {u, p) is a solution of (5.1)(1.3)(1.4). 

Next put pe = p + c with a constant c, and let co < c1 be roots of the equation 
2/2kc + c = 1. Then the following facts are hold true: (i) if co < c € cı then 
{u, pc} is also a solution of (5.1)(1.3)(1.4). (ii) if c < co or cı < c then {u, pe} is not 
a solution. Namely, in this case, p is not unique and the non-uniqueness is restricted 
through (1.3). 

On the other hand, if non-trivial movement (u # 0) takes place on a portion 
T, cT, then p is uniquely determined. 
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(B) Other flow problems. From the view point of physics, some modifications 
of (1.1) are much more interesting. Actually, H. Fujita [6] studied the Navier-Stokes 
or the Stokes equations under the leak or slip boundary conditions of friction type. 
The similar results about the regularities of solutions for these problems could be 
obtained by the same method presented in this paper. See, for more detail, Saito 
[12]. 


(C) Problems in elasticity theory. Our method is applicable for some problems 
in elasticity theory. For instance, we can give another proof of a regularity theorem 
described in M. Cocu and A.R. Radoslovescu [4], where they dealt with Signorini 
problem with non-local friction. 
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Viscous incompressible flow in unbounded domains 
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P.za Leonardo da Vinci 32, 20133 Milan, Italy 
e-mail: rodsal@mate.polimi.it 


Abstract 


We prove the existence of a weak solution for a two-phase problem for 
viscous incompressible fluids in domains with noncompact boundary. 


1 Introduction 


Flow problems with moving boundary are very interesting phenomena which are 
often found in the nature and engineering applications. These problems consist of 
the free surface flows ([8]), flows with interface ([3],[4],[9]) and flows in a moving 
domain with an assigned law ([5],[6],[7]). In this paper we consider the solvability of 
the two-phase problem or flow with free interface for viscous incompressible fluids in 
domains with noncompact boundaries. Flow problems in unbounded domains present 
interesting peculiar behaviour such that a particular attention was given to such a 
problem recently (see [1] for references). In fact posing boundary or initial-boundary 
value problems for the Navier-Stokes equations, it is necessary to prescribe, besides 
the usual boundary conditions, certain functionals of the solution. This condition is 
connected with the possible non coincidence of certain solenoidal spaces ([1]). Due to 
the existence theory, a particular attention was given to this problem in the Sobolev 
spaces WP, 

In this paper, first we study the non coincidence of the solenoidal spaces H and 
Hi in L?( see below for the definitions ) and we characterize the subspace H/H. Then 
we pass to consider the two-phase problem. We consider the free two-phase problem 
in unbounded domains with exits to infinity, prescribing additional conditions on 
the interface I. 

The paper is organized as follows. 
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In section 2 we give notations and preliminary results. We present the two 
phase flow in unbounded domains having several outlets at infinity. We assume that 
the two fluids are both viscous, incompressible and immiscible, and the physical 
effect of the surface tension at the interface is considered. Further we assume that 
the densities and the viscosities are constant. We reduce this problem to one-fluid 
flow and we state the results. In section 3 we consider the non coincidence of the 
solenoical spaces in L? and characterize the space difference. In section 4 we prove 
the existence of a weak solution. 


2 Preliminaries 


Let D € R” with boundary OD . Consider a family of bounded subdomains D, of 
D depending on the parameter 7 = (T1, ..., TN) which ranges over the parallelepiped 


G={r:0<74<%,1=1,..,N},7= 


(7, wasy TN). 

We mainly consider the domain such that outside the sphere |z| = Ro it splits into 
m connected components D; (exits to infinity), i.e. D = Do U (UZ, Di). D is the 
so-called domain with m exits to infinity. Suppose that Dij, for every i, is a domain 
such that its intersection with the plane, orthogonal to some smooth curve L; at 
the point P(r;) € Lj, form around that point the domain S,, = S;; the parameter 
T; being equal to the length of L; measured from the surface {zx : |z| = Ro} to the 
point P(r;). 

It is assumed that D is a smooth domain of class C* with k a positive integer. 
Furthermore we assume that the unit normal vector field n(x) with z € ðD is inward 
pointing on OD. If it is necessary we consider also an extension of n in a neighborhood 
of D. If k > 2, in each point of z € OD, we can define the mean curvature R . 

To simplify the discussion, we do not distinguish in our notations whether the 
functions are R-or R™-valued and c denotes a constant. We define C9? (D) to be the 
linear space of infinitely many times differentiable functions with compact supports 
in D. 

We denote Cj? the linear space of divergence free functions of C$?. For any s, q, 
s20,421,W*^*(D) denotes the Sobolev space of order s on L*(D). Further the 
norm on W*7(D) is denoted by ||¢||s,q- 

When q = 2, W*?(D) is usually denoted by H*(D) and we drop the subscript 
q = 2 when referring to its norm. H?(D) is a Hilbert space for the scalar product 


((u,v)). = 5 f Doupevae. 


lalss 


In particular, in L^(D), we write the scalar product (u.v) and the norm |]. 
Further we define Wj"* (D) the closure of Cg? (€) for the norm || - ||s,,. 
Let us introduce the following spaces of divergence-free functions. We denote 
by 
V* = (completion of Cg° in Hj(D)}. 
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and it is a closed subspace of H*(D). 
We set V! = V and V? = H. Further we denote 
V = (ve H (D)|V v = 0} 


and 
Ê = {ve L (D)|V-v=0 in distribution sense}. 


In general V C V and H C Ê. In literature the first problem has been studied 
extensively ( see [1] for references). The last one is not mentioned. In section 3 this 
problem is studied and we characterize completely the subspace 


T 


For any measurable set Q € R3, the characteristic function xo = x is defined as 
usual by y(x) = lifz € Q and = Oif z € N° (N° = R? \ Q). If the Lebesgue measure 
of Q is finite, then x € L!(R?). Let us consider the gradient Vx as a distribution in 
R? defined by 


< Vxġ>=- | V gdz 
Q 


for any $ € Cg? (R) . Using the well-known Stokes’ formula, we get 
«Vx, >= - f 6-nar =<* yn, $ > 
r 


that is the gradient of x takes the form 
Vx =" qn. 


Here y is the trace operator : C*(N) — C*(T) and *» denotes its transposed operator. 
In general Vx is an element of (C^ (Q))'. 
We remark that if Q € Ct, then x € W**(R) for s < 1/q,1 € q < oo. 
In addition to the above notation we introduce the shape functional 


J(Q) = meas(T) = f dT. 
r 
If the domain Q(t) changes in time following 
Ok = v(z, t), a(y, 0) =yen 


we have 
d; dr = ar - - f v:nRdl. 
r(t) r(t) r(t) 
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Now we consider the two-fluid flow in D. We assume that D consists of two time- 
dependent subdomains f1'(), for i = 1,2 which are filled with immiscible viscous 
incompressible fluids (1) and (2), respectively: 


D =M (H UR?(t) 
for 0 < t < T. Do C Q! (t) (bounded) and 9?(t) C UD;. The interface 
r(t) = (001 UAN?) \ AD = UWF; (t) 


forü0ct« T. l 
The flow of the two fluids is governed by the equations in Q(t) 
p (ui + ui - Vu!) — ui Au! + Vp! = pi f!, in Q(1), t > 0, (2.1) 
V-u' - 0, 


u'(z,t) = 0, on OQ (t) VI (t), 


with 4 = 1,2. 

Here ut is the velocity vector field of the fluid, p! the pressure and f are given 
vector fields of the external mass forces, the viscosity coefficient u^ and the density 
p! are constant. 

The initial conditions are 


ul = u! (x,0) in Qı (0), ud = u? (z,0) € 7(0). 


The boundary conditions on the interface I'(£) between the fluids (1) and (2) 
at the time t > 0 are expressed by 


ul =u, Tln—-T?n = cRn, t » Q, 


where c is the coefficient of the surface tension and T* is the stress tensor with 
components 
Tj, = —p'Ójk + p (0s, uj + Oz; Up) 

(j,k = 1,2,3), n is the unit inner normal vector to T pointing to Q1 (£)), and R is 
the mean curvature of I(t). 

Here and in what follows we shall use the well-known notation of vector analysis 
and summation convention. 

In order to combine the basic equations (1.1), we introduce the characteristic 
functions of Q! (£), Q?(t), namely x! = x(t), X? = 1 — x(t), respectively. 

The interface between two fluids is defined as the discontinuity surface of x. 

Using x, defining v = xtut + X?u?, p = x'p  x?p?,u = px)  x?ul p = 
xtp! - X?p?, and f = x! p! f! -- x?p? f?, and bearing in mind the boundary conditions, 
the Navier-Stokes system for the fluids (1),(2) are formally equivalent to the following 
system in D 


p(vi +v: Vv) — V -(uVv) + Vp = pf t o Vx! R, (2.2) 
V.v-—0,v(z,t) = 0, z € OD; v(r,0) = vo, x € D. 


Viscous Incompressible Flow in Unbounded Domains 91 


The function x = x! is considered as a scalar quantity transported by the fluid 
in a turbulent flow of a viscous incompressible fluid and satisfies 


Xc- v: Vx 20, in D, t>0 (2.3) 
x(0) = characteristic function of (11 (0). 


For domains of type D the motion of a viscous incompressible fluid is not always 
uniquely determined by usual initial and boundary conditions. The necessity to 
prescribe additional conditions is connected with the fact that the two spaces V, V 
are not identical. Then we complete the kinematics conditions on F(t) prescribing 
the net flux of the fluid on T';(t) 


f u! - ndl; = ob (t) 
T(t) 


o5 are given functions with the condition 377 , 04 (t) = 0. 
For v the flux condition is 


] 720 


where $j = Do N D;. 
Now we give the definition of weak solutions of (1.2),(1.3). We assume that: 


Assumption 1 - There exists a divergence free vector field b(x,t) € L?(Qr)n 
H'(Qr)) such that 


J b- ndS = a;(t) 
$i 


with b = 0 on OD. 

Here Qr = D x (0, T). We introduce a new unknown vector field: u = v — b. 
This permits to reduce the problem (2.2),(2.3) to a similar problem with zero flux 
through the 5;: 


plu; + (u + b) - Vu) + p(u +b): Vb (2.4) 
-V. (uVu) + Vp = pf --oVx! R+B, 
V-u=0, u(z,t) =0, z € 0D, 
v(z,0) =v, z€ D u-0as |r| ^ oo, 
Ox +u-Vx+b-Vx =0, x(0) — xo 
where B = —pÓjb + V - (y Vb). 


Now we give the definition of weak solution of (2.4). To avoid tedious calcula- 
tions we assume that o = 0. 


By a weak solution of (2.4) with o = 0, we call a couple (u, x) such that, for 
any T » 0 and any ¢ € C (0, T; Cj? (D)), &(T) = 0, and n € C (Qr), n(T) = 0, 
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f “(ps gt) + (o(u + b) - V)ó,u) — (p(u + b) - Vb, 9) — 
(uVu, Ve) + (f + B,d))dt + (uo, $(0)) = 0, 
[bon + (x, (u + b) - Vn)dt + (xo, n(0)) = 0, 

with x € L®(Qr), xu € L?(0, T; L?(D)),u € L?(0,T;V). 

In section 5 we prove 


Theorem 1 - We assume that f € L?(Qr) and uo € H., Then there exists a 
weak solution of (2.4). 


3 The spaces H and H 


In this section we characterize the subspace 
A/H. 


We use the method to characterize the kernel of rot operator in non connected 
domain. We denote by Ss? and 5; the two sides of S; and n; the unit normal on 5; 
oriented from S7 toward 5; ; if a function v takes different values on S and 5; , 
then we set [v]; = v|g« — v|5-. Let D = D\ US;. 

We consider the following problem: 


Find function q harmonic in D such that 
Ó,q — 0 on OD, 
[gli = constant, i-1,.,N 
[5a];i20, i=1,..,N 
and 


q—c as |z|—- œ 


Lemma 1 - For i = 1,..., N there exists a function qi unique up to an additive 
constant, such that 


Aq = 0 in D, (3.1) 
Ong = 0 on OD, 

[95a]; =0,7 = 1,..., N, 

lai]; 203 zi 


[ai] = 1, 
dic as |x| — oo. 
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The above problem is equivalent to 
Aq; = 0 in D, (3.2) 
Ong: = 0 on OD, 
[nai]; = 0,7 = 1, eng N, 


la]; 203 x i 
[a;]; = (undetermined) constant, (3.3) 
| OngidS = 1, 

Si 


qi—ci as |r| — oo. 
We notice that the above problem is variational. In fact let 


X; = (6 € H'(D), [9]; = const, [9]; = 0 Vj Æ i} 
where H1(D) = {|¢ € L?,.(D), Vo € L?(D}. 


loc 


The problem consists in finding q; € X; such that 
J ve: Vode = ls vo € X. 
D 


The left-hand side defines on X;/ R a continuous coercive bilinear form on X;/ R and 
the right hand side is a continuous form on X;/ R 


Lemma 2 - The space generated by Vqi,..., Vqw is contained in H and is 
orthogonal to H. 


u; = Vq; ( the gradient is in classical sense) is divergence free. 
Let 9 € Cg? (D), we have 


(V . ui, $) = -(Vq, V4) = -f 


D or 


_ VaVóda = 
b 
(since Aq 20) = f _ O,qódT = 

ob 


N 
© f lenalidas =o. 


Now u; is orthogonal to the space H. 
We notice that 


Hower, f v:ndS =0,i =1,...,N}. 
Si 


Let v € Ê. Then v € H if and only if (v, Vg) 20,i = 1,...,N. 
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(v, Vgi) — f vVqidz = f. v:nqidl = 
à an 


f v- nds. 
Si 


Now we denote H, the space spanned by Vq; i = 1,2, ...,n. 


Lemma 3 - H, is the topological complement of H. The dimension of H, is 
N-1 and there exists a basis (ui, ...,uN-1) of He such that 


i Ui -dS = bij; i,j = 1,..,0N — 1), 
S; 


J ujdS = —1. 
Sn 


First, H.' H = 0. In fact if 


Í ui:n dl = 0 
Si 
from Lemma 1 we have u; = 0. 
Further H, has finite dimension. 
In fact, let 6: He + RN the application defined by 


(u) = d vnde, f f u : nd), 


If u € H. and (u) = 0, then u € H and consequently u = 0. Now the elements of 
H. are divergence free, then 


N 
Y und! — 0. 
1 "$i 


Further ® is injective. We have that dimension of He is < N . But the above condition 
implies that u; are linearly independent. So the dimension of He is N — 1. 

It is routine matter to construct a vector v € H. such that v = 0 on OD. First 
construct a solenoidal vector ¢ such that $ : n = 0 and the tangential component 
$, = u on OD. Then v = u — ¢ is in H, with zero boundary value. v has bounded 
Dirichlet integral in domain with ” wide ” exits to infinity. 
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4 Proof of Theorem 1 


We prove the existence of a weak solution of (2.4) using the method of the elliptic 
regularization (see [7]). 


First we consider the following auxiliary problem: 


Find (u, x) = (u^, x"^*) such that V € H!(Qr) with V. 9 —0 


| Gs + (wu, VA- (epe vu) aD 
+(eap(kt)(p(t + b) - Vb, $) + k(u, $) — (pu, 09))dt 
+(o(T)u(T), «(T)) = i f exp(—kt)(f + B, ġ)dt + (pote, 9(0)), 
Qx-rü:Vx-b- Vx 20 

holds. 


a= "^f is a regularization of u"^* using a space-mollifier depending on e. 
The existence of the continuity equation is obtained as usual by the method of 


characteristics considering the solutions of 
Oy = (ü + b) (y, t), y(t, a, t) = t. 


To obtain the existence of u we set 


Td 
a(u, d) = f (—(8,u, 4) + (uVu, V4) 
0 m 
— (exp(kt)(p(à + b) - V, u) + k(u, d) + (exp(kt)(p(ü + b) - Vb, d) + 
+k(u, d) — (pv, 99) dt + (p(T)u(T), &(T)), 


T 
L($) = f ezp( -kt)(f + B, é)dt + (pouo, (0)). 


By the following well known theorem (see [2]) one obtains the existence of a 
solenoidal solution in H! (Qr) of the equation 


a(v, ¢) = L(9). (4.2) 
Theorem 3. If 
i) there exists a constant c > 0 such that 


a(u,u) > el|ulfin (o, 
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ii) the form u — a(u,¢) is weakly continuous in H! (Qr) i.e. un > u weakly 
in H!(Qr) implies 
Jim a(un, $) = a(u, 9). 


Then (4.2 ) has a solenoidal solution in H'(Qr) . 


The condition (i) can be easily proved; in fact, bearing in mind the continuity 
equation, 


a(u,u) > f aimo? + ellVu|[? + ki[uj?]dt + (4.3) 
0 


M2] JUT) + 1/2]hvz0)w(9)I? > ellullao:- 


For (ii) we consider u^ — u weakly in H! (Qr). We need to prove essentially 
the convergence of the nonlinear term. Of course p™ — p for example in L} (Qr). 
Further u” — u in L? (Qr) then 


pra” . Vu" > pü Vu. 
Hence 


a(u^, 9) > a(u, 9) 
for any $ € H'(Qr) NV. 


To passing to the limit m — oo,e — 0 in (4.1) we will need a priori estimates 
of the approximations u™*. If we replace in (4.1) @ by u we obtain 


1 T 
Ixl Se 5 f ulod s c (4.4) 
T 
f lu" ^*|[ a: (pdt < c, u™ (T) < e; lu™ (Olz) < c 


The constant in (4.4) is independent of m and e. 


The estimates (4.4) permit to deduce that there exists a subsequence, still 
denoted by {(x™*,u™*)} such that for m — oo 


u™* — uf weakly in L^ (0, T; V); 

x™* + x* weak* in L™(Qr) and strongly in L*(Qr), 
p(x*)u"^* — pfu" weak" in L?*(0, T5 H (D)), 

p( x" *)Vu"** — u x Vu weakly in L^ (Qr), 

p< (Ui) mye (Uz) mye -> puiu; weakly in L'(Qr), p > 1. 


Then passing to the limit m — oo in (4.1) we have that (u = (exp(kt)u* , x*) 
satisfies 
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T 
| (7pfu*, O46) + (uVv*, V) + (4.5) 
(p* (ü* + b) : V4, ut) a (p* (ü* + b) : Vb, Q) M (p*v*,0,9))dt = 


T 
f| E+B, ġdi + (piwo #0), 
Ox. + ü* +b). Vx* (in sense of distributions). 


for any $ € C1(0,T; H!(D)), V-d=0, G(T) — 0. 
To passing to the limit in (4.5) with respect to € we need the convergence of 


(u*) in a suitable topology, e.g. in L?, (QT). For this we use the estimate 


T T 
O,(pfu*), d)dt| < 2( Yd. 
if (8, (p*u*), d) ise | llbll rs yd 


and obtain the convergence of the nonlinear term 


T T 
f (ot ut -Vodi - f (pu, u- Vd)dt 
0 0 


for any ¢ in C!((0, T); Cg? (D)). Now passing to the limit € — 0 we have that (u, x) 
is a weak solution of (2.4). 
Theorem 1 is completely proved. 
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Life span and global existence of 2-D compressible 
fluids 


PAOLO SECCHI, Dipartimento di Matematica, via Valotti 9, 25133 Brescia, Italy 


Abstract 


Consider the Euler equations of barotropic inviscid compressible fluids in 
the half plane. It is well known that, as the Mach number goes to zero, 
the compressible flows approximate the solution of the equations of motion of 
inviscid, incompressible fluids. In dimension 2 such limit solution is global in 
time. It is then natural to expect that even the compressible solution will be 
globally defined, for Mach numbers sufficiently small. 

We decompose the solution as the sum of the irrotational part, the incom- 
pressible part and the remainder, which describes the interaction between the 
first two components. First we study the time behavior of the irrotational 
part, by means of a suitable scaling of variables. Then, we study the inter- 
action between the two components and show the existence on any arbitrary 
time interval, for any Mach number sufficiently small. This yields the existence 
of smooth compressible flow on any arbitrary time interval. For the proofs we 
use a combination of energy and decay estimates. 


1 Introduction 


We are concerned with the existence of smooth solutions to the Euler equations for 
a barotropic inviscid compressible fluid in the halfplane. Let Q = R2 = R4 x R; we 
denote the boundary by ðN = (0) x R. Given T > 0, let us set Qr = (0, T) xQ, Er = 
(0, T) x OQ. In appropriate nondimensional form, the initial boundary value problem 
(ibvp) takes the form (see [5]) 


Arp’ + V - (pvt) = 0, 


pst (v V) Vr -0 ingr, 
vi-yvy=0 on Lr, (1.1) 
p* (0, 2) = pt (x), 

v*(0, x) = v§ (x) in Q. 
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Here the density pf = p‘(t,x), the velocity field v* = v*(t,z) = (v9, v*?) and the 
pressure pf = p'(t,r) are unknown functions of time ¢ and space variables z = 
(21,22). We assume that the density and the pressure are related by the equation of 
state p* = p(p*), where p = p(p) is a given C? function which satisfies p > 0,p' > 0 
for p > 0. € > 0 is essentially the Mach number. We denote by v the unit outward 
normal to 00,0, = 0/0t,0; = 8/6x;,V = (01,05), v - V = v'& + v?0,. Solutions 
(p, v) are sought as a perturbation of the equilibrium state (p, 0), where p > 0. 

If € — 0 and p§ — p, then one expects that pf — p and v* — w, where w is the 
solution to the Euler equations for incompressible flow 


V-w=0, 

ðw + (w: V)w+Vr=0 in Qr, (1.2) 
w:v-0 on Xm, ; 
w(0,z) = wo(x) in Q, 


where Wo satisfies V - wo = 0 in Q, wo: v = 0 on ON. It is well known that (1.2) 
may be solved globally in time, i.e. on any arbitrary time interval [0, T]. The aim 
of this paper is to solve the ibvp (1.1) on the time interval [0,7], where T > 0 is 
arbitrary, for all sufficiently small e and "almost" constant initial densities. The 
global existence of regular solutions for large data and large Mach number can't be 
expected in general, because the formation of singularities in finite time may occur, 
see [9], [6]. 
It is convenient to study (1.1) by making the change of variables 


g* = log(p'/p), 


and by introducing the function h(s) = p'(pe*). Clearly, h € C*(R, R4). The system 
(1.1) is then equivalent to 


Og’ -- vt - Vg* -- V v6 — 0, 


Orv’ + (vt V)v* + h(g)Vg! 20 — inQr, 

v.v 20 on XT, (1.3) 
g* (0,2) = g5 (2), 

v*(0,z) = v§(z) in Q, 


where g§(x) = log(p§(r)/p). Observe that pj — p, p — p are equivalent to gé — 0, 
9* — 0, respectively. Without loss of generality we may assume h(0) = p'(p) = 1. It 
is also convenient to rescale the variables by g(t,x) = g‘(et,x), u(t, x) = evf (et, x) 
so that (1.3) becomes 


Og+u-Vg+V-v=0), 


div + (v i V)v t h(g)Vg =0 in QT /es 

v-v=0 on Ur;e, (1.4) 
g(0, z) = go(z), 

v(0, £) = vo(x) in Q, 


where now t € [0, T/«| and go = g$, vo = evé. We will study (1.3) for small Mach 
number « and initial density almost constant in the sense that gj = O(c). Accord- 
ingly, we may assume that (go, vo) are O(e). 
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We denote by || - |j, the norm of H™ = H™(R2), the Sobolev space of order 
m = 1,2,... The norm of L? = L?(R2) is denoted by ||- ||, the norm of L? = 
L*(R?), 1 € p € oo, by |:|p. We will use the same symbol for spaces of vector 
valued functions. The norm in H-!/?(8Q1) is denoted by || - ||m—1 [200. Let X 
be a Banach space and T > 0; C([0, T; X) and C*([0, T]; X) denote respectively 
the spaces of continuous and k-continuously differentiable functions defined on [0, T'] 
with values in X. We define 


m-1 


x"(T)-[|c*q(oT];H"-*,  Jjlwlx«r) = sup llu(£lllm 
k=0 [0,7] 


where 
m-1 
Illu COMIS, = 5 MOa- 
k=0 
Consider the orthogonal decomposition L? = H © G where 
H={uceL|V-u=0inQ,u-vy=00nd0}, G -(Vy|v € HL). 


Let P be the projection onto H and Q = I—P;it is well known that P € C(H™, H™) 
for every m > 0. 

We recursively define O*vo, k > 1, by formally taking k — 1 time derivatives of 
(1.4), solving for OF v and evaluating it at time t = 0 to yield an expression in terms 
of the initial data (go, vo). Analogously we define Of v$ starting from (1.3), in terms 
of the initial data (g6, vé). Generic constants will be denoted by the same symbol 
C. 

Our main result is given by the following theorem. 


Theorem 1.1 Let T > 0 be arbitrary. Assume (gó6, v$) € H°NL', and that (96, v$) 
satisfy the compatibility conditions for problem (1.3) of order 2, i.e. Ofv§-v = 0 on 
aN for k = 0,1,2; assume also that (g§, Qui) satisfy the compatibility conditions for 
problem (1.3) of order 4, i.e. OFQué.v = 0 on OQ for k =0,...,4. Assume also 
that 

lgol: --lleólls < Cre, voli + {lvolls € C1 Ve > 0, (1.5) 


for some constant C, independent of e. Then there exist co, C2 > 0 such that for all 
0 « e « eg the ibup (1.3) with initial data (g§,v§) has a unique solution (g*,v*) € 
X? (T) and satisfies the uniform bound 


llgfllxsry < Coe — llvfllxsqm S$ C2, = OE < éo. (1.6) 
The constants co, C2 depend on T and C4 but are independent of e. 


To study the global solvability of (1.3), we decompose the solution as the sum 
of irrotational flow, incompressible flow and the remainder due to the nonlinear 
interaction. Let us consider first the irrotational component. 
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Given an ibvp with smooth initial data which are a small perturbation of am- 
plitude € from a constant state, the life span is defined as the largest time interval 
on which there exists a classical solution to the ibvp. From the theory of symmet- 
ric hyperbolic systems, the life span of solutions to the Cauchy problem is at least 
O(1/e). Results on formation of singularities in finite time show that the life span 
of a classical solution is no better than O(1/e?) in 2D, [6], and Ofexp(1/e?)] in 3D, 
[9]. Under suitable assumptions for the initial data, the length of the life span can 
be extended. Alinhac [1], [2] and Sideris [10] show that the life span of 2D rota- 
tionally symmetric compressible flow is O(1/e?). The chief techniques employed in 
[2], [10] are energy and decay estimates using vector fields associated to the natural 
invariance of the equations. 

We extend the results of Alinhac and Sideris to the case of the halfplane. We 
consider smooth irrotational solutions to (1.4) and show that their life span is at least 
O(1/«?), for a suitable a, 1 < a < 2, see Theorem 3.1. In this case the approach of 
[1], [2] and [10] doesn't seem to work because of the boundary. However, the result 
is again obtained by a combination of energy and decay estimates. The main tool 
for the estimation of the solution (g, v) is a new energy estimate for the solution of 
the wave-type equation (2.2). Moreover, we apply the decay estimate of [4] for the 
solution to the equations of linearized acoustics. 

The estimate of the life span yields the existence of the irrotational component 
in the arbitrary interval [0, T], for all sufficiently small e. By well known results, the 
incompressible component is also globally defined on [0, T]. The global solvability of 
the whole solution follows by showing the existence of the non linear interaction up 
to time T. For, we use in particular the decay in time of the irrotational component 
and the scaling properties of the incompressible one. 

The complete proofs of Theorems 1.1 and 3.1 are given in [8]; a similar estimate 
of the life span of irrotational solutions was previously shown in [7]. 


2 A second order hyperbolic equation 


We assume that the solution of (1.4) satisfies 
(g, v) e X(T), 0«m «hM onQr. (2.1) 


The assumption h(0) = 1 yields m, M > 1. We apply the operator 0, -- v: V to the 
first equation of (1.4), take the divergence of the second equation, then the difference 
and obtain the wave-type equation 


(8, +v: V)?g - V. (h(g)Vg) = So avaj. (2.2) 
i,j=1,2 


The velocity equation and the boundary condition on v yield the homogeneous Neu- 
mann condition 
Og =0 on XT. (2.3) 


Finally we add the initial conditions 


g(0,z) = go(z) ^ 0:g(0,:2)— g(z) ind, (2.4) 
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where gı = —(vo: Vgo + V : vo). The problem (2.2), (2.3), (2.4) is a well-known tool 
in the study of the compressible Euler equations in domains with boundary, see [3] 
and references thereinto. Our aim is to establish the new estimates (2.10) and (2.12) 
which allow to take account of the pointwise decay of the solution. 

We start with the study of the linear hyperbolic mixed problem 


(& +v- V?G — V-(h(g)VG) = F in Qr, 
aG =0 on Er, (2.5) 
G(0,z) = Go(z), ^ &G(0,z) = Ci(x) in Q, 


for some given F, Go, Gi. Let us set B = à +v- V, f = fo dz, 


EH = (f ipeo + f Iver)”. 


We first prove an apriori estimate of E(G) for solutions of (2.5) and solutions of the 
Cauchy-Dirichlet problem 
(Qh +v: VPG — V. (h(gVG) =F in Qr, 
G=0 on Xm, (2.6) 
G(0,xz) = Go(z), 3G (0, x) = Gi (2) in Q. 
Since on 82 either G = 0, which yields BG = 0, or 0,G = 0, we can easily show 


Lemma 2.1 Let the assumption (2.1) hold and let G be a sufficiently smooth solu- 
tion of either (2.5) or (2.6). Then the estimate 


S B(G) < C8E(G) + IF| 


holds in [0, T], where ® = [Vu|co + |Or(mh)|oo + |V + (mhv)|os. 


Let us introduce the notation g, = Og, F; = O:F and so on, where now F = 
>> Ov) 0;v'. By time differentiation of (2.2) we have 


B?g, — V - (hVgi) = Fey in Qr, 


9g = 0 an Ss Gast) 


where 
Fy = F; - B(u: Vg) — u: VBg + V - (Vg). 


Let us denote by gz either 01g or 05g and analogously v, and so on. By differentiation 
of (2.2) we have 
B?g, - V. (hV gz) = Fiz) in QT, (2.8) 


where 
Fis) = Fy — B(vz + Vg) — v; VBg + V : (hs Vg). 


If gz = 01g, we add to (2.8) the Dirichlet condition gz = 0 on Xr. If gz = Gag, we add 
the Neumann condition 0,9, = 0 on Er, obtained by differentiation of (2.3) along 
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the boundary. We proceed similarly for the derivatives giz, gtr, Geet, Getz, Qtttts Jitte. 
They satisfy an equation of the previous form with right hand side respectively 
denoted by Fist), Fitz),---,F(tttt), F(tiiz). Since each one of the above derivatives 
solves a problem of the form (2.5) or (2.6) with either Dirichlet or Neumann boundary 
conditions, we can apply Lemma 2.1 to each problem and, combining with the 
estimate for g itself, obtain the following result. Let us define 


Z = E(g) + E(gt) + E(ge) +... + Elgi) + E(guis), 
A = ||F Il + Eo ll + EEG +... + Eee ll + [Petey ll. 


Lemma 2.2 Let g be a sufficiently smooth solution of (2.2) - (2.4) satisfying (2.1). 
Then the estimate 


£ a(t «€ COZ (t) + A(t) (2.9) 
holds in [0, T}. 
The next step is the estimate of A(t). Let us set for convenience 
x = puel vul". 


Lemma 2.3 Let g be a sufficiently smooth solution of (2.2) - (2.4) satisfying (2.1). 
Then the estimate 


£2 < Ki |uloo)xZ + Ki (1 + lul? (lulo + x)IIVulls (2.10) 


holds in [0, T], where K, denotes a positive constant which may depend boundedly 
on h(g) and its derivatives up to order 4. 


Proof. We write explicitly all the right hand sides F,..., Fitttz) and estimate them 
by the Hólder inequality and suitable interpolation inequalities. We obtain 


A € K(1- [ulco)? (fulo + x)||Vulla (2.11) 


in [0, 7], where K denotes from now on a positive constant which may depend 
boundedly on h(g) and its derivatives up to order 4. Moreover we have 9 < K(1 + 
|u|;;) x. Thus from (2.9) and (2.11) we have the thesis. ff 

Finally, we estimate ||Vul|4 in terms of |u|. and Z. Let us set rot v = 01v? —Osv!. 


Lemma 2.4 Letu = (g,v) be a sufficiently smooth solution of (1.4) satisfying (2.1). 
Then the estimate 


I|Vulla < K2(Z + |lgll + llrotulla + (1 + [ulo lulollVulla} (2.12) 


holds in [0, T], where Ko denotes a positive constant which may depend boundedly 
on h(g) and its derivatives up to order 4. 
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Proof. 'The estimate of v follows from the well known elliptic estimate 


II Vvllm < C(lrot vll + HV -vilm + liv * vilma1/2,00); (2.13) 


and from V - v = —Bg and interpolation inequalities. To estimate g, we consider 
(2.2), (2.3) written in the form of the elliptic problem 


-Ag = z(Vh. Vg - Bg + F) in Q, 019 20 onOQ. | 


3 Life span of irrotational solutions 


The aim of this section is the proof of the following theorem. For more details see 
[8]; à similar result was previously shown in [7]. 


Theorem 3.1 Assume (go, vo) € H5 L!, where Pup = 0, and that the data satisfy 
the (necessary) compatibility conditions of order 4 for problem (1.4), i.e. OFug-v = 0 
on OD fork — 0,...,4. Assume also that 


l(go; vo)h + ll(go; vo)lls € Cae Ve » 0, (3.1) 


for some constant C3 independent of e. Then there exist constants ô, co, A, C4 > 0, 
where 1/4 < 6 < 1/2, such that for all 0 < € < € the ibvp (1.4) has a unique solution 
(g,v) € X*(A/e9), where a = EE, which satisfies 


ll(g.v)lxsqaye) Cae, | 0«e« eo, (3.2) 


and 
Pv(t) — 0, 0 «t « Afe. 


The constants eg, A depend decreasingly on C3; C4 depends increasingly. 


Proof. We begin by observing that irrotational initial velocities are propagated, i.e. 
if Pug = 0, then Pv(t) = 0 for t > 0, as long a smooth solution exists. 

For the reader's convenience, we recall the decay estimate of Iguchi [4]. Let us 
introduce the linearized operator of acoustics 


(0 Vv 
L=-i( 9 os 


D(L) = {u = (gv) € L? |Vg € L’, V. ve L’,v: v =0 on OO}. 


L is self-adjoint. Let us denote by N (L) the null space of L in L?, and by To and T 
the orthogonal projections in L? onto N (L) and N(L)+, respectively. The Helmholtz 
decomposition gives N (L) = (0) x H, N(L)+ = L? x G; moreover To(u) = (0, Pv) 
and T (u) = (g, Qv). Iguchi [4] shows the following result. 
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Lemma 3.1 Let n > 2 andl > n/2 not necessarily integer. Then, there exist 
constants C > 0 and 0 <6 < 1 such that 

[Te ugloo < CIt| |uol l|uoll; ^^ (3.3) 


holds for any t € R,t £ 0,ug = (go, vo) € H'(RẸ) n L! (R3) with vo +v € Hi (RA). 
Moreover, 
[De * tuol < C||uo]]: (3.4) 


holds for any t € R,uo € H'(RA) with vo -v € Hl (R3). 
Let us write (1.4) as u; +iLu = F,u(0) = uo, where F = (-v- Vg, -(v- Vv + 
(1 — h)Vg), uo = (go, vo). We transform it into the integral equation 
t 
u(t) = e7 tug «f e 3-7) F(r)dr. (3.5) 
0 


The evolution operator e~*“* is decomposed as e~*2# = l'ge- £t + D'e-i£t = To + 
DL'e-?4*, Since Pug = 0 and Pv = 0, we have [pu = 0, LoF = 0. Let us choose 
l = 4; (3.3) holds with 6 = 1/4, see [4]. Applying (3.3), (3.4) to the solution u(t) of 
(3.5) and estimating F we obtain 


|u(t)loo € K3(1 + t)-*(Iuoll2 + [uol2)*||uo]|] >? 
(3.6) 
Ks fo (t — 7)79 + [u(r)[]2)2 2-29 ulr) ulr) || Veer) adr 


for a suitable K3. From now on we assume 0 < e < 1. Let us define U(t) by 
U?(t) = f(g? + lvl?) (t). From (3.1) we can find constants ko, Ko > 0 such that 


K3(|luoll? + [uol2)?ljuol|4-?? < koe, — U(0) + Z(0) € Koe. 


Let us set K4 = 2Ko(M + 2K5). If u would satisfy ||u(t)||; < K4e in [0,7], from 
(3.6) we would obtain 


lu(t)]os < koe(1 -- t)? 
KKI I (1 + K,)90729 91026 [0 — r) ulr) dr. 
Then Lemma 5.1 would imply 
|u(t)loo < 2koe(1-- £)79 + Coe! trt, — t 0, (3.7) 
for a suitable constant Co = Co(Ka, K4). Let us define 
T, = sup(T > 0: U(t) + Z(t) € 2Koe, 
lu(£)las € 2koe(1 + t)? + Coet* e t$ ifo <t < TH, (3.8) 


T5 = min(Ti, A}, 
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where A < 1 will be fixed later and a = $335. Given any T, 0 < T < T», we 


have etat H < A TF ett < e, for any t € [0,T]. It follows from the estimate 
in (3.8) that |u(t)|oo is uniformly bounded in [0, T] by (2ko + Co)e; this implies the 
boundedness of m, M and all constants of K-type. If 0 < € < eo, where eg is small 
enough, we show from (2.12) that u satisfies 


\|Vulla < 4Ko Kc. (3.9) 


We multiply (1.4), by g, (1.4)2 by v/h and integrate over N, then we apply the 
Gronwall lemma and estimate the right hand side. A small enough yields 


llgll? + llull? x 2M kae 


From this estimate plus (3.9) we have ||u||; € K4e, and consequently the estimate 
concerning |u(t)|;; in (3.8), provided 0 < t € T < Tz and 0 < € < eo, as already 
said. We apply the Gronwall lemma to (2.10), estimate the right hand side and 
restrict A further, if necessary, in such a way that U(t) + Z(t) < 2Koe. This shows 
A/e* < Ti, i.e. the life span is at least A/c?. 


Corollary 3.1 Let u = (g,v) be the solution constructed in Theorem 8.1. Then 
lu(t)loo € C e(l + t)- 45/85, 


for 0 « t € A/e® and for a suitable constant C. 


4 Proof of Theorem 1.1 


Take an arbitrary T > 0 and initial data (g§,v§) that satisfy the assumptions of 
Theorem 1.1. Let us consider go = 96, vo = evj. We readily show that (go, vo) satisfy 
the compatibility conditions of order 2 and (go, Qvo) the compatibility conditions of 
order 4, both for problem (1.4). Moreover (go, vo) satisfy (3.1). Let uj = (g1,v1) 
be the solution of (1.4) with irrotational initial data (go, Qvo). By the results of 
Theorem 3.1 and its corollary there are 0 < eo < 1, A > 0,1/4 < 6 < 1/2, such that 


Illu (llls < Ce — [utes S Ce(1 + 0) 50/6995, (4.1) 


for all 0 < t < A/e, 0 < € < éo, where a = 348 > 1. By some interpolation 
inequalities, it follows from (4.1) that there exist TS > 0,0 < ó' < 1/2 such that 


Yao(1D!-*obu |, + Drakuls) + 32,29 |ID?7*OFui|4 T 
4.2 
+ Ego ID37*0Fui|ojs + Deno [Drakuls € Ce(1 H”, 


for all 0 € t € A/e?, 0 < € < eg. We restrict further eo, if necessary, in such a way 
that A/eg | >T. It follows that u is defined up to time T/e. 

Since ie initial data are uniformly bounded in L! N H5, for any e there exists a 
globally defined solution of (1.2) (1*,w*) € X°(T) with initial velocity Puj. More- 
over there is a constant Ó depending on T such that ||(1*,w*)||xs(r, € C. Define 
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m(t,x) = êr (et, a), w(t, a) = ewt(et,z). Then (m,w) € X5(T/e) solves (1.2) with 
initial data Pup = ePv§ and 


lla z(lls-« < Ce, — patw(tlls-. < Ce**?, (4.3) 
for 0 < t € T/e and k =0,...,4. As in [10] we seek a solution of (1.4) in the form 
g=git7+ Qo, U — v, + Wt v. 

In order that (g,v) solve (1.4), the corrections (g2,v2) should satisfy 


Oig2 +v: Vga - Vv =F), 


Opv2 + (v - V)va + h(g)Vgo = Fo in QTV 

vg°v=0 on Xp, (4.4) 
g2(0, £) = — 7 (0, x), 

v2(0,2) =0 in Q, 


where 
Fi =u + Voi ~v: V(gi + n) — Om, 
Fy = (vu, : Vwi + (w: V)w — (v- V)(vi + w) 
+[A(g1) — h(g)]Vai + [1 — h(g)] Vr. 
Note that |lgo(0)]|s = ||z(0)||la < Ce?. We are going to construct a solution of (4.4) 
in the space X?(T/e); it will be O(e") with a suitable p > 1. 
Let uz = (go, v2) be a sufficiently smooth solution of (4.4) in [0, T"], where T’ < 


T/e. We apply B = 0, -- v .V to the first equation of (4.4), V- to the second one 
and take account of the boundary conditions. We obtain the mixed problem 


B? g> = y> (h(g)Vga) =H in QT /es 
0192 = 0 on UT/e, 

(4.5) 
g2(0, 2) = —7(0, £) in 0, 


O:92(0, £) = vo : Vr(0,z) + Fi (0,2) inf, 


where 
H = BF,-V- Fh + V div Op. 
tJ 
We apply to (4.5) the same arguments leading to Lemma 2.2. The derivatives 
got = Otga, 92s. = On92, gor = OF 92,92t2 = 0,0:g» satisfy the wave-type equation 
in (4.5) with right-hand side respectively denoted by Hay, Aya), Act), Hitaj- Let us 
define 
Z' = E(gz) + E(g2t) + E(go«) + E(gou) + E (gota), 


A' = |[H]] + [Heyl] + Ea ll + Eeli + lHa ll- 
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Lemma 4.1 Let go be a sufficiently smooth solution of (4.5) in the time interval 
[0, T"], where T" € T/e. Then the estimate 


d I I I 
Z Z'(t) < CBZ'(t) + A'(t) 


holds in [0, T"], where ® = |Vv|c + |G& (mh(g))loo + |V - (mh(g)v)|ss. 


From |[g2(0)ls = ||r(0)]|a < Ce?, v2(0) = 0, and (4.4), there exists a constant K; > 0 
such that |||u2(0)||ls € Kse?. Choose 1 < u < 1 4- ó' and define 


T; = sup{T" »0:|lu(£llla < 2Kse"^ if0 < t< T'}, 
] T 
T4 = min{T3, Th C = rot vs. 


Lemma 4.2 Let ug = (g2,v2) be a sufficiently smooth solution of (4.4) in the time 
interval [0, T"], where 0 < T' < Ty. Then there exist co, K > 0 such that 


|| Vuz]|a + |Jvua]]2 + |l2uz|]: < K(|ICll2+ Z' + llgel]+e2(1+t)-* +e”) (4.6) 
holds in [0, T"], for all 0 < € < eo. 


Proof. The estimates of Vv, 0,v; and 02v» follow from (2.13) and (4.2) - (4.4). 
Moreover, g> is estimated by considering (4.5) written as the elliptic problem 


-Ag = (Vh -Vgo — B?go + H) in f), 01g? — 0 onan. | 
Lemma 4.3 Let uz be a sufficiently smooth solution of (4.4) in the time interval 
[0, T"], where 0 < T’ < T4. Then there exist co, K > 0 such that 


L4 
dt 
holds in [0, T"], for all 0 < € < eg. 


Z' < K((9 + 9Z' + ellgall + ellclla + (14-7? + e"). (4.7) 


Proof. It follows from Lemmata 4.1, 4.2 and the estimate 


IEI + HB] + Eel + Hagl! Bo] < Kt + t9 + e?r a 
4.8 
-ellVvalli + ell Vav + el] Vav] + ell Vgzell + eVo — Wi 


Lemma 4.4 Let uz be a sufficiently smooth solution of (4.4) in the time interval 
[0, T^], where 0 < T' € T4. Then there exist eg, K > 0 such that 


LiCl < K (ellcl]a + eZ' + ellgal| + ? (1 + 979 + e. (4.9) 


holds in [0, T"], for all 0 < € < €o. 
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Proof. Apply the operator rot to the velocity equation in (4.4). By standard devices 
it follows that 


d ' 
gi lells < Kel Vell + ell Vesllo + (1 + t) 9 + e"). 


Finally, take account of (4.6). I 


Lemma 4.5 Let uz be a sufficiently smooth solution of (4.4) in the time interval 
[0, T", where 0 < T' < Ty. Then there exist «o, K > 0 such that 


d 1 1 , 
a 98 + xu) ve < Kiel f o + zlo)? +e +t)? +}. — (410) 
holds in [0,T"], for all 0 < e < eg. 


Proof. It follows by multiplying (4.4), by go, (4.4)2 by v2/h and integration on Q. li 
We add (4.7), (4.9) and (4.10). Since we can show that & < Ke, we obtain 


giZ + Mella + Cf 93 + zal?!) 


(4.11) 
< Kr{ellelle + €Z’  e(f 92 tlvai)? + 0 +t)” + e, 
for a suitable constant Ky > 0. There exists Ka > 0 such that 
1 
Z(O) + IIO + C 93(0) + zs (O7? < Kee? (4.12) 


moreover, from (4.6) there exists Ko > 0 such that 
1 
Illuz(t)llls < Ko{Z"(t) + [IC @ll2 + qd galt) + va (0) + eè} (4.13) 


for each t € [0, 7"]. We apply the Gronwall lemma to (4.11), substitute (4.12), 
(4.13) and restrict ey further, if necessary, in such a way that [||uz(t)|||la < 2K se”. 
This shows that T/e < Ts, ie. (g2,v2) exist up to time T/e. Consequently, also 
9 = gi +T o go, U = v, + w + V2 exist up to time T/e. Finally, we define rescaled 
variables by 


t lt 
g(t, z) = 9-12), v* (t, z) = zu Goa). 


Then (g*,v*) is defined up to time T, lies in the space X?(T) and is the solution of 
(1.3). From (4.1), (4.3) and [[[uz(t)||ls € 2K se" one obtains (1.6). 


5 Appendix 


The next lemma gives the result needed for (3.7); for the proof see [7]. 
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Lemma 5.1 Let ô be a constant such that 0 <6 < 1/2. Let o : Ri +> Ri bea 
continuous positive function satisfying the inequality 


y(t) € koe(1 + t)? + Celt?’ ft — 7)-*p(ry1 -2dr 


for t > 0, € > 0 and some constants ko, C independent of e. Then 


y(t) < 2koe(1-- t)" --Coeh* ht, t>0, 


for a suitable constant Co which depends on kg and C. 


References 


1. 


10. 


S. Alinhac, Une solution approchée en grand temps des équation d’Euler com- 
pressibles axisymmetriques en dimension deux, Comm. Partial Differential 
Equations, 17:447-490 (1992). 


S. Alinhac , Temps de vie des solutions régulières des équation d'Euler com- 
pressibles en dimension deux, Invent. Math., 111: 627-670 (1993). 


H. Beiráo da Veiga, Perturbation theorems for linear hyperbolic mixed prob- 
lems and applications to the compressible Euler equations,Comm. Pure Appl. 
Math., 46: 221-259 (1993). 


T. Iguchi: The incompressible limit and the initial layer of the compressible 
Euler equations in R}, Math. Meth. Appl. Sci.,20: 945-958 (1997). 


S. Klainerman and A. Majda: Singular limits of quasilinear hyperbolic sys- 
tems with large parameters and the incompressible limit of compressible flu- 
ids, Comm. Pure Appl. Math., 34: 481-524 (1981). 


M. Rammaha, Formation of singularities in compressible fluids in two-space 
dimensions, Proc. Amer. Math. Soc., 107: 705-714 (1989). 


P. Secchi, Life span and global existence of 2-D irrotational compressible fluids, 
submitted. 


P. Secchi, On the global existence of slightly compressible ideal flow in the 
halfplane, submitted. 


T. Sideris, Formation of singularities in three-dimensional compressible flow, 
Comm. Math. Phys., 101: 475-485 (1985). 


T. Sideris, Delayed singularity formation in 2D compressible flow, Amer. J. 
Math.,119: 371-422 (1997). 


This Page Intentionally Left Blank 


On the theory of nonstationary hydrodynamic 
potentials 


VSEVOLOD SOLONNIKOV 
Dipartimento di Matematica, Universitá di Ferrara, via Machiavelli 35, 
44100 Ferrara, Italy 


1 Introduction 


In the present paper we consider initial-boundary value problem for the Stokes equa- 
tions 
 — AU- Vp = 0, V -v=0, ren, te (0,T), 


V|;-o = Vo(z), js = alx’, t) (1.1) 


in a bounded convex domain f? € R”, n > 2, with a smooth boundary S on the basis 
of the theory of nonstationary hydrodynamic potentials constructed by J.Leray [13] 
in the case of two and by K.K.Golovkin [2,5] in the case of three spatial variables. 
A central role in the theory is played by a special fundamental solution of the 
Stokes system which permits to obtain an explicit solution of the problem (1.1) with 
Vo(z) = 0 and with 2 = R} = {zn > 0). For n = 2, it was found by C.W.Oseen [14] 
in the form of an analytic function of z = xı + izz defined in the half-plane z2 > 0 
and used by J.Leray as a kernel of his potentials. In the three-dimensional case such 
a solution was constructed in [2,15]. 

With this approach, the problem (1.1) with zero initial data reduces to a system 
of integral equations of the Volterra-Fredholm type which is solvable under differ- 
ent hypotheses concerning d(z,t). In particular, K.K.Golovkin has considered the 
case of continuous d(z,t) satisfying the Hólder condition with respect to the spa- 
tial variables. His estimates enabled him to analyze the problem (1.1) with d — 0, 
To € L,(f?). Moreover, he has studied a nonlinear problem with vo € L (Q), p> 3. 

We restrict ourselves to the case d(z,t) - (x) = 0 where ñ is a unit interior 
normal to S. Our main result is as follows. 
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Theorem 1.1. Assume that S € C?*^, a € (0,1). For arbitrary d(z,t) and 
U(x) which are continuous and satisfy the compatibility conditions 


a(x, 0) = Vo(x)|s, V. T(z) = 0, 


and the condition @(x,t) -7i(x) = 0, the problem (1.1) has a solution with V(x,t) 
continuous in Qr = 1 x (0, T) and satisfying the inequality 


sup sup [/(z,t)| < e(T) (sup sup Kd(z, t)| + sup [do (2)]). (1.2) 
zeQ t<T zeS t<T TEQ 

By another method the estimate (1.2) in the case d = 0 was obtained in the 
paper [16]. Unfortunately, the detailed proof of this result was not published. Our 
arguments here are considerably simpler. 

In Section 1 we consider the problem (1.1) with zero initial data by means of 
hydrodynamic potentials assuming only that S € C!*7, y € (0,1). Here we follow 
the arguments of J.Leray and K.K.Golovkin especially closely. In Section 2 we take 
account of non-zero initial state and complete the proof of Theorem 1.1. We use the 
condition S € C?*? but it is clear that this requirement can be weakened. 

K.K.Golovkin (1936-1969) has started working on the theory of hydrodynamic 
potentials when he was a student of the Leningrad University. The paper [1] where 
he completed J.Leray's results was his master thesis. In addition to many results in 
the theory of partial differential equations (see for instance [1,2,5,8,10]), he is known 
due to his important contribution to the theory of functions, namely, his theory of 
a large class of so called fractional spaces [4,6,7,9]. He gave an elegant method of 
estimation of convolution integrals in these spaces [3]. In this year he would be 65, 
and the present paper is devoted to his memory. 


2 The second fundamental solution and the problem with zero initial 
data 


The solution of the initial-boundary value problem in the half-space R} = {rn > 0} 
ü, — A? + Vp — 0, V-v=0, xe R}, t>0, 


V|i-o = 0, Tle =0 = G(x', t) (2.1) 


where z' = (21, ..., 241) and a4 (z',t) = 0 is expressed as the sum of potentials 


n—i t 
Vi (z, t) T ys f Í G (z' i y', Ln t — T)aj (y’, T)dy'dr, (2.2) 
j=l 0 n=1 


ð S (0) e, ./ ' ! ! 
pest = (5 - 4) Yo f [9P -v amt- Dandan. (23) 
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Here 





zt 
GY) (s, t) = -2 Ta ) s; dicor Oe, t) i=l, nn, j21l,.,n- 1, 


(0), Ory, t) OE (x — y) 
Qi (x = B [. dyn iz 1 Oy. Oz; pee W 


r(z,t) = dne (t>0),  I(zf-0 (t«0) 


is à fundamental solution of the heat equation, and 
1 
(n — 2)]Si lle]? 


is a fundamental solution of the Laplace equation (|Si| is the area of the surface 


E(e) = (n2, Ele) = -logla| (n= 2) 


of a unit sphere in R”). The functions Go constitute a fundamental solution of 
the problem (2.1) which was contructed in [2.151 for the case n — 3 and called "the 
second fundamental solution". In the n-dimensional case, this solution has the same 
form and the main properties as for n = 3. It was shown in [15] (also for n = 3) that 


à 
(0) Cr. 
IG; (z,t)| < t(1+A)/2(1p]2 4 t)n/2’ € [0,1], (2.4) 
D', D GÜ) (z,t)| < SEM n 2 
lL pk pnma) C 
IDz D; Di Gi; (x, t)| € PUPA je x 009072 F (2.6) 


It follows that if |x — z| < 0|z|, 0 € (0,1), then 


e|z — z| 


t(1+A)/2(|a]2 + t)n/2 (2.7) 


IG} (t) - GP (z, I < 
The above estimates and the equations 
oo 
J GO (s, t)da'dt = 643, Yen >0, A€ (0,1/2), 
0 JR»! 


guarantee that the vector field (2.2) is bounded and continuous in R? , and its limit- 
ing value on R"^! = {æn = 0) equals d(z', t), for arbitrary bounded and continuous 
a;(z',t), moreover, the derivatives of 0 with respect to xj are continuous for zn 
strictly positive. As for the pressure and the time derivative D,v, the analysis shows 
that the expression (2.3) makes sense, if a; are Hólder continuous with respect to t 
with the exponent 8 > 1/2 (see [15], 87,8). Otherwise 9 satisfies the Stokes equations 
in a weak sense. 
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We shall often write the potential (2.2) in the form 
t 
V(z,t) = J / GO (z' — y' tn, t — r)d(y', r)dy'dr 
0 JR»-1 


where G(9 is a tensor which can be defined by 


TE, Ol'(z, t) 


go (x, t) = T 


ð = T 
- = T Mete (0) 
Au — ën n) 4(( - engg) 9 0(52) , 


&, = (0,...,0,1), Q9 = (QU), ..., QU). It is easily seen that GOa = 5771 Gia; 
for arbitrary à with an = 0. 
Now, let us consider the problem 


— AU 4- Vp zx 0, V-v=0, z € R4}, t>0, 


Tli=0 = 0, din = a(€,t) (2.8) 


where R is the plane ñ - (Z — £p) = 0, f£ = (n1, ..., na) is a unit normal to R, £j € E 
and R} = {ñ (Z — ĉo) > 0). Let C = (cxj)k,j—1,...,n be à constant orthogonal matrix 
such that 


Cnj = nj. 


The transformation 
z — C(x — £9), ü—CU 


reduces the problem (2.8) to (2.1), therefore 


n 


n—1 
wet) = Y; ao, [a [GR eto Dens (nda (29) 


k,m—1 


where ¢ = (¢’,0), or, which is the same, 


t 
a(2,t) = l Í G(x, £,t — r)à(£, r)dSedr 


with ar ; 
Q(z,£,t) = SEE -69 —#@i) 


a fi-(2—&) 8T(y, AT 
+4((V -35-8 f dyn [ u TA) D S E(C(z — £) — yay ) , (2.10) 


x = ii. V. Making the change of variables of integration 


n=C y+ £o 
in the last integral, we obtain 


or (z uz &,t) 


On 


G(x, £,t) = -2 (I -#@n) 
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4,0 OT(n — ĉo, t T 
M(v-uef PERLE: y (s € n + &)an) (2.11) 


where II(z) is a layer between R and the parallel plane passing through the point z. 
Now, let f? be a convex domain in E" with a smooth boundary S c C!+7, 
y € (0, 1], and let z(£) be a unit interior normal to S at the point £. Consider the 
problem 
VU; — A+ Vp — 0, V-v=0, rE, t € (0,7), 


Vico —- 0, — v|s = a(6,t) (2.12) 


whose solution we are going to represent in the form of a hydrodynamic potential. 
By this we mean the expression 


[4 
ü(,t) = [ f G(x, €,t — 1) Bl, 7)dS; (2.13) 


where $ is a vector field satisfying the condition 
PEt) AE) 20 (2.14) 


and G(x, &,t) is a tensor of the second fundamental solution corresponding to the 
tangent plane R(£) to S at the point €. It can be written in the forms (2.10), 
(2.11) with Z = £«(£) and & = £, however it should be kept in mind that a smooth 
orthogonal matrix C(£) possessing the property 


€n;(£) = n;(£) (2.15) 


not always exists on the whole surface S. 

The condition of convexity of f? is necessary because the function Qn(z, t) has a 
jump of the first derivative with respect to zn on the whole plane zp = 0. 

Together with the function 


ies) =-4(2 - a) f. [ d.t 0-6 erus, 


desd = fA LL -AORO -VEe -nd 


which is well defined, when He ,t) is Hélder continuous with the exponent 8 > 1/2 
with respect to t, the vector field ü(r,t) satisfies the Stokes equations, moreover, 
d(z,0) = 0. Let us compute the limiting value of (x, t) at an arbitrary point zo € 5 
assuming that x tends to zo remaining inside a certain finite circular cone K with 
the vertex xo and with the symmetry axis directed along (xg). We pass to the 
local Cartesian coordinate system centered at ro (we can simply assume that zo = 0 
and that the z,-axis is directed along 7Zi(zo), then K = {|z’| € cotn}). Let tn = 
F(z'), £’ = (21,..., 25-1), |z'| € d be the equation of S in the d-neighbourhood of 
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the point zog = 0 and let ¢(x) be a smooth cut-off function equal to one for |z| < d/2 
and to zero for |z| > d. We have 


t 
dus [i [ G(x, E, t — 7) B(E, r)C(E)dSedr 


t $ 
«f f G(x, é, t — r)9(6,T)(1 — c(£))dSedr = tı (x, t) + do(z, t). 
o JS 
It is clear that 


lim g(x, t) = ü2(zo, t) 
rco 


and 


i 
men = ff Gla&t— nit NOVINE a ar 


t 
- f / C" (e (G9 (C(w — €),t — 7) 
0 JI£'|€d 
-g(9 (« — £t - )e()6(6,)c() VIF IVF) Pde! dr 
t 
+ ri ho OIE! -Et = NOME NOVIFIVFE IP ae'ar (2.16) 


where € = (£',F(£)), E = (£',0) and C(£) is a differentiable orthogonal matrix 
defined in the d-neighbourhood of the origin and possessing the properties (2.15) 
and C(0) — I. Such a matrix can be easily constructed. 

The difference G) (C(x — £), t — 7) —G (x — È, t —7) can be estimated with the 
help of (2.7). We claim that if z € K, |£'| < d and d is small enough, then 


c(z-&)-(r-&)s6lz—&, 6 € (0,1). (2.17) 
Indeed, since E 
I£ — &| = F(E) < Agt +T, 

IE] € |x’ — €'| + con < (1+ co)|z — €|, 

we have | N E 
Ic(r - €) -(z- 9| S K(C — D(z —- &)| + CE — )| 

< e([lElla — El + FE) < clé le — | 

which implies (2.17), if d is sufficiently small. Hence, due to (2.7), 
z c é! Ala LL [2 A 

Ia) (C (x fax £), t a T) ME ay? (x z &t = 7)| < PE E ep? - t)n/2 


c 


S (XXV — Ep a 3/2 (2.18) 
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This estimate, together with (2.4), (2.7), makes it possible to pass to the limit in 
(2.16) which leads to 


= t = 
lim di (z, t) = 6(0) + [ f, G(0, £, t — T)ØCE, 7)¢ (E)dSedr 


because G) (—£,t — 7) = 0. Hence, 


t 
Jm u(x,t) = d (xo) +f [ 9t -— r)ó(£, T)dS; dr, Yro € S. (2.19) 


Inequality (2.18) with x = zo shows that the kernel G(zo, £, — 7) is weakly singular, 
so integral in the right hand side (the direct value of the potential (2.13) on S) is 
convergent. We denote it by Q[9]. We need some estimates if this integral. 

Lemma 1. If S c C**^, y € (0,1]) then the vector field ü(z,t) = G|9] satisfies 
the inequalities 


zi r > dr 
suplie def slde dlge AEON) (220) 
t " d 
lits, loos) < er) f sup [SE OL — Sg (2.21) 


where a € (0,y/(1 -- )), 8 € (0,y/(1-- y) - a), t « T and 


|@(a, t)|c«(s) = sup |G(z,t)| + sup |x — £| t(x, t) — u(£, t)| 
S c,£eS 


is the Hólder norm on S. 
Proof. Let us show that for arbitrary z,£,2 € S 


c 

IG(x,€,t)| < OFN |p — EP + AAAA (2.22) 
_ jQ 

de= (2.23) 


9a, 6,1) - 96691 S arar ja — eB a A NA 


if |x — z| < 0|x — £l, 0 € (0,1). 
These estimates follow from (2.4),(2.7). Assume that the point x in (2.4) belongs 
to the surface £n = F(z') with |F(z')| < c|z'|**. Then 


c 


(Gulet) S tnos 4 A 


and if z and z are on the same surface and |x — z| € 0|z|, then 


IG (z, t) ^ Gij (z, t)| 


|z p z| s a zà 1—o 
E "ar $ 5) (oia xoa T xxn a p) 
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z cla — zJ* 
= ta+(1+A)(1-a)/2 (|z|? E t)n/2—A(1—a) ° 


Making the coordinate transformation z = C (E) (x — £), we easily deduce (2.22) and 
(2.23) from the last two inequalities. 
Further we have 


] dS 
J(z,t)| € of sup lE DI SEA | p TOA 


«ef p nae X13) <1, 
[u(z, t) m ü(z, t)| < i iy Ig (x, e&t Ez T) = G(z,£,t In 7)llé(£, T)|dS¢dr 


t 
+f f. U86,- P) + 186, t- DIG Dlascar 
0 JSWXs(x) 
where s(x) = (£ € S: |E —2| > 2|x — z|}. We estimate the first term in the right 
hand side using the inequality (2.23) with a < A(1 — a)y < y/(1 + y) and take into 
account that |x — z| > |x — é|/2 in the second term. As a result, we obtain 


r E dr 
= = zt a CEE as oe ee eee 
lis, ) - (s.t) & ele — s^ f sup Idi Do eei 


t ET 
+e(T)la-2l* f sup WE D says «doa f sup IEE, nlg S 8/2 


with 8 = My(1— a) — o € (0, y/(1 + y)). The proposition is proved. 


Let us turn to the problem (2.12). Following [13,5], we look for the solution of 
this problem in the form 


t 
a(e,t) = f Í G(w,€,t — )9(£,r)dSdr + 2V I Ble —y)0(E,t)dS, (2-24) 


ð P fs > ð 
p(z,t) = —4(z. — a) f il Q(z, £, t — 7) - (E, T)d5dr — 22 | E(x — €)u(£, t)a5 
ôt ae at Js 
with P(E, t), v(£, t) satisfying the conditions (2.14) and 
| v(£,t)dS = 0. (2.25) 
S 
The boundary conditions lead to the following system of the Volterra-Fredholm type: 


PCE, t) + Gian [0] + Van [V] = ECE, t), 
PE, t) + Valy] + Gal 20 EEs. (2.26) 
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Here Gran[ and Gn [a] are the tangential and the normal component of Gi, ie., 
t 
o. - 706): ff 96.0. - E TdS, 


Gton[d} = GIA — Ë Gni 
and similarly 


Valu] = 2 [ ACE)  VeE(E — n) Yl 043, 


Vios[U] = 2V | E(z — yy (6,048 — a(£)Vs[u). 


Theorem 2. Let S € C'*7, y € (0,1]. For arbitrary bounded continuous d(£, t) 
satisfying the condition d(£,t) - 7i(€) = 0 the system (2.26) has a unique solution 
such that $(€,t) - Z(E) —0, fo (€,t)dS~ = 0 and 


Sup I(E, t)| + sup IC, t)lc«(s) < c(T) sup la(£, t)|, Lr = Sx (0, T). (2.27) 
Er t<T Er 


where Xr = S x (0,T) and a € (0,7/(1+7)). 
Proof. As in [13,5], we solve the system (2.26) by successive approximations 
according to the following scheme: o = 0, 


Oma (0) + CtanlÓma] + Ven [Pai] = (6, t), (2.28) 


Vm4a(£, t) + Va [Vm44] + GnlOm| = 0 m = 0, 1, 2, 29 (2.29) 
It is well known from the theory of harmonic functions (see [11]) that for a given 
$m the equation (2.29) has a unique solution Ym satisfying the condition (2.25), 
because the necessary condition f. S G,[ó5]d.S = 0 holds due to the solenoidality of 
hydrodymanic potential and the equation (2.19). After having constructed 14,41, 
we find ¢m41 from the Volterra equation (2.28). It is clear that m41 -n = 0. The 
differences s » 

m4 = Óm4i— Êm, Xm41 = Vm41 — Vm 


satisfy the system 
Gm 43 lE, t) + Gran [m4] + Vian[Xm441] = 9, 
Xm44(£, t) + Valxmai] + Onlón] =0 m= 1,2,55 
and, as a consequence, the following inequalities: 
3 TES dr ; 
Ixm41(5£)o»(s) € elenl2m]los(s) € € : SUP lm (6, girse (2.30) 


t > 
sups |n (6. 7)]d7 
sup [3m (5.0)] < esup Van [xmi] < elxm4illes(s) € cf = Ty- 8/8 , 
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B € (0, y/ (1 + y) — a) (the estimate of the singular integral Vien[w] is given in [11]). 
Hence, 


t dt, i dt» 
2s Dl <c™ PEOR m DN 74 1 Vd-5/2'* 
SUD löm+1 (6, t)| € c f (t — 1-872 i (tı — t2)!- 4/2 


^^-! sups [Zi (E,tm)\dtm — m n t6/? (p(8/2)yn-1 
E IE Se LM 


where I'(z) is the Euler Gamma-function. The series »^7..., supg |@m| is convergent, 
and 


sup |Óm41(£,£)] € Y, sup [Ges (€,t)| + sup |61 (£, | € c(T)sup sup |i (€, 7). 
S kl S S S r«t 


(2.31) 
The vector field , is determined from the equation (2.28) with m = 0. Since y = 0, 
it satisfies the inequality 


sup sup léx(&, r)i < csupsup [a(£, 7)|, (2.32) 
S r«t S ret 


so (2.30)- (2.32) yield the estimate (2.27) for the solution of (2.26) constructed above. 
The uniqueness follows from the inequality 


E t x dr 
< ————— 
sup [66,0] < Ji sup sup |ó(£, Ne ina 


for the solution of a homogeneous system (2.26). The theorem is proved. 
Due to (2.4), the tensor G(x, €, t) satisfies the estimate 


dist* (x, S) 


IM 60] S cae ep pnus 


for arbitrary x € w, so for the vector field (2.24) we have 
(e, #)| < c( sup sup |&(&, 7)| + sup |W, less) < csupsup|aé,7)|, — (2.33) 
r<t S r<t r<t S 
i.e., the inequality (1.2) is proved for the solution of the problem (2.12). 
The representation formulas (2.24) hold also for the solution of the problem (2.12) 
with @-7 Æ 0. In this case the system of integral equations (2.26) takes the form 
HE, t) + Gron( 4] + Vian [v] = tan (E, t), 


YCE, t) + Va[V] + Gal = d(6,0) RE EEs. 
Gian = d — (2 - 7). Instead of (2.27) and (2.33), we have 


sup |&(£, t)| + sup YC, t)c«(s) € c(T)( sup [Gian (£, t) + sup |d - filc«s); 
Er t<T Er t<T 
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sup sup [(z, €)| < c( sup sup ds (€, t)| + sup la(s) -ftlc«(s,). 
20 t«T S t«T t«T 


The estimate of the type (2.33) is hardly possible in this case which can be seen also 
from the explicit formula for the solution of the problem (2.1) (see [15]). 


3. Proof of Theorem 1. 


In this section we consider the problem (1.1). We reduce it to (2.12) by con- 
struction of some auxiliary vector fields. Let 0 (x) be an extension of vo(z) which 
is continuous and satisfies the inequality 


sup | (z)| € csup [vo(z)], 
R^ Q 


(if we want to construct a regular solution of (1.1), then the extension vj should also 
be regular but at the moment the continuity is enough). Further, let 


Vnd Í, Tle y. NBU. 


This vector field is continuous in x and t, satisfies the heat equation, initial condition 
Vo (2,0) = 95 (x) and the inequalities 


sup (s, d) € csup |ð(2)], 


sup ID} D2Vo(a, t)| € ct "n- UV? sup [io (a). (3.1) 
Further, we define v; (x,t) as a solution to the problem 
Vg —4A0, 20, cE, tec(0,T), Tı (z,0) = (x), 
(2, t)lses = Vlz, t) — Hw) (t - Volz, tlees = dh (a), 
and finally we set 02(z,t) = V9 (z,t) where 9 is a solution of the Neumann problem 


A®(z, t) = —V -ü (x,t), TER, an s =0, 
Then the problem (1.1) is transformed into 
d,— AŬ + Vq = 0, V (x,t) — 0, z cf, t € (0, T), 
ü(z,0) —0, ^ (m,t)ses = bhr, t) (3.2) 
where @ = 0 — 0; — 09, q = p + 9$,, and 


b(z, t) = a(z, t) =; di(z, t) s T(x, t)]zes 


is a vector field satisfying the conditions b(z,t) - A(x) = 0 and b(z,0) = 0. 
It is necessary to estimate vı and >. 
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Lemma 2. There hold the inequalities 


sup [Xi (x, £)] < «(sup |do(x)| + supsuplá(s,r)) < csuplio(s), (3.3) 
[AC lon qo) < ct7 ^^ sup [f (a), (3.4) 
IVài C, lesa) S et^ ^9 sup [fo (2) (3.5) 
where 
lulos = supe) epi), ule? = sup P TED 


Proof. The inequality (3.3) is evident, and (3.4), (3.5) follow from local es- 
timates of solutions of parabolic initial-boundary problems in anisotropic Holder 
norms C?*e:1*2/? (0) x (t4, t2) (see [12]): 


l9: [q2te.1+0/2(Q!) < (Ioas enu 4 471-a/2 sup [ài (2, JI) 
Q; 


where Q! = 2 x (3t/4,t), Q; =N x (t/2,t), X, = S x (t/2,t) (here the condition 
S € C?*? is used). Making use of the interpolation inequality 


Did (^ tleem) < c (£790, C. tozet) EH) sup |e, (2, £)) [j| = 0,1, 
Q 
and taking account of (3.3) and (3.1) we obtain (3.4),(3.5). The lemma is proved. 
Let us consider the function 
$(z,t) = d1(z, t) + (x,t) 


where 
arde f AEA A E D E(z — y)V - & (y, t)dy 
Q Q 


and 6» is a solution to the problem 


OP, 
wm ~ "On ls 


Lemma 3. The function ®, satisfies the inequalities 


A. = 0, 


sup [Vo (z, t)| < csup to (x)|, (3.6) 
2 2 
[V$: (-, A]? < ct7*/? sup do (z)]. (3.7) 
Q 


Proof. We fix zo € Q and we write $; as a sum 9, = 44 + 6, where 


(æt) = — f V.E(s — y) - C, 5 (y, dy = — i; E(w — y)V - Cy, t) (y, t)dy, 
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6" (x,t) = — f Va E(x — y) - (1— C(y, £)) (y, t)dy, 


and C(y, t) = Co((y — zo)/ Vt), Go(z) being a smooth cut-off function equal to one for 
|z] € 1/2 and to zero for |z| > 1. For z close to zo we have 


ese I = - [ Es, ( — y)V - Cly, t) (9 (y, t) — 1 (a, t))dy 
— (z,t)- Í Ex, (@—y)VC(y, t)dy = — Í Va Ern (1 — y) Cly, t) (Vv (y, t) — V(z, t))dy 


— l Fem (2 — y)G(y; t) (v (y,t)— V(x, t)) i (y)dS, — V (a, t)- f Ez, (2 — y)VG(y; t)dy, 


hence, due to (3.3), (3.4), 


2. (. pa I dy | d$, 
< cv „t + ee 
T EA Me ( ly—zol<vt ly — Zo|"-% a(t) ly — : es) 


y 








| OLm 
+c|ti (Zo, t)| € Cup [do (27) 


where c(t) = (y € S : |y — zo| < vt]. " 
Since vj satisfies the heat equation, the function ©, may be written in the form 


$5 (2,t) =- i) VeE (x — y) : (1 — Glu, t) (30) + f Ad, (y, 7)dr)dy, 


hence, 


89, (z,t) = f z, m(£ — y) VC(y, t) - do(y)dy 


^ Oz 





a fÉ O'V,E(r—-y)1-c(yt) /3(y,7T) _ OU (z,T) 
ex d OykÓtm l ( OY Oxy, ose J% 


no pet OU(y,r) (T, T) 
-M | dr | V«E.. (v 9): (1 Cu 0) ( 27 — EST )n, (y)48,, 
xj rf Re era »( 5s m )n«() y 
and "u 
[Pes (at 
Olm 


t 
T (o) dy d5, 
+ Vol, T dr f eet | Ib) o. ica ) 
Í VAC Mle ( ly-aol<vt/2 ly — o|^*17* — Jsvequa) ly — xol ) 


t 
< (sup [8o (y)] + pe] [Van (-, 7) dr) < csup |vo(y)|, 
Q 0 9 








< o( sup Uo (y) 


TET 


which completes the proof of (3.6). 
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Estimate (3.7) follows from (3.4). Indeed, making use of classical estimates of 
the Newtonian potential (see [11]) and of (3.4), we obtain 


[V$; DE « qu HY? < et^? sup [co (). 


The lemma is proved. 

Lemma 4. The function ®2 satisfies the inequality (3.6). 

Proof. The function $5(z,t) is representable in the form of a simple layer 
potential 


$,(s,t) =2 | E- yu t)48, 
S 
where p(y, t) is a solution of the integral equation 


09 (y, t) 


Valu] = — 
p + Vau] "n yes 
Since 
OP, (y,t E , : 
J # Jas, E Í A®ı(y, t)dy = -f V (y, t)dy = - f i(t Bws, =0, 
S Q Q $ 
this equation has a unique solution satisfying the condition (2.25) and the inequalities 
yt 
sup |u(y,t)| < osup [Rw Ply daun 
,t 
IValulles(s) € csup [P5989 Ply Pwt) (3.8) 


Hence, 


2210. t) 
Ón 


&. (2, f) =-2/ 5e-» omnt as -2 f B6 - yV.luly, 248, 


= (x,t) + G4(z, t); 


using (3.8) and the estimate of the gradient of a simple layer potential given in [11], 
we obtain 


sup |V 84 (v, t)| < < eValullc«(s) € osup | ae) z 2 


It remains to estimate V®3. The function vy(z,t) = AE possesses the 
properties 


sup [v(z, t)| € csup |vo(z)], 
S Q 


[W(-, ))€? < ct7o/? sup [io 
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and, in addition, 


p(z, t) = 2n neg 02, f 8e -« vim (py, t)dy 


kym=1 
- ð ð ð 
Eee p (ma = nm ggz) LM [ E(x — y)uim(y, t)dy 


- Ó ð ð t 
= d (ma - mao) 3s; ff dr | Eis — vis Go, y. (3.9) 


From classical estimates of the Newtonian and the simple layer potentials it follows 
immediately that the functions 


ð t 
Us (2,1) = 3s [ar | Pe- tst nen 


= yy ale t) 
Dan m [ dr Í E(a — y) m dy 


ð Ovim(y,T) 
T2 dr f E - v) n dS, 


satisfy the inequality 


t 
Crim tP <c f IVà (7)le« oy < c9? sup loa) 
0 


The representation formula (3.9) enables us to "integrate by parts" on S and to 
estimate |V®3| with the same kind of arguments as above in Lemma 3. Let zo € €? 
and let C(y,t) be the function defined in Lemma 3. We have 


V3(z,t) = —2 f VE(z — y)C(y, t) (y, t)dSy 


42 [ vs ~V~ 69,9). 35 (mel) go> — nls) ge) Vila dS, 


k,m=1 


--2 f VE(z — y)C(y, (Uy, t) — p(z, t))dSy — 29s, t) f VE(z — y)c(y, t)dSy 


ð ð 
2X [ Umt- Uni (2, (ma - ng) (vE(s - y)à - v. 2))45,, 
and, since the integral f; VE(z — y)C(y,t)dSy = hw VE(z — y)C(y, t)dS, is uni- 
formly bounded (see [11]), there holds the estimate 
a dS 
Ivi (ons & e(tots oi? f rss os 


o (t) to 
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n 
dS 
+ [Vem(-, t e ciu) < csup [Uo (z)], 
2» RUNS s\o(t) Iro — l7 Q ) 
q.e.d. 
It follows that 7 
sup sup |b(y, t)| € csup |vo(z)]; 
S t«T Q 


now, making use of inequality (2.33), we estimate the solution of the problem (3.2) 
and conclude the proof of Theorem 1. 
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Boussinesq equations 
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Abstract 
We show that a smooth solution of the 2-D Boussinesq equations in the 
whole plane R? breaks down if and only if a certain norm of the gradient of 
passive scalar V@ blows up at the same time. Here the norm is weaker than 
L^?-norm and generates a Banach space including singularities of log log 1/|z|. 
Roughly speaking, when a smooth solution breaks down, V@ has stronger 
singularities than log log 1/|z| or has infinite number of singularities. 


1 Introduction 


In this note, we deal with incompressible inviscid 2-D flows interacting with a passive 
scalar under the external potential force f, (i.e., rot f = 0), which described by the 
Boussinesq equations: 


Qju t u: Vu - Vp= 0f, t>0, zc R?, 
(B) 0,0 +u: V0 — 0, (20, zc R?, 
divu-0, ¢t>0,2€ R’, 
uli-o = uo, Olio = 6o, 


where u = (u! (x, t), u? (x, t)), 0 = 0(z,t) and p = p(z, t) denote the unknown velocity 
vector field, the unknown scalar (e.g. temperature) and the unknown pressure of 
the fluid at the point (z, t) € R? x (0, co), respectively, while uo, 6o are given initial 
date. 

Let m > 3 be an integer. It is proved by Chae-Nam [5] that for every (uo,69) € 
H™(R?) x H™(R?)with div a = 0 and for every f € L2. ([0, oo); W™(R?)), there 
exist T > 0 and a unique solution (u,0) of (E) on [0, T) in the class 


C([0, T); H"^(R?) x H™(R’)), (1.1) 
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where 7' is estimated from below as 


T > C/(luollzm + lol + sup. {[f(¢)|lwm.-) (1.2) 
O«t« To 


for sufficiently large Tọ. Moreover they proved that the maximum norm of V8 
controls the breakdown (blow-up) of smooth solution to (B), i.e., 


lim sup(l[u(£)l zr + ll&(t)lla ) = oo 
t^T 


if and only if 
| oled oo as tT. (1.3) 
0 


This shows that the velocity u is irrelevant to the breakdown. See also [4]. We 
note that in physcs literature [26] Weinan-Shu observed this phenomenon. Recently, 
Ishimura-Morimoto [12] dealt with the viscous 3-D Boussinesq equations in a periodic 
domain and obtained the similar result. They proved that the maximum norm of 
the gradient of vorticity controls the breakdown; the scalar temperature function 8 
is irrelevant to the breakdown. 

Those blow-up criteria are similar to Beale-Kato-Majda's result on 3-D Euler 
equations in a domain Q: 


ðu +u: Vu - Vp— 0, (20, TER, 
(E) div u — 0, t>0,2EQ, 
ult=o = uo, 


In the celebrated paper [1], Beale-Kato-Majda showed that the maximum norm of 
the vorticity rot u controls the breakdown of smooth solutions to the Euler equations 
if Q is the whole space RŽ, i.,e., 


t 
lim sup lull gpm CRS) = oo if and only if J lirot u(r)llp s (gs, dT Jo, as tT, 
tAT 0 


(in cace Q = RN, see Kato-Ponce [15]). When Q is a bounded domain, Ferrari 
[11] and Shirota-Yanagisawa [23] proved the same result of breakdown as in [1]. For 
Q = RN, the result of Beale-Kato-Majda was improved Kozono-Taniuchi [17] so 
that the blow-up phenomenon is controled by the BMO-norm of vorticity, see also 
Kozono-Ogawa-Taniuchi [18]. On the other hand, in case Q is a bounded domain, 
the blow-up criterion was also improved in [20] and [21]. In particular, it is proved 
in [21] that 


t 
lim sup ||u(£)|| (o) = oo if and only if f l| rot u(T)llpmo(oydT Zo as HAT: 
t^T 0 


(For the definition of bmo({2), see [21].) Moreover in [21] we observed a slightly 
improved condition for the breakdown. We note that there are orther criteria for 
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the 3-D Euler equations in R?. Constantin [6] and Constantin-Fefferman-Majda [9] 
proved that under some additional assumption on the direction of vorticity mobi, 


the Li, foc Borm of vorticity controls the breakdown. 

Let us return to the 2-D Boussinesq equations. In this note, using the method in 
[19], [20] and [21], we show that it is also possible to improve Chae-Nam's criterion 
(1.3). Namely the condition on V0 for the breakdown is relaxed and the new one 
permits double-logarithmic singularities. For uniqueness theorem of weak solutions 
to the Euler equations, Yudovich [27] introduced some classes (Y;-spaces), which 
include log* logt 1/|z|. We introduce a space My, which is wider than Y, and prove 
that the breakdown of smooth solutions to the 2-D Boussinesq equations is controlled 
by the My-norm of V0. 

It is notable that Vishik [24] recently showed the uniqueness and global existence 
of solutions to the Euler equations in R? with unbounded vorticity in a space of 
Besov type, which wider than Y}, see also [25]. 


2 Preliminaries and Main Result 


In this section, we introduce some notations and function spaces. Set H™(R?) = 
{u € H™(R?); div u = 0), where H™ is the usual Sobolev space W™? (R°). Let $ 
be a nondecreasing function on [1, co). In [27], for Uniqueness theorem of the Euler 
equations Yudovich introduced the function space Yọ. 

Ys is a set of all functions f in i<pcoœ L? satisfying 


— ous lf lize 
fln, = cp p) Sem (2.1) 


Similarly to Y, we define the following space: 
M, (RM) denotes the set of all functions f in 21 M E 


loc 


(RY) satisfying 





le < oo, (2.2) 
p 


where M? 


loc is the local Morrey space with 


ONLA 
Illa, = sup J faits m 
Ocrct, ze RP \ly-2l<r 


Obviously M, is wider than Y, and we see that if we take ¢(p) = 1 for all p > 1, 
then M, = L”. It is worth to note that 


log* logt BI € Y, C M, for (p) = logp, 


2.3 
log* n -logt log? Tal € Y, C Mg for ¢(p) = plogp, ey 


(see [27]) and 
llf, € Clifilzecay, L C Mg, 
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where logt t = max(0, log t). 
The following lemma is obtained by a similar argument found in Engler [10] and 
Ozawa [22]. 


Lemma 2.1 (Ogawa-Taniuchi[20],[21]) Let s > N/q, 1 <q < oo and let ¢ bea 
nondecreasing function on [1, co). Then there exists a constant C = C(ó, N,q,s) >0 
such that for all f € W**(R') 


fllu= < CO + HI (os (If llyysecre%) +e): (2.4) 


Now we recall the following proposition due to Beale-Kato-Majda [1] and Kato- 
Ponce [14]. 


Proposition 2.1 Let s > N/p+1 and 1 < p< oo. Then there exists a constant 
depending only on N,s and p such that 


[Vell oc) SOC + llrot ull ege Oglu +e) — (28) 


for all u € W*P(RP) with div u = 0. 


Remarks 1. (i) While Beale-Kato-Majda and Kato-Ponce added the superfluous 
term ||rot u||r» in the right hand side of their original inequalities in [1] and [14], 
(2.5) does not need ||rot u||r». For the detail, see [17] and [18], where more general 
inequalities were proved. 

(ii) Ferrari [11] and Shirota-Yangisawa [23] proved (2.5) for a bounded domain 
Q c R? with smooth boundary ôN. Recently, in [21] we slightly improved it as 
follows: 

I| Vullrs (o) € CA + [rot ullo oco log(Ilullws»cay + e)) 


for all u € W*?(Q) with div u = 0 in € and u:n = 0 on ON, where n = n(x) = 
(n! (a), n? (z), n? (z)) is the unit outward normal at x € ON. 
Thanks to Lemma 2.1 and Proposition 2.1, we have the following criterion: 


Theorem 1 Let the initial date (ug,09) € H^ (R?) x H™(R?) for some m > 2 
and let f € LP, ([0, oo); W™®(R?)). Then the solution (u,0) to (B) in the class 
C([0, 7); H^ x H™),(T < oo) satisfies 


limsup(]]|u()l gr + 0l) = oo (2.6) 
tT 
if and only if 


t 
I IVe llu,dr Aco as t AT forġ(p)=log(p+e). (2.7) 
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Remarks 2. (i) Theorem 1 is an improvement of the blow-up criterion of Chae-Nam 
[5], since ||flla, € Clifllze and Mg is strictly wider than L®. Roughly speaking, 
when a smooth solution breaks down, Vô has stronger singularities than log log 1/|z| 
or has infinite number of singularities. 

(ii) Theorem 1 also holds for every nondecreasing function ó(p) > 1 on [1, 00) 
with f^ 1/d(e?)dp = oo. For the detail, see [21, Lemma 2.5]. For example, ¢(p) = 
log(p 4 e)-log(log(p-- e) +e), log(p-- e) -log(log(p-- e) 4- e) log(log(log(p-- e) +e) +e), 


(iii) It seems to be true that there holds Theorem 1 for a bounded domain 2 c R? 
with smooth boundary ƏN as well as R?. 
3 Proof 


Let ||- |p denote L?-norm. We prove Theorem 1, according to Chae-Nam [5]. We 
easily see that (2.7) implies (2.6), since ||V6||u, < || V8||rs € Cll8||u». Hence it 
suffices to show that (2.6) imples (2.7). Let o = (01,02) be a multi-index with 
|a| = a, + o» € m, and apply 0? to the first equation in (B). Then we have 


È aru +u- Vôu + VO%p = —O?(u- Vu) +u- VO%u + 0? (0f). (3.1) 


Taking inner product in L? (R?) between (3.1) and 0%u, we obtain 
Do 
2 dt 
since div u = 0 yields (u- VO%u, 0%u) = (VO?p,O^u) = 0. Now we recall the 
commutator estimate given by Beale-Kato-Majda [1, (13)]: 


10° (fg) — fO%glle CI flan Malos + IY flloollglla»-+), (3.3) 


see also [15]. The above inequality yields 


lôu]? < l8% (u - Vu) — u - VO%ull2[|O%ull2 + 3 (8f)lla]ló^ullo, ^— (3.2) 


j^ (u - Vu) - u - Vó*ull; € ClVullcollullz - (3.4) 


Hence we have by (3.2) and (3.4) 


1d 
5,;l9 uà < Cl|Vutlloollell ers + Mf Dm lll zz + ulli (3.9) 


€ CQ -IVullc)(lulfre + alz) 


Integrating (3.5) on the time interval (0,¢) and summing over a with 0 < |a| € m, 
we obtain 


t 
lu Mire. < luolan + c | (1+ II Vu(r)llsc) lur) lir + IO) )dr. — (3.6) 
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Similarly, from the second equation in (B) we obtain 
ZO (3.7) 
X [lolli + c | (1+ lI Vu(r)llss + IIV6Cr) loo) jur) lares + IAC) Ur ar, 
where we used (u - V0*0, 0*0) = 0 and 
8^ (u - V6) — u- VO"All2 < Cllullz |[VAlloo + Vula (3.8) 
given by (3.3). Let a(t) = (u(t),0(t)) and let ŭo = (uo, 8o). The combination of 
(3.6) with (3.7) implies 


t 
Ilt) lare. < [loll Frm «cf (1 + lIVu(r)llss + IVO) )NlE(7) lira. (3-9) 


Then Gronwall’s inequality yields 


t 
llla. < Moll exp C n (1+ ||Vulr)lloo + ||'V0(r)lloo)ar, (3.10) 
which implies 
log(|li(¢)|lzz + e) (3.11) 


t 
< logtlliollam +e) +0 f (1+ Yull + IV 6C). Jar. 


Proposition 2.1 gives 
IIVullso € CA + lollo log(||ullz + €)) < C(1 + lvli log(]lüllgm +e)), (3-12) 
where w denotes the vorticity, i.e., w = rot u. Substituting (3.12) to (3.11), we have 
log(I|a(t)[lam +e) (3.13) 
€ log(llüollzr +e) + c ['a + lwl) + IIV8(r)llss) togtlir)||ao + e)dr. 
Again using Gronwall's inequality, we obtain 
log(||é(t)llz™ + e) (3.14) 
<_logtiallam exp [llle + IVOCleeddr, 
which implies 
log log(|u(¢)|lm +e) X  loglog(|ltollu~ + e) (3.15) 
«c [a hotel Ivan 
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Now we use Lagrange variables to estimate ||w||.0. Let 7 be the stream lines of the 
flow u, i.e., the solutions of the ordinary differential equations: 


AM, = ulne, t)i), m0) = 2. (3.16) 


Application of rot to the first equation in (B) gives 


{ Sw+u-Vw=(VOx f); in R? x (0,7) 


3.17 
w|t=0 = Wo, ( ) 


where wo = rot ug and (-)3 denotes the third component of (-). Then w has the 
following representation: 


wln(ast),t) = ole) + f (VO x fenes), eds (3.18) 
Hence there holds 
leo < Malls + f WTA fl (eode (3.19) 
« Melle +M f NV8ls)lleods 


where M = supogs<r [lf (s)lloo- 


Substituting (3.19) to (3.15), we have 


log log(]l&(t)l zr» + e) (3.20) 
log log(|léollam + e) 


t t T 
+C fa + oll) + [U(r lodr +M Í I IV(olls deer } 
toglog(lläollzm + €) 
t 
+C fa + |lwolloo)t + (1 + un f IV8(7) lac} : 


I^ 


I^ 


Applying Lemma 2.1 with $(p) = log(p + e), we see that 


ll&(7)llso C{1 + |[ve(r)llw, logüog(lle(r)]gm e)--e)) — (3.20) 
C( + |] VA(r) Im, log(og(là(r)llzr +e) + €)} 


C{1 + |[VA(r)|]az, (1 + log log(||@(r) || + €))}. 


IA IATA 


Letting z(t) = loglog(||&(t)||z» + €), from (3.20) and (3.21) we obtain 


z(t) € z(0) - L+ C(1 +T) fa + IIV8CT)llm,)(2(7) + 1)dr for 0 <t « T, (3.22) 
0 


138 Taniuchi 


where L is a constant depending only on T, |wolloo, Supo« s«T ll (s)lw».» and m. 
Then Gronwall’s inequality yields 


z(t) € (2(0) + L+1)exp (ca +T) [o + IVIL)" for 0 < t < T, (3.23) 


which shows that (2.6) implies (2.7). This completes the proof of Theorem 1. 
Remark 3. We notice that (3.20) proves Chae-Nam's blow-up criterion. Since 
in [5] they used the well-known inequality 


Vull < C(1 4-Ilrot ullos (1 + log* |ullzm) + llrot ullo) for div u=0 (0« p< oo) 


given in [1] and [14], they needed estimate ||rot u||,. On the other hand, using (2.5) 
instead of the above inequality, we need not to estimate ||rot u||, and hence slightly 
simplify the proof of Chae-Nam's blow-up criterion. 


References 


1. J. T. Beale, T. Kato and Majda, A., Remarks on the breakdown of smooth 
solutions for the 3-D Euler equations, Commun. Math. Phys., 94: 61-66. (1984). 


2. Brezis, H., Gallouet, T., Nonlinear Schrödinger evolution equations , Nonlinear 
Anal. T.M.A., 4: 677-681 (1980). 


3. H. Brezis and S. Wainger, A note on limiting cases of Sobolev embedding and 
convolution inequalities., Comm. Partial Differential Equations , 5: 773-789 
(1987). 


4. D. Chae, S.-K. Kim and H.-S. Nam, Local existence and blow up criterion 
of Hélder continuous solutions of the Boussinesq equations., Nagoya Math. J., 
155: 55-80. (1999). 


5. D. Chae and H.-S. Nam, Local existence and blow up criterion for the Boussi- 
nesq equations., Proc. Roy. Soc. Edinburgh, 127A: 935-946 (1997). 


6. P. Constantin, Geometric statistics in turbulence, Siam Review, 36: 73-98 
(1994). 


7. P. Constantin, Geometric and analytic studies in turbulences, in Trends and 
Perspectives in App]. Math., L.Sirovich ed., Appl. Math. Sciences 100, Springer- 
Verlag (1994). 


8. Constantin, P., Active Scalars and the Euler Equation, Tatra Mountain Math. 
Publ., 4 : 25-38 (1994). 


9. P. Constantin, and C. Fefferman, Majda, À., Geometric constraints on poten- 
tially singular solutions for the 3-D Euler equations., Comm. Partial Differential 
Equations , 21: 559-571 (1996). 


10. H. Engler, An alternative proof of the Brezis-Wainger inequality, Comm. 
Partial Differential equations., 14 no. 4: 541-544 (1989). 


Blow-up Criterion for Inviscid 2-D Boussinesq Equations 139 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


A. B. Ferrari, On the blow-up of solutions of 3-D Euler equations in a bounded 
domain, Commun. Math. Phys., 155: 277-294 (1993). 


N. Ishimura and H. Morimoto, Remarks on the blow-up criterion for the 3-D 
Boussinesq equations, Math. Models Methods Appl. Sci.,9: 1323-1332 (1999). 


T. Kato and C. T. Lai, Nonlinear evolution equations and the Euler flow, J. 
Funct. Anal., 56: 15-28 (1984). 


T. Kato and G. Ponce, Well-posedness of the Euler and Navier-Stokes equa- 
tions in the Lebesgue spaces L?(R?), Revista Math. Iberoamericana , 2: 73-88 
(1986). 


T. Kato and G. Ponce, Commutator estimates and the Euler and Navier-Stokes 
equations, Comm. Pure Appl. Math. , 41: 891-907 (1988). 


H. Kozono and Y. Taniuchi, Bilinear estimates in B MO and to the Navier- 
Stokes equations, Math. Z. 235: 173-194 (2000). 


H. Kozono and Y. Taniuchi, Limiting case of the Sobolev inequality in BMO, 
with application to the Euler equations, Commun. Math. Phys., 214: 191-200 
(2000). 


H. Kozono, T. Ogawa and Taniuchi, The critical Sobolev inequalities in Besov 
spaces and regularity criterion to some semi-linear evolution equations, preprint. 


T. Ogawa and Y. Taniuchi, Remarks on uniqueness and blow-up criterion to 
the Euler equations in the generalized Besov spaces, J. Korean Math. Soc.,37 
(2000). 


T. Ogawa and Y. Taniuchi, A note on blow-up criterion to the 3-D Euler 
equations in a bounded domain, preprint. 


T. Ogawa and Y. Taniuchi, On blow-up criteria of smooth solutions to the 3-D 
Euler equations in a bounded domain, preprint. 


T. Ozawa, On critical cases of Sobolev’s inequalities, J. Funct. Anal., 127 : 
259-269 (1995). 


T. Shirota and T. Yanagisawa, A continuation principle for the 3-D Euler 
equations for incompressible fluids in a bounded domain,Proc. Japan Acad., 69 
Ser. A : 77-82 (1993). 


M. Vishik, Incompressible flows of an ideal fluid with vorticity in borderline 
sapces of Besov type,Ann. Sci. Ecole Norm. Sup., 32: 769-812 (1999). 


M. Vishik, Incompressible flows of an ideal fluid with unbounded vorticity, 
Commun. Math. Phys., 213: 697-731 (2000). 


E. Weinan and C. Shu, Small-scale structures in Boussinesq convection, Phys. 
Fluids, 6: 48-58 (1994). 


140 Taniuchi 


27. V.I. Yudovich, Uniqueness theorem for the basic nonstationary problem in 
the dynamics of an ideal incompressible fluid, Math. Research Letters., 2: 27-38 
(1995). 


Weak Solutions to Viscous Heat-conducting Gas 
1D-Equations with discontinuous data: 
Global Existence, Uniqueness, and Regularity 


ALEXANDER ZLOTNIK! and ANDREY AMOSOYV !, 

Department of Mathematical Modelling, Moscow Power Engineering Institute, 
Krasnokazarmennaja 14, 111250 Moscow, Russia 

zlotnik@apmsun.mpei.ac.ru, amosov@srv-m.mpei.ac.ru 


1 Introduction 


In this paper, we give a review of our recent results on nonhomogeneous initial- 
boundary value problems to 1D-Navier-Stokes equations for a viscous heat-conduc- 
ting gas with large discontinuous data. For instance, we consider the initial data 
such that the specific volume is bounded from above and below and the total initial 
energy and entropy are finite. The global in time existence of weak solutions [6], 
their uniqueness and Lipschitz continuous dependence on data [21],[23] as well as an 
internal and up to the boundary regularity [9] are presented. 

Note the related results in [18],[20],[19],[2],[3],[13]-[15]. The most well-known 
results concerning the equations under consideration belong to A.V.Kazhikhov who 
studied global regular solutions in the case of the initial and boundary data from 
the Sobolev space H!, see Chapter 2 in [11]. 

Now we introduce notation that will be used throughout the paper. Let Q = 
(0, X) and Q = Qr = 0 x (0, T). We write Dw = &, Diw = 9*, and (Iew)(z,t) = 
Ji w(z, t) dt’ for functions w depending on z € N and (or) t € (0,T). 

We use the classical Lebesgue space L*(G) and its anisotropic version L^"(Q) 
with the norm ||w|lrs.-(Q) = | [wll rs (o) eco) for q,r € [1, co]. Let $ + i = 1. 

We introduce the class (not the space) A/(Q) of functions w € L??(Q) such 
that w > 0, 1/w € L**(Q), and Diw € L?(Q) and set | w | wi) = [Iwllzs(9 + 
I 1/w|[r» (o) - I Drw|[r2(9). We also use the Banach spaces V;(Q) and W (Q) with the 
norms [|wllv,o) = llwllzes (o) I DwlIzs(o and [[wllw(o) = lhwllz2(9 ll Dwl + 
l.Dwl|Iz2. (Qj. Let Si!W(Q) be the Hilbert space (of functions w having the domi- 
nating mixed derivative DD,w € Lo(Q)) with the norm [[wlls::,(oj = (Ihwllz2(9 + 


lIDwllzs (o + Dewllza¢q) + IDDevlizsg)) ^... Note that S; W(Q) c W(Q) c 


C(Q), moreover, the latter embedding is compact. 
Let V[0, T] be the space of functions of the bounded variation on [0, T]. 


lThis work was supported by the Russian Foundation for the Basic Research, project 00-01- 
00207. 
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2 Weak solutions and their global existence 


Let us consider a system of quasilinear differential equations of a perfect polytropic 
gas 1D-flow 

Din = Du, (2.1) 

Diu = Do + g[ze], c=vpDu-p, p-kp0, p=1/n, (22) 

cy D40 = Dr+oDu+ f[r.], r = ApD6, (2.3) 

Dize =u (2.4) 

in the domain Q. Here the sought functions 5, u, 0, and £e depend on the Lagrangian 


mass coordinates (r,t) € Q, and F[z.](z,t) = F(«-(a,t),2,t) for F = g, f. We 
supplement the system of equations with the initial and boundary conditions 


(n,u,0, ze)|izo = (n°, u°, 0°, 2°) on Q; (2.5) 
u|;-o = Uo(t) (or o|2z=0 = —po(t)), Ule=x = ux(t) (or olezx = —px(t)), (2.6) 
— T|z-o = xo(t), tle=x = xx (t) (2.7) 


with z0(z) = fj n°(é) dz and 0 < t < T. We denote the initial-boundary value 
problem (IBVP) (2.1)-(2.7) by P. Let us set m = 1,2,3, or 4, if u|[;—o, x; v|;-o and 
el;-x;o|s-o and u|;—x; or o|z=0,x, respectively, are prescribed on the boundary. 
We suppose that those boundary functions uo, ux, po, and px that do not used in 
the mth boundary condition (2.6) are equal to zero. 

We recall the physical meaning of the quantities involved: 7, u, and 0 are the 
specific volume, velocity, and absolute temperature of a gas; £e is the Eulerian 
coordinate; p and p are the density and pressure; c and —7 are the stress and heat 
flux; g and f are the densities of the mass forces and heat sources; ug, Pa, and Xa, 
for a = 0, X, are the velocity of piston, external pressure, and external heat flux; X 
is the total mass of the gas. 

Now we list our conditions on the data. Let N > 1 be an arbitrarily large 
parameter and up = (uo,ux), pr = (po,px), and xr = (xo, xx) be the boundary 
data pairs. 

Ci. The coefficients v, k, cy, A € L©(Q) are such that V «v « N,O«k«N, 
Nz«cey«N,and N71 «A« N. 

C5. The initial functions 7° € L?* (Q0), u? € L?(0), and 6° € L! (Q) are such that 
N^ < n? <N, 0? > 0, and lle9 1r: 0) + ls? llo < N, where e = i(u9y? + cy 8? 
and s? = klogn® + cy log 6? are the initial energy and entropy. 

C3. The free terms g and f are Carathéodory functions on R x Q; moreover, 
lg665 | € JC) and 0 € f(x) € f() on Q for all x € R, where [[gllr2:(9) + 
Il flz:(oy <N. 

C4. The boundary data ur € V[0, T], pr € L?*(0, T), and xr € L!(0, T) are such 
that po > 0, px 2 0, xo 2 0, xx 2 0, and ||ur||vto,r] + Ilprilz~(0,7) + lxrllzi(o,r) < 
N. Furthermore, for all 7 € (0, T) and almost all t € (0, T' — 7), the inequality holds 


palt 7) - po(€ < a(t) f ps), a=0,X (2.8) 
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with some a, € L'(0,T), a, > 0, and supge, 7 ||a-|l;:(o,7; € N. Finally, if both 
U|s=0 = ug and ulz—x = ux are prescribed on the boundary, then N^! < V(t) = 
In? Lo: (0) + (ux — uo) on (0, T). 

Notice that the possibility to take variable discontinuous rather than constant 
coefficients allows to consider some contact problems [20] as well. The unusual 
one-sided condition (2.8) is broad enough. For example, if 0 < Nj! < pa and 
vàrt(o,7| Do < No, then it is satisfied (with N = N,N2). On the other hand, it is 
evidently satisfied for nonincreasing pa > 0 (with a, = 0). 


In a standard manner a vector-function z = (n,u,0,2,) € N(Q) x Va(Q) x 
Vi(Q) x SPW(Q) will be called a weak solution to problem P, if 0 > 0 and the 
following properties are valid: 

(a) equations (2.1) and (2.4) are satisfied in L?(Q); 

(b) the integral identities 


Sq (-uDyp + oDy) dadt = fo u*v|i-o dz + [o gl£e]p dadt (2.9) 
+ fà (Polz-o — px vela x) dt, 
Jo (7cv9Div + Dy) dxdt = (2.10) 


= fo cvO plia0 dz + fo (oDu + f[z«]) Y dzdt 
+ fd (xov|a-o + Xxv|s- x) dt 


hold, with o and x defined in (1.2) and (1.3), for all o, € C! (Q) such that iple = 
v| =r 7 0; moreover, Y|z=a = 0 provided that u|z=a is prescribed on the boundary 
z =Q, fora=0,X; 

(c) the initial conditions 7 |;-9 = 7° and zelt=0 = x? and the boundary conditions 
u|z-o = Uo and u|;-x = ux (if prescribed) are satisfied in the sense of traces. 

Now we are in position to state global with respect to time and data existence 
theorem for a weak solution to problem P. Let K(N) (possibly with indexes) be 
positive functions of N; they can also depend on X, T. 


Theorem 2.1 1. Suppose that conditions C1-C4 are valid. Then problem P has a 
weak solution z = (1, u,0, £e) satisfying the estimates 
|n lao + lullo) + UAllvac@y + Iltells2-4w(qy < KN), 
lll z20.r0(Q) + [|DAllzn--1(q) € Ke(N), 
[| log 4||z1.20(@) + ||D log8llzzQ) < K(N), 
Ius + Melle? < KN) 

for all qo,ro € [1,00] and qı,rı € [1,2] such that (299) + rg! = (1-- €)/2 and 
(231)! - ri! = (1 +€)/4 with any € € (0, 1). 

2. This solution is such that n € C([0, T]; L©(Q)), u € C([0, T]; L?(0)), and 
0 € C([0, T]; L1(Q)), while satisfying the initial conditions (2.5) in the sence of the 
spaces in question. Moreover, the following estimates for the primitive in t functions 
of o and x hold: 


eollw(ay € K(N), Ilrlleqor; way € E(N). (2.11) 
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3. If, in addition, N^! < 69, then [K(N)]! < 0, i.e. the temperature is strictly 
positive. 


Here along with the spaces introduced above, the seminorm lwl 2 = 


Supoccer T V? ||w(z,t +7) — w(x, t)||z2(Q__,) (in the anisotropic Nikol’skii space 
up» ^(Q)), the space C([0, T]; B) of continuous on [0, T] functions with values in a 
Banach space B, and the Sobolev space W :!(Q?) have been used. 


It is essential both from the mathematical and physical point of view that under 
conditions C— C4 in our definition of a weak solution to problem P integral identity 
(2.11) can be equivalently replaced, see [8] and [4], by the following identity involving 
the energy e = iu? + cy6: 


[[-eDyj + (cu +) Dy] dzdt = f Pahiri J (glzelu + flze])ý dedt (2.12) 
Q Q Q 
T T 
5) {io)lexod(wotble=0) = (8) f T TE ee 


T 
«f [(pou|z—o + Xo)Ylz=0 S (pxulz-x TX. )p|e=x | dt 
Vy € Ci (Q), Vli-T = D, 


where the integrals marked by (S) are the Riemann-Stieltjes ones. This identity 
is a weak form of the well-known energy equation but we call attention to the 
nonstandard terms containing the boundary data ug and ux. They are correctly 
defined as uo, ux € V[0, T] and Lo € C(Q), see the next section. The advantage 
of identity (2.12) is the absence of quadratic nonlinearities in Du; so it rather than 
(2.11) has to be used for weak passages to the limit. 

To prove Theorem 2.1, at least two approaches can be distinguished. First, one 
can smooth all the data, get a global regular solution [11], prove a requived collection 
of estimates for the solution independently of the small smoothing parameter, say 
ó > 0, and then pass to the limit as 6 — 0. Such an approach was represented in 
[3]. Its disadvantage is that the full proof of Theorem 2.1 becomes rather lengthy 
as the proof in [11] is not simple (and is given only for constant coefficients and 
g = f = 0). Aside from the long sequence of nontrivial a priori estimates, it 
contains the auxiliary local existence theorem proved by some Galerkin method. In 
our opinion, this method is purely auxiliary and does not have any value for practical 
computations. 

Second, one can construct a suitable approximate semidiscrete method (finite 
difference in x), prove required estimates for its solution independently of the dis- 
cretization parameter h > 0, and pass to the limit as h — 0 globally in time. Such 
an approach was represented in [6] and is described in the rest of the section. 

Its merit is that the proof becomes self-contained, moreover, after deducing ad- 
ditional regularity results (such as Theorem 4.2 below) one can get another proof 
of a global regular solution [11] existence. Once the approach was successful, the 
semidiscrete method takes on a new meaning for practical computations. Notice 
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that usually a proof of a priori estimates for semidiscrete method is more compli- 

cated and lengthy than that for the original problem. We managed to make them 

more close to each other as only derivatives and integrals (but not finite differences 

and sums) are used. 

Of course, the other approaches of proving Theorem 2.1 are also possible. For 
example, one can use a suitable finite difference scheme instead of the semidiscrete 
method. The last approach was represented in [10] even for a system of equations 
more complicated than (2.1)-(2.4). But unfailingly the construction of such a scheme 
is nontrivial and the proof of a priori estimates becomes much more cumbersome. 
So the result is assigned more to numerical analysis than differential equations. 

Let us describe a semidiscrete method for solving problem P. We need additional 
notation. Set h = X/n for n > 2 and introduce two grids, with nodes s; = ih, 
0 < i <n, and zj;.,/ = (i— $) h, 1 € i € n, respectively. Let Rijo = [0,21), 
(4/5 = (zi-1,2;) for 2 < i < n — 1, and (1, 1/2 = (z4—1, X]. Let also Qo = 
[0, 242), Qi = (£i—1/2, 2141/2) for 1 < i € n — 1, and Qn = (En-1/2; X]. 

We introduce the spaces of piecewise constant functions S^ = {w | w(x) = wi 
on Q;, 0 € i < n) and S}, = (v | v(z) = viis on Q_1/2, 1 Si < n). For w € S^, 
let à € C(Q), à be linear on Q-1/2,1 < i < n, and O(z;) = wi,0<i <n. For v € 
Sto: let 6€ C(Q), 9 be linear on 0;, 0 <i € n, and O(zi1/2) = Viiz 1 <i <n; 
moreover, 9 be defined by some way at the points z = 0, X and, if the other way is 
not prescribed, $(0) = vi /2 and F(X) = v, 1/3. Let also (Inw)(z) = [j^^ w(£) dé 
on Q4 1/5, 1 € i € n, for w € S^ and (Isv)(z) = fo’ v(£) dé on N;, 0 € i < n, for 
vE Sta: We set Q^ = (21/2; 01/2) Q2 = (21/5, X), hss = (0, 2n_1/2); and 
Q4 — Q. 

For y € L'(Q)), let s^y € S^ (resp. st,y € Sta) be equal on 2;,0 <i € n, 
(resp. on N;—1/2, 1 < i € n) to the mean value of y on this set. 

We approximate the system of equations (2.1)-(2.4) as follows: 


D^ = Da" in Q; (2.13) 

Diu" = Do" + g^ in Qi; g^ = vp" pu^ — p^, p^ = kp"6", p^ = 1/n^ in Q; (2.14) 
cy D,0^ = DR} o^ Dü^ + f^inQ; s^ = A^ DO" in Q™!; — (2.15) 

D,z^ =u" inQ, (2.16) 


where g^ = s^ g[z?], ft = s? flet], p^ EX 1/s^n^, and Qm = Ohm x (0, T); 
for simplicity, we take the constant coefficients. The sought functions are n^,0^ € 
W!'1i(0,T; Sta) and u^,z^ e W11(0,T;S"); for example, r^ € W'1(0,T; SPa) 
means that n^, Din” € L (0,7; SÈ). It is supposed that n^ > 0, 0^ » 0. 

We also approximate the initial and boundary conditions (2.5)-(2.7) as follows: 


(n^, u^, 0^, z? )h=0 = (n2, u9, 90, h0), (2.17) 
ulao = ul (orG^|,-o = —p(), u”le=x = v (or lex = —p), (2.18) 


-n^|z-o- xo, T"|eax = Xx. (2.19) 
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Here n° = sion, 0^9 = 51,09, 2° = Inn; moreover, u^? = shu? but if 


u^|.-o = us” (resp. w^|,-x = uQ) is prescribed on the boundary, then we rede- 
fine u^? (z) = uf)(0) on Q (resp. u^9(z) = u^ (0) on Na). Further, y(t) = 
pe fr e(t") dt! (0 < 7 € NT?) for o = us, po, and ualt) = Ua(T) and palt) = 0 
for t > T, o — 0, X. We denote problem (2.13)-(2.19) by 7^. 

The following theorem is a semidiscrete counterpart of Theorem 2.1 (namely, 
claims 1 and 3 in it). 
Theorem 2.2 1. Suppose that conditions C1- C4 are valid. Then problem P^ has 
a solution satisfying the estimates 


| 7^ | wo) + [lz lv, (o; + [19 Ilvacay + lIZell 51-4 weg) < K(N), (2.20) 


l6" || rao." o (Q) + || DO* || ras. (o) € K.(N), (2.21) 
|| log 6^5: (o) + IDlog^||rz(o) € E(N), (2.22) 
Iag? + nghi 9:2 < iN) (2.23) 


for qo,ro and qı,rı specified in Theorem 2.1. 
2. If, in addition, N^! < 6°, then [K(N)]^! < 0^. 


In fact problem 7^ is the Cauchy problem for a system of ordinary differential 
equiations (after the algebraic elimination of the prescribed boundary data). The 
existence of its solution on a sufficiently small segment of time 0 < t < To (To > 
0) follows from the classical Carathéodory theorem. The possibility to continue 
the solution to the whole of the segment [0, T] preserving the properties 7” > 0 
and 0^ > 0 is justified by a priori estimate (2.20) and the estimate 0^ > ó^ = 
exp(—K(N)/h) > 0, see (2.22). So the main point in the proof of Theorem 2.2 is 
the derivation of a priori estimates in claims 1 and 2. 

Let us briefly describe the stages of the proof of Theorem 2.2. Note that equation 
(2.13) can be rewritten (see the definition of a^) in the following form: 


Din” = (1/v)o"n" + (k/v)8^. (2.24) 
Let V^(t) = ||n"(-, ¢)|lz1@) be the semidiscrete total volume of gas. 


Lemma 2.1 If both u^|,-o and u^|,-x are prescribed on the boundary, then V^ = 
(ln? lcs (oy + (uQ? — ul”) and the two-sided estimate (2N)-! < V^ < K(N) holds. 
h — ah 


Introduce the function uf, = u^ — uf, where uf, = (1— £u + thu with 


£^ = Inn’ /V", ub, = uf, Ups = uf, uf, — 0. The following formulas hold: 
Diuk, = (0 - £)Duf? + DC + dyvh, Dab, = dyn" (2.25) 


with dy = (uQ — uf? )/v". 
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Lemma 2.2 The folllowing conservation laws hold: 

D, Í 5 (uh)? dz + Í o” Dü^ dz = T^ + Í (g^ — Diu? mut, dz, (2.26) 
Di f E T eve dz =I" + [te - Diupm)¥m + f^] dz + xo + xx, (2.27) 


where T^ = fo o^ DER m dz + (Eruh )le=x — (Evh )le=0; moreover, 


I” = D, fo dyvg" dz — fo [(Didv)vn^ + dyk6^] dx for m — 1, 
pe D, So ot) nh dx — Jo(Diot-), n^ dz for m = 2,3, 
I^ = Di fg otn" dz — fo(Diol n^ dz — X^! fo (p — pu^ dz for m =4 
with or,2 = —px, Or,3 = —po, and ap4 = —(1— £)po — €px. 


The proof is more cumbersome than in the well-known (differential) case of ho- 
mogeneous boundary conditions. Formulas (2.24) and (2.25) are involved in it. 


Proposition 2.1 The energy estimate |[u^|| r2. (Qj + ||O"||r1..0(q) < K(N) holds. 
The estimate is derived from law (2.27) and Lemma 2.1. 
By solving equation (2.24) with respect to n^, we derive the important formula 


n? = [j^^ t (k/v)1,(0" /4^)]4^ with 4^- exp((1/v)I,c^). (2.28) 


Lemma 2.3 The following uniform estimate holds: ||xo^||rs(o € K(N). 


If G is prescribed at least on one of the boundaries, for example, for z = 0, then 
To = I,(u^ — u%* — Tig”) — Lp? and the proof of the estimate is rather simple. 
Otherwise, the proof becomes more complicated. 


Corollary 2.1 The following two-sided estimates for n^ and V^ holds 
[K(N)]! «v^ < K(N)(1 - L0, |K(N)]! € V^ < K(N). 


The first estimate follows from formula (2.28). The second estimate is a conse- 
quence of the first one (see also Lemma 2.1). 


Lemma 2.4 The law of nondecreasing entropy holds in the following form: 


D; f. (cv log 6* + klogn^) dz = f [-Ag^ (D^) D (1/5) + 
t (vp^(Dü^)? + f^)/0"] dz + xo/0^|.—o + xx /0^|,..x > 0. 


This lemma is a semidiscrete counterpart of the well-known law. 
Corollary 2.2 The following auxiliary estimates hold: 


ll8^ lior) € KCN), || logó^l[ri (o + 119^)! Dlog ollo € K(N) 


with B = f, [-9^(D6*) D(1/6h)] dz. 
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Let us formulate the last auxiliary result. 
Lemma 2.5 The following estimates for 0^ hold: 


lelle € X7 ll6^l + IDa € KCN) [nleo + 1]. 


Now it is possible to derive the estimates in Theorem 2.2. 
Proposition 2.2 The following estimates for n^ ,0^, and p^ hold: 


[K(N]-! «^ < K(N), | lll < K(N), ll^ Ilz2¢q) € K(N). 


The first estimate follows from Corollaries 2.1 and 2.2 and Lemma 2.5. Then the 
last two estimates hold in virtue of Lemma 2.5 and the energy estimate. 


Proposition 2.3 The estimate ||D&ü^||r2(9y < K(N) together with estimates (2.21), 
(2.23) for 0" and u^ hold. Moreover, claim 2 of Theorem 2.2 is valid. 


The estimate ||Dü^|[rz(9j € K(N) is proved with the help of law (2.26). The 
rest of the estimates is really an application of bounds for a semidiscrete method 
to linear parabolic IBVP with discontinuous coefficients, the right-hand side from 
L?!(Q) or L! (Q), and the initial function from L?(f1) or L'(Q). See, for instance, 
Proposition 3.1 below as a differential version, and [6] for details. 

Finally, the estimates | Den” lla (ay < K(N), Ile ls: wo) < K(N), and (2.22) 
easily follows from equations (2.13),(2.16), and Corollary 2.2. 

Theorem 2.1 (claims 1 and 3) is derived from Theorem 2.2 by the limit transition 
as h — 0. Notice that estimates (2.20), (2.23), and a counterpart of the first estimate 
(2.11) are used when establishing the convergence (for a subsequence) of u^ in L?(Q), 
8^ in L!(Q), and Lo" in C([0, T]; L°(Q)). Then by formula (2.28) the convergence 
of n? in C([0, T]; £9(Q)) for all 1 € g < oo is established. The limit transition in 
semidiscrete counterparts of integral identities (2.9) and (2.12) is also used. See [6] 
for details. 


3 The uniqueness and Lipschitz continuous dependence on data for weak 
solutions 


It is well-known that, for quasilinear evolution problems in continuum mechanics, 
the problem of uniqueness for weak solutions can be more complicated than that 
of existence. In a sense this is true for problem P under consideration. Originally 
the uniqueness theorem was proved, for not so weak solutions as in Section 2, under 
the additional assumptions on the initial data u? € L®(N) and 0? € L*(Q), see [2]. 
Only in [21] the uniqueness theorem was established, by another approach, under 
natural conditions on the data. 

The statement of the latter uniqueness theorem (but not its proof) is simple. We 
introduce the additional condition: 

Cs. There exist (weak) derivatives D,g and D, f such that 


IDs ellz- aa) Lio; T [Dx A FTO pres SC(a) forall a» 1. 
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Theorem 3.1 Suppose that conditions C1-Cs are valid. Then the weak solution to 
problem P from the class N (Q) x V2(Q) x W(Q) x Sr!W(Q) (defined in Section 2) 
is unique. 


Of course, condition C5 is a version of the standard local Lipschitz condition on 
g and f with respect to ‘nonlinear’ argument x; if g and f do not depend on x, then 
it is automatically satisfied. 

In fact Theorem 3.1 is proved together with a theorem on the Lipschitz continuous 
dependence on data (namely, the initial data, boundary data, and free terms) for 
the weak solutions. To state the latter theorem, we need additional notation. 

Let us consider two problems, P) and PC), of the form P. In the problem 
PM, £ = 1,2, the initial data 7°,u°, and 6°; the boundary data ur,pr, and xr; 
and the free terms g and f we supply with the superscript (£) and write down as 
990, ul g), etc. The weak solution to the problem P() we denote by z(0 = 
(n , ul, 08, x), 

Introduce the operation of taking a difference A such that Ay = gy — yf); 
then As? = 7%) — 592, Aur = ul? — u, An = n® — 902, etc. Set AF [x] = 
FO [rP] — FO [z] for F = g, f. Let us use the expansion Af[z(2] = /' 4- f" with 
some /', f" € L'(Q) (for example, with f' = 0 or f" = 0). 

To define negative norms for the free terms, we denote by F™ (Q) the space of 


functions F € L'(Q) with the finite norm 

J o Fe dadt 
F|| emio = sup —— 
Vln coy = IP gs 


where the supremum is taken over all y € V2(Q), y Æ 0 such that pļz=a = 0 provided 
that u|;—4 is prescribed on the boundary z = a, for a = 0, X; it is supposed that 
Fy € L!(Q) for all y specified. Introduce also the primitive functions and the mean 
value (Iv)(x) = f£ v(£) dé, (I*v)(z) = [Ë v(£) d£, and (v)g = X^! JË v(x) dz and 
the operators [)y = Iv — (Iv)o, Iv = I*v, Iv = Iv, Iw = I(v — (vja) for 
v € L'(Q). Note that the following inequalities hold 


ILI zm (9 < [7° Flir) fo m= 1,2,3, 
Ille 9) € MEO" Fllrzo) + VXIl(F)oll(or) for m=4 
provided that F € L! (Q) and I(™ F € L?(Q). On the other hand, we have 
IF llz=(q) < ellFllze(qy for all g € [1,2], r € [1,4/3] such that (29)! + r7! = 5/4. 


Theorem 3.2 Suppose that conditions C1- Cs are valid for the data of both problems 
PO) and PO), Then the following estimate for the norm of difference between the 
weak solutions to these problems by the sum of norms of the corresponding differences 
between their data holds: 


| And wc + llAullvico) + Ill zs (o) + llÀzellis wo; 
< Ke,, e(N) (IA Er (o) + LA? I ro + AC llz2(a) 
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+||Aur|lyjo,7) + ll&prllrszs(o,r)  llxrllz:i(o,r) 
Hagl Pleno + 109 1A gl, (o, 
HC fl rsroee -o(oy + IMS Palon + MA" lloro) 


for all q € [2,00), r € [2,4) such that (2g)! +r7! = (1-- &1)/2 and q = oo, 
r=2/(1+e1) with any 0 < € < ei < 1/2. 

In the statement of this theorem, the weak solutions to problems P() and P® 
are unique according to Theorem 3.1. 

Let us describe briefly how to derive Theorems 3.1 and 3.2. The derivation relies 
heavily on à few propositions concerning estimates for various weak solutions to 
linear parabolic IBVP with discontinuous data. The statement of these Propositions 
3.1-3.3 will be postponed until the end of the section. 

First, for any weak solution to problem P, we deduce the following formulas 


n= [f + (k/v)(0/y)y with y= exp((1/v)ho), (3.2) 
ho = I (u — u? — Lig|ze)) + hor, (3.3) 
where op, = (eg whereas op,4 for m = 2,3,4 were introduced in Lemma 2.2 


above. Such formulas [11] are very important as they do not contain derivatives of 
the sought functions. Moreover, under the assumption 


12 lao + lello + WAllvicay + Iltellog € N (3.4) 

with some Ñ > N, we prove the estimates 
Zeollo@) «Ki (N), (3.5) 
lll ro. "o (gy + lD6l ra (9) € K20N) (3.6) 


for qo, ro and q1,ri specified in Theorem 2.1. Estimate (3.5) follows from formula 
(3.3) whereas estimate (3.6) follows from Proposition 3.1 (see below) on 
Vi (Q) —solutions to parabolic IBVP applied to equation (2.3). 

Second, we take any solutions z) to problem P) and z(? to problem 72, 
Without loss of generality, one can suppose that they satisfy assumption (3.4). We 
establish a collection of auxiliary estimates for the components of the difference 
Az = (An, Au, A0, Axe) between the solutions with any 0 < t € T. Namely, by 
using formulas (3.2), (3.3), and estimate (3.5), we get the following estimate for An: 


Aliza.) € KaOV) (lul co.) + Alle) + bArr) (3.7) 
+Aim + |I Au [ls (oy + Is Apr] (o,7)); 


where 
b = b(x,t), [[Bllz2(q) S KaCN), Arm = HA liza) + IL Age. 
By applying the energy estimate for V2(Q)—solution to parabolic IBVP [17], [5] 
to such a problem for Au, we obtain the following estimate for Au: 


llAullv o) € Ks N) (IldAmll r2 (9, + lAl) + IIb ell zi (Qu) 2,5); (3.8) 
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where d = d(t), |Id|lz2(0,r) € Ke(N), and A2,» = |A? re + ||Aur|lyo,7) 
+1|Aprllzss¢0,7) + Aglee Illem(qy- 
Then, by using estimates (3.7) and (3.8), taking into account the simple estimate 


lAzelleæ@ € An laico) + lAn o X AVE (Q0 (3.9) 
as well as the Gronwall lemma, we have the combined estimate for Ar and Au: 


Anilz~(a.) + lAullvi co S Kz CN) (Aleng) + Allg) + Am + A,m). 

(3.10) 

Next, by utilizing Propositions 3.1 and 3.3 (see below), the latter one about 

L?(Q)- solution to parabolic IBVP, to such a problem for A8 and taking into account 
estimates (3.6) and (3.9), we deduce the following estimate for A6: 


llA8] re (9) € Ks, 54, (N) Clm 9 (Qu) + Auling) (3.11) 
lA0l ro (o. + AOI) + A3,m); 


with q,r and €1,€ specified in Theorem 3.2 and Asm = An. [rs 9) + lA. || p: (o) 
HA xrll ior) + I fl roro (9) + Iall r + If" lio 

The last estimate (3.11) is crucial in the proof. It is very important that one can 
take q = oo and some r > 1 as well as q = 2 and some r > 2 there. 

Finally, by combining estimates (3.10) and (3.11), and applying Lemma 3.1 (see 
below) that plays the role of the Gronwall lemma and also using estimate (3.9), we 
obtain the following estimate for Az: 


lAn + Aully.qy + Ablo + Age loq (3.12) 
< Ko,e1,e(N)(Ai,m + A2,m + A3,m)- 


By taking into account equations (2.1) and (2.4), one can easily replace L® (Q) by 
N (Q) and C(Q) by SŁ'W (Q). Applying this estimate in the particular case that 
z and z(?) are simply two solutions to problem P, we derive Theorem 3.1. Then, 
applying (3.12) in the general case and utilizing Theorems 2.1 and 3.1, we can take 
N — K(N) and finish the proof of Theorem 3.2. 

The rest of the section is devoted to important auxiliary statements mentioned 
above. We consider the following linear parabolic IBVP 


Di(ov) = D(8Dv —)--F in Q, 
v|i-o = v?(z) on 2, 
v|z-o = 0 (or (8Dv — Y)lz=0 = so(t)), vlz-x = 0 (or (8Dv — v)l;-x = sx (t)). 
We denote this IBVP by L. Let o,8 € L?(Q, N! a«N,N'«8«N 


and ||D:8||z26-re(q) € N for some gg,rg € [1,oo] such that (295)! + rg =1;a 
smoothness (or continuity) of œ and £ in x does not supposed. 


Proposition 3.1 Suppose that F € L'(Q), v? € L'(), so,sx € L'(0,T), v = 0, 
and ||Dio||rss."« (Qj € N for some qa, ro such that (295) ! + (ra)! = 1— &4/2 
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with some Eq € (0,1). Then problem L has a unique weak solution v from V1(Q). 
Moreover, v,ov € C([0, T]; £1(Q)) and the following estimate holds: 


Ilvllcto; 121) + |lullza0.r0(Qy + IlDollra io (3.13) 
< K.(N) (Iv9]l o qo) + HE leo) + IIsollz2(0,7) + Hexllz:(o,r)) 


for qo,ro and 1,171 specified in Theorem 2.1 but with € € (0,£5]. In addition, the 
initial condition v|j-o = v? is satisfied in the sense of the space C([0, T; L1(Q)). 
Note that the definition of Vi (Q)—solution is quite similar to the standard defi- 
nition of V2(Q)—solution, see [17] (and also integral identity (2.11)). 
Let us treat the problem £°, which is a special case of problem £ for y € L9/5(Q), 
F = 0, v? = 0, and sọ = sx = 0. First, in accordance with [17], we call a function 
v € L?(Q) a weak solution from L?(Q), if it satisfies the integral identity 


"d "lee + D(BDwq)|dzdt = j wD dxdt 


for all y € H!(Q) such that BDy € V2(Q), yl=r = 0, and also yļz=a = 0 (resp. 
(8Dq)|;,-a = 0) provided that v|,-4 = 0 (resp. (8Dv)|,-a = 0) is prescribed on 
the boundary z = a, fora — 0, X. 

Problem £? has a unique solution v from L?(Q), and the following estimate holds 


llvllr2toy < KON) Ill zesq) (3.14) 


But for our purposes it is essential to have an additional estimates for v in the case 
v € L?(Q), p € (6/5,2). Let us state such a results; for simplicity, let a = a(x). 


First, we bound v in V,(Q) for p > 2 and Dv in L?(Q) for p < 2 but, in general, 
only for p close to 2 in the both cases. 


Proposition 3.2 1. Let v be Vi(Q)—solution to problem £9. There exists p = 
2 + ðo with do = 1/Ki(N) such that, for all p € [2,7], if v € L*(Q), then v € 
V» (Q)nC([0, T]; LP(0)) and the following estimate holds: 


lvl coy < KIYI). 


2. Let v be L?(Q)— solution to problem L° and p = max(p',6/5). For any 
p € [p,2], if y € L?(Q), then Dv € L?(Q) and the following estimate holds: 


llelln2¢qy + [IDullzecqy € E(N Q). (3.15) 


Note that claim 1 is really valid without the above condition on D,5. 
Next, we bound v in £%"(Q) and separately in L??"(Q). 


Proposition 3.3 Let v be L?(Q)—solution to problem L°. 
1. Let q,r € [2, oo], 209) ! + r^! = (1—0)/2, |ó| < 1/2, and 0 < € < 1/2— ô. If 
v € L°(Q) with p = 3/(2 — ô — £), then Lt" (Q)— estimate for v holds: 


llvlizes(oy < Kis (N llv. 
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2. Let r = 1+ (py)! with po € (p,2) and0 < eg < 1—r-!. Ify € L*(Q) with 
p = [(5/6)(1 — r7! — £o) + py! (r7! + &o)] 75, then L??"(Q)- estimate for v holds: 


lvl o. (Q) < Kareo (N)llellrr (oy 


The following result can replace the Gronwall lemma in some situations. 


Lemma 3.1 Let 1 < s; < r; < oo fori = 1,...,n. Suppose that a collection of 
functions Y; € L'(0, T), i — 1,...,n, satisfies the inequality 


p» IlYill ros (0,2) < Co + 5 lbs Villas: (o,t) for all t€ (0, T], 
1<i<n 1<i<n 


where Co = const > 0 and ||bil iss (o,r) € N with F = (s; rib) i-l...n, 
and some jt > 1. Then the following estimate holds: 


5 IlYill re o,r) < K?(N)Co, 


1«icn 


where K°(N) depends only on N,T, and y. 

All the Propositions 3.1-3.3 and Lemma 3.1 (as well as a result much more general 
than estimate (3.14)) were proved in [21]. Here we notice only the following. The 
proof of estimate (3.13) exploits L??(Q)—estimate of the well-known type [17] (see 
also [4]) for the solution to the problem dual to problem £. Claim 1 of Proposition 
3.2 is deduced by some nonstandard duality argument [5] from the related Kruzhkov 
theorem [16] concerning W?:i ?(Q) —solvability of nondivergent parabolic IBVP with 
the coefficients in L?*(Q). Claim 2 follows from claim 1 by the standard duality 
argument. The estimates in Proposition 3.3 are derived from estimate (3.14), the 
energy estimate |lv|ly, oj € K(QNV)|vl[r2(Q), and estimate (3.15) by methods of the 
theory of real interpolation of Banach spaces [12]. Lemma 3.1 is a simple technical 
result. 


4 Regularity of weak solutions 


Let us turn to regularity theorems for a weak solution to problem P (under the same 
conditions C, on the coefficients). 

First, we analyze the internal regularity for u and 0 together with o and s (for 
simplicity, with respect to t only) under the same broad conditions C» on the initial 
data. Let ¢ € H!(0,T) be a cut-off function such that ||DiC||r:(oorj < N and 
Çl:=0 = 0 and V1)? (Q) zV(Qqn H33” (Q) be the Banach space with the norm 

0,1/2 
lwll = lwll) + lelia”. 


Theorem 4.1 1. Suppose that conditions C1— C4 as well as the conditions 


ICI 29) + IC? llo) <N, (4.2) 
lDe(Cur)Ilz4r9(0,7) + II¢prllvjo,zy + lle xrllvo,r <N (4.3) 
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are valid. Then, for the weak solution in Theorem 2.1, the additional regularity 
Di(Qu), D((20) € L?(Q) and Qo, s € y (11/2 (o) take place and the estimates 
hold: 


lD: (cu)llezo) + IDEO) € K(N), 
ll&ellu arm (oy + ll? mll erm (oy < K(N). 


As a consequence, Cu, (70 € C(Q) and D(¢u), D(¢?0) e L%"(Q) and the estimates 
lculleqg, +alle S KN), IDCs + IID(OllIzs so) < KN) 
hold for all q,r € [1,00] such that (29)! + r^! = 1/4. Moreover, the equations 


Di(Gu) = D(Ga) + Gg[ve] + (DiC)u, 
cv D,(¢76) = D(C?2) + CoDu + C fle] + cv (Di (¢?))0 


are satisfied in L?(Q). » 
2. If, in addition, the following conditions on g, f, and ur are valid: 


ll 922.272 (9) + IG? Flos (y < N, Dele ur) - (Di(C)urllzs (on <N 


for some q;,r; € [1,00], i = 2,3, such that (2g;) | ^r; = 1—& and for r; = 2/(1-e), 
with some e € (0,1], then (?o, (? 1 € L®(Q) and the estimate holds 


llc re (9 + MIC? Il (o) € KCN). 


To illuminate Theorem 4.1, one can fix 0 < tı < t; < T and arbitrarily small 
ô € (0,41), choose ¢(t) = 0 on [0,41 — 6] and C(t) = 1 on J = (tı, t2), and apply the 
theorem in the case T = tz. Set Q' = ( x J and Q5 =Q x Js with Js = (tı — 4, t2). 
Then, under conditions C1- C, and g, f € L?(Q‘), Diur € L4/(Js), pr, xr € V(Js), 
the regularity properties D;u, D,0 € L?(Q'), a,n € y? gr. u,0c C(O), and 
Du, D0 € L%"(Q") are valid, for q,r specified in Theorem 4.1. Moreover, the first 
equations (2.2) and (2.3) are satisfied not only in the weak sense but in L?(Q’) 
as well. If, in addition, for q;,r;, and rẹ as in Theorem 4.1, g € L?«2?7?(Q!), 
f € L?w?rs(Q*), and Dyur € L": (Ja), then o,r € L®(Q'). We emphasize that 
the properties Do = D(vpDu — p) € L?(Q') and Dr = D(ApD0) € L?(Q') are 
somewhat striking because due to the lack of regularity of 7° and v, k, A, generally 
speaking, the functions p, Du, p, and DO do not have the weak derivative D in Q'. 

Now it is natural to consider the regularity up to the moment t = 0. In 
this connection we introduce a new definition of solution. À vector-function z — 
(0, u,8,2.) € N(Q) x H1(Q) x H!(Q) x SP!W(Q) will be called an almost regular 
weak solution to problem P, if Do, Dr € L?(Q), 0 > 0, and all the equations (2.1)- 
(2.4) are satisfied in L?(Q) and the initial and boundary conditions (2.5)-(2.7) are 
satisfied in the sense of traces. 

In this definition, the properties of 7 are the same as above. In contrast with the 
definition of a regular weak solution in [11], we do not suppose that Dn € L?~(Q) 
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and D?u,D?0 € L?(Q) (or even that these derivatives exist). But this is no barrier 
for us to consider Do, Dr € L?(Q) and the first equations (2.2), (2.3) in L?(Q). 
Theorem 4.2 1. Suppose that conditions C1-C4 as well as conditions 


lDu?llrz(o + DO Iza) SN, glleg + Iflg <N, 
Deurlle4/3¢0,7r) + llprilvjo,ry + lixrllvto,r] € N 


are valid. Let also the conjugacy condition ug(0*) = u°(0) (resp. ux (0*) = u9(X)) 
be valid provided that u|z=9 = uo (resp. ulz-x = ux) is prescribed on the bound- 
ary. Then the weak solution in Theorem 2.1 is an almost regular one satisfying the 
estimates 
[|Deellz2(Q) + IDeal € K(N), _ lel eim (gy) + laly» € EN), 
lulle + Mlle S KCN), IlDullzero + lIDOl pes (y S KCN) 
for all q,r € [1, oo] such that (23)! + r^! = 1/4. . 
2. If, in addition, the more strong conditions on u?, 0°, g, f, and up are valid: 
ID | re gy + IDe) <N, 
Illl r222:272 (9) + Ifl] roa 275 (9) € N, lDirurllz-c(o,7) € N 


li 


for some qi,ri € [1,00], i = 2,3, such that (29;)  - ke = 1-e and for re 
2/(1 — €), with some e € (0,1], then the estimate in L©(Q)~—norm holds: 


llellrss«qQ) + Hl (oy € KGN). 


3. Let the conditions in Item 2 together with the continuity properties o? = 
vp? Du? — kp°6° € CM), 7° = APDO € C(Q1) (where p? = 1/n°), and pr € C0, T] 
be valid. Let also the conjugacy condition o? (0) = —po(0) (resp. o°(X) = —px(0)) 
be valid provided that o|z=0 = —po (resp. o|z=x = —px) is prescribed on the 
boundary. Then o,r € C(Q), i.e. o and v are continuous on Q. 


We emphasize once again that, in the above theorems, for the coefficients 
v, k, cy, A and initial function 7°, it is sufficient to belong to L^? (Q) and to be strictly 
positive. 

To prove Theorems 4.1 and 4.2, we establish their counterparts for semidiscrete 
problem P^ and then pass to the limit as h — 0; see [9] for details. 


Remarks 

1. The results of Section 2 were proved [6] in the case of the more general than 
(2.7) boundary conditions (—7+09)|z=0 = xo(t) and (r--ux0)]l;-x = xx (t), where 
Uo 2 0,ux > 0, and ||uollzs(o,r) + liuxlirs(o,r) € N for some s > 2. Moreover, 
the first and (or) second of the last boundary conditions can be replaced by the 
conditions 0|,..9 = 0o (t) and (or) 0]; x = 0x (t), respectively, where 09 > 0,0 x > 0, 
and ||#ollvjo,7) + l8 xllvio,r] < N, see [1]. 
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2. Other theorems concerning the Lipschitz continuous dependence on data, for 
the constant coefficients and not so weak solutions as in Section 2, can be found in 
[2], [22]. 

3. Weak solutions to the combustion problem for a viscous heat-conducting gas 
1D-equations were considered in [24]. 

4. The homogenization problem for rapidly oscillating periodic nonsmooth coef- 
ficients and initial data as well as weak solutions to the limiting integro-differential 
Bakhvalov-Eglit system (which is more general than system (2.1)-(2.4)) were studied 
in [7,18]. 
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Abstract 


In this note we present results on the regularity criteria for the axisym- 
metric weak solutions of the three dimensional Navier-Stokes equations with 
nonzero swirl. In particular we find that the integrability of single component 
of vorticity or velocity fields, in terms of norms with zero scaling dimension 
give sufficient conditions for the regularity of weak solutions. To obtain these 
criteria we derive new a priori estimates for the axisymmetric smooth solutions 
of the Navier-Stokes equations. 


1 Introduction 


In this paper, we are concerned with the initial value problem of the Navier-Stokes 


equations in IR? x [0, T). 


AU (u- V)ju- Au = -Vp, (1) 
div u — 0, (2) 
u(z, 0) = uo(z), (3) 


where u = (u1, u2, U3) with u = u(x,t), and p = p(z, t) denote unknown fluid velocity 
and scalar pressure, respectively, while ug is a given initial velocity satisfying 
div ug — 0. In the above we denote 


For simplicity we assume that there is no external force term in the right hand side 
of (1). Inclusion of the external force does not provide essential difficulty in our 
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works of this paper. We recall that the Leray-Hopf weak solution of the Navier- 
Stokes equations is defined as a vector field u € L® (0, T; L?(R?)) n L?(0, T; Hi (R?)) 
satisfying div u = 0 in the sense of distribution, the energy inequality 


t 
lue +2 [ | Vu(s)I3ds < lluoll? ae. t € [0,7] 
and 


T 
1 l (u- pi + (u -V)o -u +u- AQ)dxdt + | uolz) - d(x, O)dx = 0, 
0 JR R3 


for all $ € Cg? (R? x [0, T))? with div ¢ = 0. 

For given uo € L?(R?) with div ug = 0 in the sense of distribution, a global weak 
solution u to the Navier-Stokes equations was constructed by Leray[14] and Hopf[11], 
which we call the Leray-Hopf weak solution. For review on the theory of the Leray- 
Hopf weak solution see [8] and [24]. Regularity of such Leray-Hopf weak solutions 
is one of the most outstanding open problems in the mathematical fluid mechanics. 
For further discussion below we introduce the Banach space L7", equipped with the 


norm 


a 


T 
lullzg = (/ ncoiga 


7 . 
lut), = 4. (e lulet) de)” if 1 <7 < 00 
ess sup, crs |u(z,t)| if y= oo 


where 


In particular, we use the same norm for scalar function u = u(x) and the vector 
function u(x) = (u1 (x), u2(£),u3(£)). Taking the curl operation of (1), we obtain 
the evolution equation of the vorticity w = curl u, 

Ow 

gr^ Aw + (us Vw- (w: Vu = 0. (4) 
As an approach to the regularity problem Serrin[22](See also[20]) studied the regu- 
larity criterion of the Leray-Hopf weak solutions, and obtained that if a weak solution 
u belongs to Ly” where 2 + 5 «1,2«0a €00,39 « y € co, then u is regular, and 
becomes a smooth in space variables on (0, T]. After Serrin's work, there are many 
improvements and developments regarding the study of regularity criterion.(See e.g. 
[9], [10], [12], and [23].) It is found, in particular, the Leray-Hopf weak solution 
becomes smooth in (x,t) if u € Ly’ with 2 t - «1,2 € a € 09 3 <4 < co, 
On the other hand, Beirão da Veiga[1] obtained the regularity criterion by imposing 
the integrability of the gradient of the velocity. Recently, one of the authors[3] im- 
proved Beiráo da Veiga's result by imposing the same integrability condition on two 
components of the vorticity. Very Recently, Neustupa et al[18] obtained regularity 
criterion by imposing integrability of single component of velocity field. The integra- 
bility condition here, however, is stronger than the Serrin’s onc, and is not optimal 
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in the sense of scaling considerations. Moreover, the weak solution concerned in 
[18] is not the Leray-Hopf weak solutions, but the so called suitable weak solutions 
introduced first in [2]. 

We are concerned here with the regularity criteria of axisymmetric weak solutions 
of the Navier-Stokes equations. By an axisymmetric solution of the Navier-Stokes 
equations we mean a solution of the equations of the form 


u(x, t) = u”(r, T3, t)er F u? (r, T3, t)eo + us (r, T3, t)es 


in the cylindrical coordinate system, where we used the basis 


er = (=, 2,0), e = (-7, 4,0), es = (0,0,1), r = ya? + a2. 


In the above u? is called the swirl component of the velocity u. For the axisymmetric 
solutions, we can rewrite the equation (1) and (2) as follows. 


bw 1 1 1 

"pr T (OF +. + zôu" + su" — zuu’ Bsp = 0, 
Du? 1 1 1 

— - - (8 + 0] + Zôu? + Gu? + uu" = 0, 

Dus 1 

"DE - (BF + 03 + -0,)us + Osp = 0, 


0, (ru) + 83(ru3) = 0, 


where we denote " 
Rl +u”, + ug 
Dt at is 


In the following, we will also use the notation for the axisymmetric vector field u 
a = ule, + uses, 


and " 
V= (3r, 03). 


For the axisymmetric vector field u, we can compute the vorticity w = curl u as 


follows. 
wW = we, + weg + wsea, 


where T 
w^ =—d3u", w3 = 0,u? + =, w? = —O,us + Osu". 

For the study of axisymmetric solutions of the Navier-Stokes equations without swirl, 

Ukhovski and Yudovich [25] proved the existence of generalized solutions, unique- 

ness and the regularity. Recently, Leonardi, Málek, Nečas and Porkoný [13] gave a 

refined proof of the results in [25]. In the related case of helical symmetry, Mahalov, 

Titi and Leibovich [15] proved the global existence of the strong solution. For the 
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axisymmetric Navier-Stokes equations with nonzero swirl component, however, the 
regularity problem is still open. For the axisymmetric Euler equations with swirl, the 
azimuthal component of the vorticity in the cylindrical coordinates alone controls 
the blow-up of the velocity( See [5] and for the other studies on the axisymmetric 
solutions of the Euler equations, see [4], [16], [17], [21], [25] and references therein.). 


2 Main Results 


Our main results are the following four theorems. The detailed proofs of which are 
in [6], and will be published elsewhere. 


Theorem 1 Let u be an axisymmetric weak solution of the Navier-Stokes equations 
with uo € H?(Q) div up = 0 and Qr = € x [0, T), where N is bounded domain or 
R3. Ifw is in LẸ (Qr) where a and y satisfies $ < y < oo, 1 < œ < oo and 
24 3 < 2, then the weak solution u is smooth in Qr = x (0,T) where €! CCN. 


Remark 1. Comparing with the result in [3], we find that Theorem 1 is an ob- 
vious improvement of the corresponding criterion theorem in [3], which is, in turn, 
improvement of [1] for the axisymmetric case. 

The following theorem provides us the available a priori estimate for w^, which is 
new for the axisymmetric solutions to the knowledge of the authors. 


Theorem 2 [fu is an axisymmetric smooth solution of the Navier-Stokes equations 
with initial data uo € L?(R?) with div ug = 0 satisfying r°w8 € L'(R?) and rub € 
L^ (I3), then r*u? € LX? n L?(0, T; H! (R?)). 


For a given axisymmetric function f on R?, we define the £7 norm by 


lly = ( i : f "Mes zo) drdss 


Theorem 3 Let u be an axisymmetric weak solution of the Navier-Stokes equations 
with the initial data ug satisfying rub € L*(W3), r*wf € L?(IR3) and ug € H?(R?). 


(i) If u" and u? is in L^(0, T; L'(drdz3)) where 2 < y < oo, 2 <a < œ and 
4+ 1<}, then the solution is smooth in R? x (0,T). 


(ii) If w? is in L*(0, T; L'(drdz3)) where 1 < y < oo, 1 <a € coo and i. i <1, 
then the solution is smooth in R? x (0,T). 


Remark 2. One of the interesting consequence of Theorem 3 (ii) is that if w? € 
L?(0,T; L?(drdza)), then the solution becomes smooth. By the energy inequality for 
weak solutions, however, we know that w € L?(0, T; L?(rdrdz3)) for the Leray-Hopf 
weak solutions. Thus there is a discrepancy between the available estimate and the 
criterion in the region only near the axis of symmetry. 
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We note that the norm ||u||r.« (o;r;r»(4raz4)) has zero pre nenion ifi ats Lo 
i, and ||w||z<(0,7; L"(drdzs)) has zero scaling dimension if + = 1. The above 
criteria are optimal in this sense. 
As an immediate corollary of Theorem 3 (ii), we can reprove the following result on 
the regularity of axisymmetric weak solutions in the case without swirl, which was 
obtained previously by Ukhovski and Yudovich [25] and Leonardi et al. [13] using 
different argument. 


Corollary 1 Suppose uo is an axisymmetric initial data without swirl, satisfying 
the hypothesis of Theorem 3. Then there exists a smooth solution on IR? x (0,T). 


Next, we obtain regularity criteria in terms of a single component of velocity field. 


Theorem 4 Let ô > 0 be given, and set Y; = {x € R? |r < 5}. Suppose that u is 
an axisymmetric weak solution, and satisfies the hypothesis of Theorem 3 and one 
of the following conditions. 


Either 


(i) = € L^(0, T; L'(T;)) where a and y satisfy 3 < y < oo, 1 < a < oo, and 
23 <2, or 


(ii) ue € 1^0. T; L'(T5)) where a and y satisfy 3 < y < co, 2 « a < œ, and 
ae 3 <1. 


Then u is smooth in R? x (0,T). 


Remark 3. Comparing with the result in [18] on the regularity criterion in terms 
of single component of velocity for the general case(without assumption of any sym- 
metry of solutions), we find that in Theorem 4 the integrability assumption for the 
single component is much weaker, and optimal in the sense of scaling dimension of 
the norms. 


A result similar to Theorem 4 (ii) was obtained independently at about the same 
time by Neustupa et al., see [19]. 
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Boundary singular sets for Stokes equations 
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Abstract 


Removable singular sets on the boundary for Stokes equations are considered. 
We prove that the capacity function lies in a suitable fractional Sobolev space. 
This implies that singular sets with small capacity are removable to fractional 
Sobolev solutions. Then we prove that Poisson kernel to Stokes equations maps 
the capacity measures on the boundary to suitable fractional Sobolev spaces in 
domain. Thus we find a criterion for the capacity of removable singular sets and 
the regularity of the Sobolev solutions. 


1 Introduction 


In this note we study singular sets on the boundary for Stokes equations. Mainly we 
are concerned about the size of singular sets and removability. The relation between 
the size of interior singular set and removability is relatively well understood for 
Laplace equations. In particular We refer to the excellent book by Carleson(see [1]). 
Also the behaviour of solutions to Stokes and Navier-Stokes equations near isolated 
singular point are studied by several authors(see [3] and [6]). When the singular sets 
are large, the languages of capacity and Hausdorff measure are most convenient. 
Indeed Shapiro studied the removability of interior singular sets for Navier-Stokes 
equations in terms of Newtonian capacity when the space dimension is three. 

On the other hand Chesnokov and Egorov studied boundary singular sets for 
linear partial differential equations. There the regularity 
assumptions of solutions are described in terms of fractional Sobolev space W*? 
which are Hilbert spaces. He found some optimal relations between the capacities 
of singular sets and regularity assumptions on the solutions. 

Suppose that A C R^. The usual Riesz capacity Cap,(A : R”) is equal to 
sup (A), where the upper bound is taken over all positive Borel measures u with 
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their supports in A for which f |x — y|""?du(y) < 1. Define a ball by B, (zo) = {z: 
|æ — zo| < r}. Then the Hausdorff measure is defined in the following way: 


k 
H^ (A) = lim inf [ri 


i=} 


where the infimum is taken over all the finite union of the balls B,,(x;),rj € € which 
cover A. 

Let N C R"*!,n > 1 be an open bounded domain with smooth boundary. We 
define the fractional Sobolev space W%4(M),1 > s > 0,q 2 1 by the set of all 
functions v in L*(f1) such that 


f |v(z) — v(y)? 


lo — reiten dzdy < oo. 


sup 
z, yen 


Here we find the removability criterion in terms of capacity of the singular sets 
on the boundary and regularity assumptions on the solutions for Stokes equations. 
One important ingredient is that the capacity function lies in a suitable fractional 
Sobolev space(see Lemma 2.2). Moreover we prove that the Poisson kernel maps 
capacity measure to suitable fractional Sobolev space. The following Theorem is 
our main result. 


Theorem 1.1. Suppose u € W*"(Q),p e Ws-*"(Q,1«m€2,0«s« 1 is a 
solution to Stokes equations and A C ON. Let 


m 
A sd. 


Then if Cap,(A : R”) = 0,y > 0, then A is removable. On the other hand if 
Cap4(A : R”) >0,y <9, then A is irremovable. 


We denote a constant depending only on exterior data by c and double indices 
mean summation. 
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2 Boundary singular sets for Stokes equations 
We let (u, p) : R**! + R"*! x R be a solution to Stokes equations 
Au — Vp — 0, V-u=0 


in a bounded domain f? C R”+!, For simplicity we assume that Q C R” x R* and 
T C 0€) is an open subset of R” x {0}. 
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From integration by parts we have 


i p| i i i, 04 
"AES - gv —u [aw + gi as- f ov ots 


zi Tij(u,p)v'v) — Tj; (v, q)u'vido, 
en 


for all smooth (v, q), where v(y) is the outward normal vector at y € ON and 


Out 
Ti; (u, p) = —Óip + On, 


and avi 
I u? 
Ti;(v, q) = 6:39 + Bay" 
When (u, p) is a L'(Q) weak solution of Stokes equations, we define the trace ur of 
u on T as a functional in D (T) by the formula 


(urd) = f v [avt + 5L as e f pV- vde, 
Q ð Q 


dx; 
where ¢ € D(T), (v,q) € D(Q), v = 0 on ON and (v, q) satisfies 
T;,(v, qv? = d! 


for all  — 1,...,n,n + 1. 

We let A C T be a compact subset and ur = 0 on I \ A in the sense of trace. 
We want to know a relation between the size of singular set A and the regularity 
of u to decide that ur = 0 on whole I. If ur equals to zero across A, we say A is 
removable. First we consider the case when v lies in Lebesgue integrable spaces and 
A has a finite Hausdorff dimension. 


Theorem 2.1. We suppose that u € L™(Q),m € [1,00) and p € L!(Q). If 

Hu uy = 0, then A is removable. 

remark. The Poisson kernel for velocity is supported at a single point which has a 
i A . nil 

nonzero 0-dimensional Hausdorff measure. Moreover it lies in weak-L** space and 

the trace is not zero. 


proof. For notational simplicity, we denote t = zr44,i1 and zr = (x1,°-+,2n). If 
m « mil then n(m-1)-i « 0 and A is empty. Thus the theorem holds trivially. 
Suppose that u € L'(Q) and p € L'(N),m > mH. Since A has zero alma 
dimensional measure, for given € there exist (B,,(z*) : |rx| < &,z* € A} such that 
A C UB,, (z*) and 

ecu. n. 


1 k m = 
im Dee 
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Moreover we can assume that for each fixed e, § X ry < € for all k. We let a* (x, t) 
be a shielding function of B,, (z*) x (0) such that a^ (x,t) = 0 in Br, (z*) x (0,74), 
af (x,t) = 1 in R” x R*\ Bor, (z*) x (0,274), |Va*| € £ and |V?a*| < *z- Moreover 
we can assume that (B,, (z*)) has finite intersection property, that is, for each z 
the number of the balls which contain x is bounded by a constant depending only 
on n. Let h.(z,t) = 1— $p ag(z,t). Also we let ge : Rt U (0) + R be a smooth 
function such that ge = 1 in [0,&) and ge = 0 in [2e, 00) and |g,| € E, 

Suppose that ¢ € C$?(T : R”+!) and v = tgehe. Moreover we define q = 0. 
Then, we find that 


ðv ð 
8, 0)z ^7 8t [tóge he] = -he (x) 
for outward unit normal vector v and since v(z, 0) = 0 for all (z,0) € T, 
ov 
Or 
for all tangent vector 7 at each (2,0) € T. Hence from integration by parts we find 
that 


=0 


f ui (Av! + Su er «f pV - vdadt 
Q Ox; Q 
= f wA (t gehe) dxdi + f p [tge V - (ġhe) 
Q f 
ttot! gehe + ir ge he] dzdt 


= J T, (v, 0)u'v;dz. 
r 


Observe that u is smooth in (1 V UB,, (£x) and u is well defined on T VUB,, (2x). 
Since ge = 1 on T and 2" (a, 0) = —gh,(z,0), we have 


- [sites = [ ui^ (to gehe) dadt 
r 2 


+ f p (tge V - (he) + ^3 geh, 
QR 


+t” Hg, he) dadt. 


Since we are assuming p € L!(f1), we see that 


+0 





|f» (rv e (gehe) + gt gehe + t$" gh.) dxdt 
as € goes to zero. On the other hand we have 


[ u A (té! geh.) dzdt 
QR 
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= Í tu! (Ad! )g. h, dzdt + i tu‘ g: Ah, dadt 
Q 

+ / tug. Vj - Vhedadt + f tg, u$ hedzdt 
Q Q 


+ f 9, u' dh, dadt 
2 


=I; +I +I + IV; +V.. 
Since ||A$||;; < oo and u € L”, 


a met 
Hel < lA ellos (f D) (/ (ache) =t dudt ) 
Q Q 


and 
lim [Ze] = 0. 


Now we recall that ||Ao*||.; < Æ. Thus we obtain that 
k 


m-—i 


HI| < pull =/ [tg Aat | 77T dzd 
k 22 


m-i 


aS m-i 

2E m n mc 

< |Iullz. | aetas f aeta 
E k 0 


m-—1 
m 


m-—1 
US 27h m ie We 
<llullm 7 | f Aot a | l stad 





k 


n(m—1)-1 
Sehor, ^ 
k 


for some c. Since Ha (A) = 0, limo |I] = 0. Similarly 


lim |IJ¢| = lim [Vs] = lim |V.| = 0. 
This completes the proof. 


Now we consider the case when v lies in a fractional Sobolev space W**”. The 
following lemma for capacity function is essential. 
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Lemma 2.2. Suppose that u is a nonnegative Borel measure defined on R” and 
n » m » 0. If u(R") « oo and its Riesz potential satisfies 


Rege) f peL 


then 
Rm (u)(2) € WEZ (R^) 


for all 1 € r € 2 and ar « m. 


proof. We show that R4, o(u) € Lj, (R"), if 1 € r € 2and or « m. Let DC R^ 
be a bounded set. ¿From Fubini theorem we have 


f f duty) 
p |J r» |x — ylr—™ te 
1 dug) "7 
=] d M al PRIN i222 NP l 
Ja nan Jis - gps J ae A 
On the other hand 


| 1 i du(z) Įm 
————— ————— dx 
plea [Je [a aom 
1 2-r 
< | ——Á . 
D |x yl ^77 *9)257 
-1 
1 du(z) — | i 
LO (n7 ma) z& L anama ~ 
p |z — y| 751 Jpn |x — z| 


2—r v-—1 
< f NND l Serna j ORBE Cs TE 
~ [/n|z— y| mta) z= m |y — z|(n mtrt) n : 


Now we choose a = Uz29)0-D , Then since ar < m, we find that (n- mte) 79) 1-29) <n 


n-m+a ' 
and (n — m t a)(1 - z£3) ^ n 2 n — m. Since we are assuming 


f dul NE 
m |z — z|" 7 


1 dus) 17 
/ jz uj [n7 e |/ |x BS ses] dz < es 
R” y R” 


Thus f(z) = Ra s(u)(x) € L” and 
Rm(u)(z) = Ra(f)(z). 


r 
dz 











we get 
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Therefore from the definition of fractional Sobolev space we get Rm (u) € W^. 
From Lemma 2.2 we find that if Cap,,(A : R”) = 0, then for each £ > 0 there 
exists he such that he = 1 on A and 
lim l^ello,s =0 


for each 1 € r € 2,ar <m. 
The following trace lemma is relatively well known. We let v € D(f1) and denote 
its boundary value by yov and its normal derivative by 41v = gu at T c 00. 


Lemma 2.3. Let m > 1 and s > 0 be two real numbers such that 1 < s < k-1,5— 
4 =l +o, where l 2 1 is an integer and 0 <0 <1. Then, the map 


v — (ou, mu) 


defined on D(Q) has a unique linear continuous extension as an operator from 
W*'"^(Q) onto W*-s (ƏN) x W*-1-:"(9). Moreover 


< inf ; 
lf lls—2,m,a0 S veWe (0) ov f Ilolla m, 


The following theorem shows a relation between the Sobolev space and the size 
of singular sets on the boundary. 
Theorem 2.4. Suppose u € W*"(Q),pe W*-^"(0,1«&ms€2,0€s« 4 and 
Cap4(A : R”) =0 for some 
m 
8 = —— (1 - s) - 1. 
Tresc cU 


Then ur = 0 on T in the sense of trace. 


proof. From Lemma 2.2 and the assumption that Cap,(A) — 0, we can find a 
shielding function ge € Cg? (KR?) such that g: = 1 in a neighborhood of A and 


llgello, R” «ce 


for all 1 <r < 2. Then, set he = 1 — ge. Now we fix o € C° (E). From the trace 
lemma there exists v^ such that 49v? = 0 and yv? = heġ with 





Hellas. mua < ellhedlli s- mtm, o 


m-1l' 
Now we choose r = Z"4 anda =1-s- m-l Thus 


||he dll, um R= [|e Plla,r,Re Sc. 





m 
m-i? 
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Note that ar = (1— s — 471) 7. — 0 < y. Now we take q = 0 and the above v* 
in the Green's identity. Thus we obtain that 


f idha = [i ut (Ato t 2) dazdz444 + / pV : vu drdtn41 
r Q Ox; Q 


< lulls mell Av*]|- s 27,0 + llel- ell Volh- zo 
< c (|lulls mo + Ilp|le—1,m,2) ||v* |l2- na pg 
S (llullsm all + +]]P|lo—1,m,0) Ihe] s- met, cm 


< e||Re|la,r,R" < CE. 


Therefore sending € to zero we conclude that 
I u'¢'dr = 0 
r 
for all ọ € CF (T). 


Now we consider the converse of Theorem 2.5. The Poisson type kernel for upper 
half plane is necessary. Let (G,r) be the Green's tensor for upper half plane(see 
section 2.2 in [8]). We define the stress tensor on the boundary z44,1 = 0 by 


0Gj 
T: (G*, r*) (s, £) = &gr"(z, o (08 Si je 8. 


Observe that 


È n+i „n+i $n 
IT (Gr J(z, €)| < ja — eH 


on z441 = O(see Theorem 2.2.1 in [8]). 


Theorem 2.5. Let 1<m<2 and0<s< i. Suppose that A is a compact subset 
of U and 
0 < Cap,(A) < oo, «y «62 — (1-3)-1. 


Then there is a solution to Stokes equations in W *^ ( R? x R*) with nonzero boundary 
data supported on A in the sense of trace. 


proof. There is a nonzero Borel measure u supported on A such that 
d 
l un Ze 
pr» |z — y|" 


|z|(A) < oo. 


and 
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We define that 
wt =- | Tia Gtr Ve — z, 04i) 
First we prove that u € L'^(Q). Set X = (x,t) and Z = (2,0). Also define that 
K4(X — Z) = Ti, ay (G5 r*)(s — 2, t) 


Then, from a direct calculation we have 


f &corax se f | [ ««- Zia) "dX 


= f | IK(X — Z)|d|p|(41) | i |K(X — zy) ax 
< | l f IK(X — zaxda] 


fl / / IK(X - Z)K(X - ZAX dlu zd) ues 


Recall that 
|K(X - Z) < eX — 2)". 
Thus we find that 
fikx - Z)dX €c 


for some c independent of Z. On the other hand we let X — IA and E = I-A 
Then 


1 a E uf 
I K(X - ZK (X - 2X «xs / IK(X — 4) K(X - ZyaX 


1 
< (——————— 
ES “Th -— Z|n-1 


for some c. Note that 0 < 0 € 1. Since n — 1 € n — 6, we find that 
J [ex - zo - 2iaxauzo < c 


and u € L”(Q). 
Now we need to estimate the fractional norm 


fu(X) — u 
J D ppw dXdY. 
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We take a small number ó which is fixed later. We let 
a —(2—m)(n-2)—ó and b=n(m—1)+2m+ms—3+6 


Then, a -- b 2 n - 1-- sm. As in the case of L™ norm estimate we have 


1 
Ix 


elf | [Esas irera] 


| ff | SAB Duk ke a 


áXdY d|u(Z)dlu|(Zi)]" ^ 
If we set W — X — Y, then we can write that 


J IK(X - Z) - K(Y - [K(X — Z) - K(Y - 2) vay 
|X - Y | 


J K(X-Z)-K(Y - Zya] dXdY 





- f IKW +Y - Z) - K(Y - ZU way 


|W |= 


«c —— A Ó 
= Pare 


Since ô > 0, we have 


K(X -Z)-K(Y -Z 
JJ | Fog re D axavauen) <e 


Now we observe that 


MENU Pe les 
m-1 m m—1 m-i m-1 





Hence we obtain that 
|X- Y|v-: 


c 
Zna is 
for some c. Now we choose ó = (m — 1)(@ — y) > 0. Thus we prove that 


[[[[E9 9-58 AEE Daxay apnd n) 
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1 
< ——ooo 
u ef | |Z = Z,|"-7 d{ul(Z)dlu{(Z,) € e 


and this proves that u e W *", 

The measure y is nonzero, so there exists a function % € D(I) such that (u, Y) £ 
0. We let v € D(Q) satisfy v = 0 and ge =% on T. Also considering the pressure 
potential, we can find the corresponding pressure p to u such that 


0 Z (u,v) = f ut Avidz + f pV -vdr 
Q Q 


and this proves that u # 0 in the sense of trace. 
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Feedback stabilization 
for the 2D Navier-Stokes equations 


A. V. FURSIKOV ! , Department of Mechanics and Mathematics, 
Moscow State University, 119899 Moscow, Russia. 


Abstract 


For 2D Navier-Stokes equations defined in a bounded domain 2 we study 
stabilization of solution near a given steady-state flow 6(z) by means of feed- 
back control defined on a part T of boundary 0€ . New mathematical for- 
malization of feedback notion is proposed. In the case of linearized Navier- 
Stokes equations special construction of a feedback control is proposed such 
that the control reacts on unpredictable fluctuations of fluid velocity suppres- 
sing them. The cases of discrete in time and continuous in time unpredictable 
fluctuations are regarded. 


1 Introduction 


We study here stability problem for two-dimensional (2D) Navier—Stokes equa- 
tions defined in a bounded domain 2 C R?. These equations are controlled by 
Dirichlet boundary condition for velocity vector field. Let (0(z), Vf(z)), v € N be 
a steady-state solution for Navier—Stokes equations. Suppose that ô is an unsta- 
ble singular point for the dynamic system generated by evolutionary Navier-Stokes 
system supplied with zero condition v|ao = 0 on the boundary Of! of 2. 

The stabilization problem is as follows: Given c > 0 and initial condition vo(z) 
for evolutionary Navier-Stokes system (vo is placed in a small H!-neighbourhood 
of 6), find Dirichlet boundary condition (control) u(t,z') defined on Ry x OM such 
that the solution v(t, x) of obtained boundary value problem satisfies inequality 


llo(t,-) — 6C)llgi(o) € ce ?* as t — oo. (1.1) 


Actually, the stabilization result in such formulation follows immediately from 
exact controllability result of [FE],[F1]. But below we impose on desired control 


"This work was supported partially by RFBI grant 00-01-00415, and RFBI grant 00-15-96109. 


179 


180 Fursikov 


very important additional property: u should be feedback control, i.e. u must react 
on unpredictable fluctuations of v suppressing them. 

Problem of stabilization by boundary feedback control was studied earlier 
mostly for hyperbolic equations and related to them systems (see, for instance, 
[Li],[Lag],[C]). Some results, connected with Burgers equation was obtained also 
([BK]). (Of course, we do not pretend on completeness of references.) 

In [F2] new mathematical formalization of feedback property was proposed and 
stabilization problem for quasilinear parabolic equation with feedback boundary 
control was solved. Here we get solution for problem of stabilization by boundary 
feedback control for two-dimensional Navier-Stokes system when a control is con- 
centrated on a part of boundary. Complete proof of this result will be exposed in 
[F3]. 

Note that the main part of [F2], [F3] is devoted to study stabilization problem 
when unpredictable fluctuations do not arise. Only in [F2] we got some preliminary 
result on suppression of unpredictable fluctuations imposing on these fluctuations 
very strong conditions. In this paper we obtain new result to this direction. More 
exactly, in Section 3.3 below we propose new construction of feedback control which 
made possible to get rid of conditions on unpredictable fluctuations imposed in [F2]. 
Moreover we think that, in general, the point of view on suppressing of fluctuations 
proposed here is more adequate to reality than the point of view in [F2]. Here we 
consider the cases of discrete in time and continuous in time unpredictable fluctua- 
tions. 


2 Ozeen equations 


We begin investigation of stabilization problem from the case of linearized Navier- 
Stokes equations, i.e. from the Ozeen equations. 
2 Formulation of the problem. 
Let Q c R?, 00 € C, Q = Ry x N. We consider the Ozeen equations: 
v(t, x£) — Av + (a(x), V)v + (v, V)a + Vp(t, z) 20 (2.1) 
div v(t, z) 20 (2.2) 
with initial condition 
u(t, z)|t-o = vo(z). (2.3) 
Here (t,x) = (t,21,%2) € Q, v(t, x) = (v1, v2) is a velocity of fluid flow, Vp(t, x) isa 
pressure's gradient, a(x) = (aj (x), a2(z)) is a given solenoidal vector field (div a = 0). 
We suppose that the boundary Of? of Q is decomposed on two parts: 
a0-TuT. rz9 
where T, Io are open sets (in topology of 0f1). Here, as usual, the line above means 
the closer of a set. We define © = Ry x T, Uo = Ry x To, and we set: 


vy, 20, vin =u (2.4) 
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where u is a control, concentrated on X. 

Let a magnitude o > 0 be given. The problem of stabilization with the rate o of 
a solution to problem (2.1)-(2.4) is to construct a control u defined on X such that 
the solution v(t, x) of boundary value problem (2.1)-(2.4) satisfies: 


lv (t, z)0 T, S ce (2.5) 


where c > 0 depends on vo,c and Fo. Moreover we require that this control u 
satisfies the feedback property in the meaning indicatad below. 

Let us give the exact formulation of this feedback property. Let w C R? be a 
bounded domain such that Nw 20, Qni =T. We set 


G = Int(QU ug) (2.6) 


(the denotion Int A means, as always, the interior of the set A). We suppose that 
dG € C? and in all points except I V D = OF it possesses the C^? smoothness. The 
exact conditions on a will be imposed below in an appropriate place. 

We extend problem (2.1)-(2.3) from Q to G. Let us assume that 


a(x) € V*(G) n (Hà(G)) (2.7) 


where, as usually, H*(G), k € N, is the Sobolev space of scalar functions, defined and 
square integrable on G together with all its derivatives up to order k and (H*(G))? 
is the analogous Sobolev space of vector fields. Besides, H1(G) = (f(z) € H!(G): 
f(z)zeac = 0) and 


V*(0) = (v(z) = (v1, v2) e U1^(0)? : dive =0} 


The extension of (2.1)-(2.3) from f) to G can be written as follows: 


Opw(t, x) — Aw + (a(x), V)w + (w, Via + Vp(t,z) = 0 (2.8) 
div w(t, x) = 0 (2.9) 
w(t, x)|t=0 = wo(x) (2.10) 


Moreover we impose on w the zero Dirichlet boundary condition 
w|s = 0, (2.11) 


where S = R4 x0G. Note that actually wo from (2.10) will be some special extension 
of vo(x) from (2.3). 

For vector fields defined on G we denote by yo the operator of restriction on 2 
and by yr we denote the operator of restriction on T: 


ya: V*(G) — V*(Q), 4p: V^(G) — VT), k 20 


Evidently, these operators are bounded. 
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Definition 2.1 A control u(t, x) in (2.1)-(2.4) is called feedback if 
v(t-) = yow(t,-), ult,-)=yrw(t,-) | Vt20 (2.12) 


where (v(t, -),u(t,-)) is the solution of stabilization problem (2.1)-(2.4) and w(t, -) 
is the solution of boundary value problem (2.8)- (2.11). 


Below we prove that for given o > 0, vo the problem (2.1)- (2.4) can be stabilized 
with help of feedback control in the meaning of Definition 2.1. 


2 Preliminaries. 
Let G be domain (2.6) and 
VO(G) = (v(z) € V°(G) : v - vlon = 0) (2.13) 
where v(x) is the vector-field of outer normals to OG. Denote by 
a: (Lo(G))? — VP (G) (2.14) 
the operator of orthogonal projection. We consider the Ozeen steady state operator 
Av = —m Av + n[(a(z), V)v + (v, V)a] : V3 (G) — Va (G) (2.15) 
where a(x) is vector-field (2.7). This operator is closed and has the domain: 
D(A) = V? (G) n (Hi (G))? (2.16) 
which is dense in VP (G). 
Asumming that spaces in (2.14), (2.16) are complex we denote by p(A) the 
resolvent set of operator A, i.e. the set of A € C such that the resolvent operator 
R(A, A) = (AL — A)! : W(G) — V$(G) (2.17) 


is defined and continuous. Here J is identity operator. Denote by X(A) = C! \ p(A) 
the spectrum of operator A. 

As well-known, Ozeen operator (2.15) is sectorial, ie. there exist p € (0,7/2), 
M > 1,a € R such that 


See ={AEC: e«lag( -a)|«m, Asa) C (A) (2.18) 


and ||(A4 — A)^!|| < M/IA — a], VÀ € Sa,y. Besides, for A € p(A) resolvent (2.17) 
is a compact operator, and the spectrum X(A) consists of a discrete set of points. 
We decompose the resolvent R(A, —A) in a neighbourhood of —A; € X(—A): 


R(A, =A) = Y (A + Aj) Rs, Hy = (27i)! / (A + Ay) FRA, —A)dA 
i [A+A;l=e 
(2.19) 


Feedback Stabilization for the 2D Navier-Stokes Equation 183 


Note that m « oo. 

Let us consider the adjoint operator A* to Ozeen operator (2.15). Evidently, 
A* is a closed operator with domain D(A*) = V?(G) n (Hè (G))?. Moreover, A* is 
sectorial with a compact resolvent and 


p(A*) = p(A) and R(A,A)* = R(A,A*) VA€p(A) (2.20) 
(Here the line above means complex conjugation.) Below we always assume that 
vector field a(x) from (2.7), (2.15) is real valued. (2.21) 
That is why we have p(A) = f(A) = p(A*) = p( A"). 


2 Structure of R; with k <0 


Let —A; € X(—A) be an eingenvalue of —A, and e # 0, e € ker(AoI + A) be an 
eingenvector. Vector e, is called joined vector of order k to e if ex satisfies: 


(Aol + A)e =0, e+ (Aol + A)e; =0,..., erat (Aol + A)ex =0. 


We say that e,e1,€2,... form a chain of joined vectors. The maximal order m of 
vectors, joined to e is finite and the number m + 1 is called multiplicity of the 
eigenvector e. 


Definition 2.2 The set of eigenvectors and joined vectors 


e (=A) ef (A). e(B(-Aj)) (k=1,2,..., N(-Aj)) (2.22) 


corresponding to an eigenvalue —A; is called canonical system if: 


i) Vectors e(9 (A), k = 1,2,..., N(—A,;) form a basis in the space of eigenvec- 
tors corresponding to the eigenvalue —A;. 


ii) e“)(—A,;) is an eigenvector with maximal possible multiplicity. 


iii) e9 (—A;) is an eigenvector which can not be expressed by a linear combination 
of e4)(—A;),...,e4-)(—A;) and multiplicity of e(9 (C A;) achives a possible 
maximum. 


iy) Vectors (2.22) with fixed & form a complete chain of joined elements. 


Besides canonical system (2.22) which corresponds to an eigenvalue — A; of op- 
erator —A we consider a canonical system 


g 9 (Xj), 9 (-X5),... ER (X) (k = 1,2,..., N(-3j)) (2.23) 


that corresponds to the eigenvalue -Àj of the ajoint operator —A*. Definition of 
canonical system (2.23) is absolutely analogous to Definition 2.2 of canonical system 
(2.22). We define canonical system (2.23) by E*(—4;). 
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Theorem 2.1 Let Ry are operators defined in (2.19). Then 
Rize = 0;.. YVk=1,2,... m 


if and only if 
(z,e (—X,)) = 0 vel") (Xj) € E'(-Aj) 


This assertion follows immediately from one result of Keldysh ([K]) on structure 
of the main part of Laurent serie for R(A, —A). The proof of Theorem 2.1 see in 
[F3]. 


2 Holomorphic semigroups. 


We regard boundary value problem (2.8)~(2.11) for Ozeen equations written in the 


form "m 

Zote) ) 4 Aw(t) 20, whey = wo. (2.24) 
where A is operator (2. is s for each wo € V9 (G) the solution w(t,-) of (2.24) 
is defined by w(t,-) = e^ ^*wo and 


= (2ri) ~t f (AI + A)~*e**dd, (2.25) 
Y 


where y is a contour belonging to p(—4) such that argÀ = +6 ford € 7, JA] > N 
for certain 0 € (7/2, ) and for sufficiently large N. Moreover, y surrounds X(—A) 
from the right. Such contour y exists, of course, because we can choose y belonging 
to set —Sq,y from (2.18). 

Let o > 0 satisfy: 


X(-A)n {A € C: ReA=-0} = 0 (2.26) 


The case when there are certain points of &(—A) placed righter than the line {ReA = 
—o} will be interesting for us. By Ys we denote the continuous contur that is placed 
in (A € C : ReA < —o} and constructed from an interval of the line {ReA = —o} 
and from two branches of contour y that transform to (argA = 9} and {argA = 
—6), 0 € (1/2,7) for sufficiently large JA]. 

We reduce integration over y in (2.25) to integration over "y, and integration 
around poles —A; from (2.19) for A; satisfying ReA; < o After calculation correspon- 
ding residues we transform (2.25) to the equality: 


iue 


E 7 pl 
= (2i) fog edi. NS ert NT mci C 
Yeo ReA; «a n=1 : 
(2.27) 
We denote 


Vi (G) = (v € VG) : viaa = 0}. 
Equality (2.27) implies 
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Theorem 2.2 Suppose that A is operator (2.15) and o > 0 satisfies (2.26). Then 
for each wo € VA (G) that satisfies 


(uo, (-M) »20, 120,1...,mi B= 1,2,...,N(—-A;), Re(A;) «ce 
(here by definition eP (—A;) = e (—A;)) the following inequality holds: 
le^ wollv; (c) < ce~**||wollvacay fort >0 (2.28) 


Proof see in [F2], [F3]. 


2 On linear independence of e (ar, -Aj). 


We set some strengthening of well-known result on linear independence of eigenvec- 
tors and joint vectors for operator A* conjugate to Ozeen operator (2.15). 


Theorem 2.3 Consider the set 
E= |] E'(-X) 
ReA; «c 
of canonical systems (2.23) for operator — A* with o satisfying (2.26). Then for arbi- 


trary subdomain w C G the set e? (a, —\;) € Ex of vector fields regarded for x € w 
are linear independent. 


The proof of this assertion is given in [F2], [F3]. 
Impose on canonical systems (2.30) the following condition 


£9 (dj) 2 £9(-35;. efP(-Xj) = e CJ) (2.29) 


Condition (2.29) can be realized by (2.21). 
In virtue of (2.29) canonical system corresponding to real —A; consists of real 


valued vector fields. If ImA; 4 0, instead of vector fields e*)(—1,), E CAS. 
| — 0,1,..., we consider real valued vector fields 


Res (-Xj),.Ims (Àj), 1-1... #=1,2... (2.30) 


(with e(9 (-X;) = €(9 (- X) by definition). We renumber all functions (2.30) with 
ReA; <ø (including fields with ImA; = 0) as follows: 


£1(z),...,ex(x) (2.31) 


Lemma 2.1 For an arbitrary subdomain w C G vector fields (2.31) restricted on w 
are linear independent over the field R of real numbers. 


Lemma 2.1 follows easily from Theorem 2.3. 
Note that Theorem 2.2 implies immediately the following assertion. 
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Corollary 2.1 Assume, that A is operator (2.18) and o > 0 satisfies (2.26). Then 
for each wo € V3 (G) satisfying 


f olah) jK 
G 
with €; from (2.31), inequality (2.28) is true. 


3 Stabilization of the Ozeen equation 


3 Theorem on extension 


The key step in stabilization method that we propose is construction of special 
extension for initial vector field vo(x) from (2.3) defined on Q to a vector field 
defined on G which we take as initial value wọ(x) in (2.10). First of all we make 
more precise the conditions imposed on 2 and G. Recall that 


O0-—TPluPs;uor, oGnon-rguoer (3.1) 


where I, To are open subsets of 02, T Z 0, and OF is a finite number of points, or 
OT — 0. We suppose that 


N 
aN = |] an; (3.2) 
jel 
where 00; are connected components of ðN. We impose 
Condition 3.1. For each j = 1,..., N the set 02; N T is connected or empty. 


Condition 3.2. Let 0€) € C”, 0G \ OF € C” and for each point P € OT there 
exist local coordinates (x, y) such that P is origin; P = (0,0), ((z,0), x € (0,e)} CT, 
1(2,0), x € (—£,0)} C To where £ > 0 is small enough and 


OG D ((z,y) = (z, z^), z€e(0,2))U((z,y) = (2,0), x € (-€,0)}, oa22. (33) 


Since Q is a given domain where stabilized Ozeen system is determined, and 
domain w we choose ourselves, Condition 3.2 is not restrictive. 
We introduce the following space 


via, To) = (u(z) € y! (Q) : ular, 0, dv € Vo (G) that u = yov} (3.4) 
where yo is the operator of restriction on 2 for functions from V} (G). The space 
V!(0,T) is supplied with the following norm: 


llullvi(o,ro) = inf ||Lullv;(s) 


where L runs through all bounded extension operators L : V! (Q, 9) + Vg (G). 
Remind that for a scalar function F(x) rotF(z) = (0;, F(x), —0,, F(z)) and for 
vector field v(x) = (vı (x), va(z)) rot*v(z) = Ova (x) — Oavi(z). 
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We prove now the extension theorem. In the space of real valued vector fields 
Voi (G) we introduce the subspace 


Xl(G)z- (v(z) e V$ (G) : fo £j(z)dz 20, j=1,...,K} (3.5) 
G 


where e;(z) are functions (2.31). 
Theorem 3.1 There exists a linear bounded extension operator 

El:V!(Q,ro) + X} (G) (3.6) 
(i.e. Ek(v)(x) = v(x) for x € 9). 


Proof see in |F3]. 
We show the conditions on v € V'(G) which guarantee inclusion v € V'(O,Ts) 


Theorem 3.2 Let domains Q and G satisfy Conditions 3.1, 3.2 and OY x: 0. Sup- 
pose that v(x) € V'(Q) satisfies the conditions: v|r, = 0 and 


v(x) € (H™(QN O(AF)))? with m> — a a> 2, (3.7) 





where O(OY) is a neighbourhood of OY and œ is a magnitude from (3.3). Then 
v(x) € V! (Q, To), i.e. it can be extended up to a vector field Lv € V} (G). 


Proof see in [F3]. 


3 Result on stabilization 


We prove now the main theorem of this section on stabilizability by feedback bound- 
ary control of 2D Ozeen equations. 


Theorem 3.3 Let domains Q and G satisfy Conditions 3.1, 3.2. Then for each ini- 
tial condition vg(x) € V! (Q, Yo) and for each o > 0 there exists a feedback control u 
defined on X. such that the solution v(t, x) of (2.1)-(2.3), (2.4) satisfies the inequality 


—ct 


llv(t, uz oy? S ce as t= oo. (3.8) 
Proof. We can assume that o satisfies condions (2.26), otherwise making it a 
little bit more. We act to initial condition vo € V!(Q, To) by the operator El 
from (3.6) and by Theorem 3.1 we obtain that wo = Elup € X1(G). Since X1(G) C 
VW(G) C V3 (G), the solution w(t, x) of problem (2.1)-(2.4) can be written in the 
form w(t,-) = e~4two where A is operator (2.15). Hence, (2.28) implies (3.8) O 
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3 Feedback property. 


We show that the method of stabization proposed above can react on unpredictable 
fluctuations of a system. The point is that if the solution (v(t, x), u(t, x)) of problem 
(2.1)-(2.4) satisfies equality (2.12) and if at time moment to the system (2.1)-(2.3) 
is subjected by certain fluctuation, then v(t, x) at t = to is pushed out yo X} (G) and 
that is why it will not tend to zero with prescribed rate but, generally saying, it will 
increase. Therefore we must return it to y2 X1(G) with help of feedback control. 

Thus we suppose that the velocity v(t, £) = yqu(t, x) obtained in Theorem 3.3 
is observable, and it is subjected at instants 0 < tı < tọ < ... < ty < ... by some 
fluctuations 


(ty ma 0)vo1 (x), (t2 — ty )vo2 (x), "P (tk T tk—1 Wok (£), erie (3.9) 
so as we have, for instance, in a neighbourhood of t = ti: 
v(t, — 0,2) = yow(tı, x), v(t1, x) = yow(tı, £) + tivo (£). 


Note that we do not know in advance neither instants t; nor fluctuations vo;(z) ? 


but we assume that 
Vo; (1) ev} (Q, To) Vj. (3.10) 


Mark also that we put factor (t; — tj-1) before vo;(z) in (3.9) for convenience of 
normalization. 

We organize the reaction of our control on these unpredictable fluctuations by the 
following way. Let w;(t,x), Vp;(t, x) be a solution of the boundary value problem 


w(t, x) — Aw; + (a(x), V)w; + (w;, Vja + Vpj(t,z) =0, divw; 20, (3.11) 
Wj (t, z)]i2o = El voj (x) (3.12) 
where t > tj,z € G, El is operator (3.6) of extension. After that we set 
Ü(t, z) = w(t, s) + t —ij-i)w;(t,2), where Je = {i : t; < t) (3.13) 
jE 


where w(t, x) is the solution of problem (2.10)-(2.12), with wo = Elvo and w;(t,x) 
are solutions of problem (3.11), (3.12). Now we define the solution of stabilization 
problem (2.1)-(2.4) subjected by unpredictable fluctuations (3.9) that are suppres- 
sed by feedback control with help of the formula: 


(o(t, 2), à(t,2)) = (vost, x), y(t, x). (3.14) 


We give an estimate of this solution in the following Theorem: 


2There is no necessity to know the reasons caused these fluctuations. Nevertheless we can 
suppose that solution of our equations plus fluctuations describe a real fluid flow 
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Theorem 3.4 Let instants O < tı <... < ty < ... and unpredictable fluctuations 
(3.9) are unknown in advance but satisfy the inequality 


llvosllv3(a,roy SE, VYJ (3.15) 


with sufficiently small € > 0. Then solution (3.14) of stabilization problem (2.1)- 
(2.4) subjected by unpredictable fluctuations (3.9) satisfies the estimate: 


lot, Alviero < AELK "*lvollv:(o,ro) + (1 + 1/0)e) (3.16) 


where o > 0 satisfies (2.26), constant c > 0 depends ono only, || El|| is the norm of 
operator (3.6), e > 0 is the magnitude from inequality (3.15). 


Proof. We estimate vector field (3.13) using upperbound (2.28) and (3.12), (3.15). 
As a result we get: 


ll, va qe) < AEZ vollero + Y (t; — ty-1)e7 7) [volvi qo, ro) 
j€4i 


t 
€ e| Ez lle" *llvollv:o,ro) +E 1 [(t; — tj 4)e 7 -7t5i-0 + of e ? 0-7) dr] 
JES tj—1 


t 
< e| EzlK(e ""||vollvsqo.ro) + + aye | e * 77 dr) 
0 
This inequalities imply (3.16). O 


Remark 3.1 Evidently, a velocity of real fluid flow differs from corresponding solu- 
tion of the Ozeen equations which simulates this real fluid flow on some "noise" , i.e. 
on some small vector field. In our case the solution (t, x) subjected by fluctuations 
(3.9) plays the role of the velocity for real fluid flow and fluctuations (3.9) plays the 
role of this "noise". We suppose that Ozeen equations gives good approximation 
of reality. Therefore assumption (3.15) is reasonable, and inequality (3.16) has the 
following meaning: The solution õ(t, x) of stabilization problem for velocity of real 
fluid flow consists of a term which tends to zero as e^ 7* when t — oo and of a "noise" 
possessing amplitude c|| Ell|(1 + 1/o)e. 


Remark 3.2 The factor c||E}||(1+1/c) in the ’noise’s” amplitude c|| E1](1-- 1/o)e 
can be very large for large c > 0. We can minimize this factor by the following 
way. We construct a feedback control which suppresses unpredictable fluctuations 
with help of boundary value problem (3.11), (3.12). In virtue of linearity of Ozeen 
equations this construction does not depend on construction of stabilization problem 
given in Theorem 3.3. That is why we can replace operator El in (3.12) on analogous 
operator El. with op > 0 that minimises the function f(o) = c||E1]|(1 + 1/o) : 
f(oo) = min, f(n). (If this c9 does not satisfy condition (2.26) we change it on 


some close positive magnitude which satisfies (2.26).) 
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Simple generalization allows to pass from "noise" (3.9) which is discrete with 
respect to time to the "noise" continuous in time. Indeed, let us formally pass to 
limit in (3.9) as A = max(t; — tj-1) tends to zero. As a result we get differential 

j 


form 


Vor (x) dr (3.17) 


with respect to time r which coefficient is a vector field satisfying the following 
analog of (3.10), (3.15): 


k+1 
vo,(z) € V! (Q, T9) a.a. r 2 0; sup f lvorllvi(a,ro) dr € € (3.18) 
20 Jk 


(a.a. means "for almost all"). Analogously to (3.11), (3.14) we construct the feed- 
back control that suppressed unpredictable fluctuations (3.17) by the formulas: 


ðw, (t, £) — Aw, + (a(z), V)w, + (wr, V)a + Vp, (tz) =0, divi, =0, (3.19) 
wheret > T, € G, 
w;(t,x)|o- Elvo.(a) (3.20) 
t 
w(t, x) = w(t, x) «f w;(t,v) dr (3.21) 
0 


and desired solution (#(t, x), ü(t, z^)) of stabilization problem (2.1)-(2.4) subjected 
with fluctuations (3.17) is defined by (3.14). 


Theorem 3.5 Let (0,4) be solution (3.14) of stabilization problem (2.1)-(2.4) sub- 
jected by unpredictable fluctuations (3.17) and this fluctuations satisfy (3.18) with 
sufficiently small € > 0. Then (t, x) satisfies the estimate: 


lött, -livro < ellEz Ie llvollvi@a,ro) + (1/0 — e77))e) (3.22) 


Proof. As well as in the proof of Theorem 3.4 we get from (3.19)- (3.21), (2.28): 


t 
(l(t, Alva) < ell EzIi(e" " livollv:(a,ro) + fe Ifeoellvsca,r) dr) 
0 


[t] k t 
S e| ELl(e^*llvollvitoro) + 9,6 76-9 f Ivocllv coa dr + f [rll ar dr) 
k=1 k-1 [t] 
[t) 


<S c| E? (e "*||vollv:(o,ro) + (1 S errs) 
k=1 


Inequality (3.22) follows from this estimates. O 
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4 Stabilization of 2D Navier-Stokes equations 


4 Formulation of the stabilization problem 


We consider the Navier-Stokes equations 


O,v(t, z) — Av(t, x) + (v, V)v + Vp(t,z) = f(z), (tx)eQ (4.1) 
divo = 0 (4.2) 
(v = (vı, v2)) with initial and boundary conditions 
v(t, z)l=0 —vo(r)) ze (4.3) 
vl», =0, vjs =u, (4.4) 


where u = (u1, u2) is a control defined on X. 
We suppose also that a steady-state solution (6(z), V(x)) of Navier—Stokes 
system with the same right-hand side f(x) as in (4.1) is given: 


A(z) + (ô, V)ó + Vp = f(z), divé(r) 20, ren (4.5) 

alr, = 0. (4.6) 

Let o > 0 be given. The problem of stabilization with the rate o is to look for a 
solution (v, Vp, u) of problem (4.1)-(4.4) which satisfies the inequality 

\lu(t, ‘) = (-)|| n: (m)? € ce ^* as t> oo. (4.7) 


The important additional condition is that u is a feedback control. Definition 
of feedback notion is analogous to Definition 3.1. Nevertheless we give now exact 
formulation of feedback property. 

We extend 2 to a domain G throught © such that Condition 4.2 holds. After 
that we extend problem (4.1)-(4.4) to analogous problem defined on © = R4 x G: 

Orw(t, z) — Aw + (w, V)w + Vq(t,z) = g(x), divw(t,z) 20 (4.8) 


w(t, £)le=0 = wo(z) (4.9) 


with additional condition 
w|s =0 (4.10) 


Moreover we assume that solution (0, Vf) of (4.5), (4.6) is extended on G up to a 
pair (a(x), Vg(z)), x € G such that 


—Aa(z) + (a, V)a-- Vd(z) = g(x), diva(z) 20, eG (4.11) 
a|ac = 0 (4.12) 
where right side g(z) is the same as in (4.8). 
Definition 4.1 A control u(t,x) in stabilization problem (4.1)-(4.4) is called 
feedback if the solution (u(t, x), u(t, x)) of (4.1)-(4.4) is defined by the equality: 
(v(t, z), u(t, z)) = (yow(t,-), w(t, :)) (4.13) 


where w(t, x) satisfies to (4.8), (4.10), and 4o, yr are operators of restriction of a 
function defined on G to €? and to F respectively. 
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4 Invariant manifolds 


Let g(x) from (4.8) satisfies the condition: 
g(x) € (L2(G))?. (4.14) 


Then as well-known (see, for instance [VF]) equations (4.8) are equivalent to the 
following equation with respect to one unknown function w(t, x): 


O:w(t, x) — nAw + 7(w, V)w = ng(z) (4.15) 


where 7 is orthoprojector (2.14) on V? (G) (see (2.13)). We assume in addition that 
solution w of (4.15) (as well as soulution w of (4.8) belongs to the space 


Vo" (Or) = {w(t, 2) € L2(0, T; V (G)n (Hi (G))?) : Ow € D;(0, T; Vj (G)} (4-16) 


for each T > 0, where Or = (0, T) x G. It is proved (see [La]) that for each T > 0, 
g(x) € (L9(G))?, wo(x) € Vj (G) there exists unique solution w(t, x) € V}? (Qr) of 
problem (4.15), (4.9). Solution w(t, x) of (4.15), (4.9) taken at time moment t we 
denote as S(t, wo) (x): 
w(t, x) = S(t,wo)(x). (4.17) 
Since embedding V'?(Qr) c C(0, T; V3 (G)) is continuous, the family of opera- 
tors S(t, wo) is continuous semigroup on the space V$ (G) : S(t+7, wo) = S(t, S(T, wo)). 
Note that we can rewrite (4.11) in the form analogous to (4.15): 


—nAa(xz) + 1(a, V)a = 19g, a(x) € V?(G) n V(G). (4.18) 


Since a(x) is steady-state solution of (4.15), S(t,a) = a for each t > 0. We can 
decompose semigroup S(t, wo) in a neighbourhood of a in the form 


S (t, wo +a) = a + Lewy + B(t,wo) (4.19) 


where Liwo = S;(t,a)wo is derivative of S(t, wo) with respect to wo at point a, 
and B(t, wo) is nonlinear operator with respect to wo. Differentiability of S(t, wo) 
is proved, for instance in (BV, Ch. 7. Sect. 5]. Therefore 


B(t,0) 20, Bi,(t,0) = 0. (4.20) 
Moreover in [BV, Ch. 7. Sect. 5] is proved that B(t, w) belongs to class C* with 
a = 1/2 with respect to w. This means that for each wo € V} (G) 
B! (t,u) — Bi (tw 
ILE" (t, wo)llc« = im But, u) - Bit, wo)llva(o) id 


0€|[u— wolly: (s «1 |lu ~ wolle) 


and left side is a continuous function with respect to w. 

We study now semigroup L,wo = S! (t, a)wo of linear operators. First of all note 
that w(t, x) = Lywo is the soulution of problem (2.8)-(2.10) in which the coefficient a 
is the soulution of (4.18). Therefore 


Litwo = e^ Aw (4.21) 
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where A is Ozeen operator (2.15). 
Below we suppose that ro € (0, 1) satisfies the property: 


{CEC : [Cl 2 ro) n Z(e7 ^9) = (4.22) 


where, recall, X(e-^*) is the spectrum of operator (4.21). 

It is clear, that ¢; € X(e~4") if and only if (j; = efe and —A; € X(— A). 
That is why condition (4.22) is equivalent to condition (2.35) where o = — In ro/to. 
Besides, if |¢;| > ro then —ReA; > —oc. 

The following assertion holds: 


Theorem 4.1 Family of operators e-^* : V3 (G) + Vj(G) where A is operator 
(2.15) is well defined for each t > 0. Let 


o4 = (6... iv: G €X(e ^9), [Gj] » ro, j=1,..., N} (4.23) 


where ro € (0,1) and satisfies (4.22). Let X, C V](G) be the invariant subspace 
for e~4% corresponding to o4, IL, : VI(G) — X4 be the projector on X4 (i.e., 
IL,V1(G) = X4, N$ = II) and X- = (I — H4)Vg (G) be complementary invariant 
subspace. Let Li = e^^t|x, : X4 > X4, Lp = ecat*|x : X- + X_. Then 
operator LE has inverse operator (Et. For some to there exist constants f, €4, 
€. € (0,1) such that 


lel < #1 —e-), MLE) S 87 0-69. (4.24) 


Generally speaking eigenvalues of operators A and e74! are complex-valued. 
That is why all spaces in Theorem 5.1 are complex. But to apply obtained results to 
(nonlinear) Navier—Stokes equation we need to have analogous results for the real 
spaces of the same type. Actually, for this we have to define the projector of IL, in 
real spaces. 


Lemma 4.1 Restriction of operator Il, on the real space V] (G) can be written in 


the form 


j=l 


K 
ar) = Y esla) | ves) de (4.25) 
G 


where (e) is the set of functions (2.31) which are suitably renumbered and renor- 
malized functions (2.90) and (ej) is set of Real and Imaginary parts of functions 
(2.22) analogously renumbered and renormalized. 


The proof of this simple lemma one can find in [F2]. 


Lemma 4.2 For an arbitrary subdomain w C G vector fields (ej(z), j = 1,...,K) 
from (4.25) restricted on w are linear independent over R. 


194 Fursikov 


Using (4.25) we can easily restrict spaces X4} and X_ as well as operators Lj, 
Li, defined in formulation of Theorem 4.1 on the real subspaces of V; (G). We 
denote this new real spaces and operators also by X+, X_, Li, Lj. This will not 
lead to misunderstanding because below we do not use their complex analogs. 

In a neighbourhood of steady-state solution a of (4.18) we establish existence of a 
manifold M... which is invariant with respect to semigroup S(t, w) (i.e., S(t, w) € M_ 
Vw € M- Vt > 0). This manifold can be represented as the graph: 


M. -(ueVg(G) :u-a-u--g(u.), ue X.nO) (4.26) 


where © is a neighbourhood of origin in VA (G), g : X- NO — X, is an operator- 


function of class C9/? and 
g(0) — 0, g'(0) — 0. (4.27) 
Note that condition (4.27) means that manifold (4.26) is tangent to X_ at point a. 
The following theorem is true. 


Theorem 4.2 Let a satisfy (4.18), o > 0 satisfy (2.26), O = O; = (v € VG) : 
llull vaca) < E} and & is sufficiently small. Then there exists unique operator-function 


g:X_NO — X of class C9/? satisfying (4.27) such that the manifold M_ defined in 
(4.26) is invariant with respect to semigroup S(t, wo) connected with (4.15)?. There 
exists a constant c > 0 such that 


lS (£, wo) — allva (e) S ellwo — alle ^" astz0 (4.28) 
for each wo € M... 
This theorem follows form results of [BV, Ch. 5, Sect. 2; Ch. 7, Sect. 5] and from 
Theorem 4.1. 
4 Extension operator. 


Here we construct extension operator for Navier—Stokes equations. This operator 
is nonlinear analog of extension operator (3.6) constructed for Ozeen equatios. 

Recall that the domain Q and its extension G satisfy Conditions 3.1, 3.2. Besides, 
the space V! (Q0, To) is defined in (3.4). 


Theorem 4.3 Suppose that a(x) is a steady-state solution of (4.18), ó(x) = yaa, 
and M_ is the invariant manifold constructed in a neighbourhood a+O of a in V1 (G) 
in Theorem 4.2. Let Be, = (vo € V! (f, To) : ||vo — ôllvi(a,ro) < €1}. Then for 
sufficiently small £4 one can constrct a continuous operator 


Ext : ô + Be, > M_, (4.29) 
which is operator of extension for vector fields from Q to G: 
(Extv)(z) 2v(r), ceEN. (4.30) 
The proof of this theorem see in [F3]. 


3Le. S(t, wo) is the resolving semigroup of equation (4.15) (see (4.17). 
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4 Theorem on stabilization 


We set 
V?(Q, To) = (v(z) € V7(Q) : ofp, 20, Jw € V? (G)nVj (G), v(x) = yow} (4.31) 
where yo is the operator of restriction on Q. 


Proposition 4.1 Let f € (L2(Q0))? and a pair (6(z), Vb(z)) belongs to V?(Q, T) x 
(L2(Q))? and satisfies equations (4.5), (4.6). Then there exist an extension g(x) € 
(L2(G))? of f(x) from Q to G and an extension (a(x), Vq(x))in(V2(G) n V1(G)) x 
(L2(G))? of (6(z), Vb(z)) ¿from N to G such that the pair (a(x), Vq(x)) is a solution 
of (4.11), (4.12). 


We now are in position to formulate the main result of this paper. 


Theorem 4.4 Let € C R? be a bounded domain with C®-boundary 0f and AN = 
To UT UOT, where T, To are open curves, U x 0, OU is a finite number of points or 
OV = 9. Suppose that a domain G C R? is chosen such that Conditions 3.1, 3.2 with 
a 2 3 are fulfilled. Let f(x) € (L3(0))? and (Vé(z), Vb(z)) € V?(Q0, To) x (L2(2))? 
satisfy (4.5), (4.6). Then for an arbitrary a > 0 there exists sufficiently small € > 0 
such that for each vo € V!(Q), To) satisfying 


llô — vollvagay < &1 (4.32) 


there exists a feedback boundary control u(t,x), (t,x) € X = Ry xT which stabi- 
lized Navier—Stokes boundary value problem (4.1)—-(4.4) with the rate (4.7), i.e. the 
soulution v of (4.1)-(4.4) satisfies (4.7). 


The proof of this theorem is based on Theorems 4.2, 4.3 (see [F2],[F3]). 
The construction of feedback control suppressing unpredictable fluctuations in 
the case of nonlinear Navier-Stokes equations will be exposed in some other paper. 
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Abstract 


We prove, firstly, that weak limit of some sequence from Orlicz function 
space can be approximated in strong sense (in norm) by the subsequence of 
averaged functions if the radius of averaging tends to zero slowly enough. Sec- 
ondly, we consider the weakly converging sequence of approximate solutions 
to the Navier-Stokes equations and obtain strong convergence of some sub- 
sequence of solutions to averaged equations to the solution of the limiting 
equations. 


Keywords: Orlicz function space, weak limit, averaging operator, strong conver- 
gence, embedding theorems. 


1 Notations and basic notions from Orlicz function spaces theory. 


Let f? C IR be bounded domain with smooth boundary I, and z = (z1,..., £4) be 
the points of 2. By L1(Q) we denote the space of absolutely integrable functions on 
f), L®(N)- the space of essentially bounded functions and L?(), 1 < p < oo ~ the 
scale of Lebesgue spaces of functions which are integrable in power p. 


We shall use also the Orlicz function spaces, and remind the basic notions (see[1]). 
Let m(r) be defined on [0, oo) function, continuous from the right, non-negative, non- 
decreasing and such that 


m(0) —0, m(r)— œ asr oo. (1) 
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The convex function (Young function) 
t 
M(t) = [ ^e (2) 
0 


produces Orlicz class K(()) containing the functions f(x) € L!(f?) such that 
M(|f(z)|) belong to L'(Q),too. The linear span of Ky4(2) endowed with the norm 


fu z (3) 
Q 


is called as Orlicz space Ly (f?) associated with Young function M (t). The closure 
of L?? (Q) in the norm (3) yields, in general case, another Orlicz space Ej (f), and 
the inclusions are valid 


Ilf lr.) = inf P 20 





Ey (Q) € Km (9) € Ly(Q). (4) 


One says function M (t) satisfies A, — condition (c£.[1]) if there exist constants 
C » 0 and to > 0 such that 


M(2t) x C M(t) for Vt > ts. (5) 
Three sets Em, Km and Ly coincide if and only if M(t) satisfies A;-condition. 
In many cases it’s possible to compare two Young functions M,(t) and Mo(t) 


with respect to their behaviour at infinity , namely, M2(t) dominates Mi (t) if there 
exist constants C > 0 and a > 0 such that 


Mi(at) < Ma(t) for Vt > to = to(o,C). (6) 
In this case 
Em, € Em, and Ly, C Lm. 
In particular, function M (t) satisfying A2-condition (5) is dominated by some power 


function 14,q > 1. 


If each function Mj, k = 1,2 dominates the other one, then Mı and M» are 
equivalent, M; & Mo, and corresponding Orlicz spaces are the same, Ey, = Ey, 
and Ly, = Lm. 


Function M» dominates M; essentially if 


im MOD 
i—oo M»(t) m 





0, V — const > 0. (7) 


In this case the strong embeddings 


Em, C Em, Lm, C Lm, (8) 
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take place. 


Denote by 
n(r) = m^!(r) (9) 


the inverse function to m(r), ie. n(m(r)) = r, Vr > 0, and introduce Young function 


N(t) = f n(r)dr. (10) 
0 


This function is called as complementary (adjoint) convex function to M (t), and it's 
equivalent to the next one: 


N(t) = sup (tr — M(r)}. (11) 
r>0 


Two Orlicz spaces Lm and Ly are supplementary, and for any f(x) € Ly(Q), 
g(x) € Lx (2) there exists the integral 


«fhg»z J f(a)g(x)de (12) 
Q 


which defines the linear continuous functional on Ey (N) with fixed f € Ly (f2?) and 
any g € Ey (f1). It gives the notion of weak convergence in Lm(N): the sequence 
{fn(z)} converges weakly to f(x) € Ly (9), 

In — f, if 


«f.g2«f,g» foreach gE Ey(Q) as n co. (13) 
At the same time it's possible to define mean convergence in Ly (£2): 


fn — f in mean value, if 
f MAh- thes o as n — oo. 
Q 


If M(t) satisfies Az2-condition then the mean convergence is equivalent to the strong 
convergence, ie. in the norm of Zy(Q). Otherwise, mean convergence is stronger 
than weak, but weaker than strong one. 

As an important and interesting examples we shall keep in mind three Young 
functions: M,(t) = t, 1 < p < oo, Mo(t) = ef —t— 1 and Ms(t) = (14- €In(1 + 
t) — t. The first function Mi(t) yields the Lebesgue space L?(f)), the second one 
M(t) produces two Orlicz spaces Lm, and Em, because M2(t) doesn't satisfy A2- 
condition, and M3(t) is slowly increasing function which is essentially dominated 
by Mi (t). The Orlicz space Ly, (N) is located between L! (N) and any L?(Q), p » 1 
while Lm, (2?) is between L?(f1), V1 < p < œ, and L™(2). 


200 


Finally, for any f(x) € L1(Q) and k > 0, let us denote 
1 r—y 
fale) = ga | fno (358) av 
p 


an averaging of f(z) where w(z) is the kernel of averaging: 


w(z) € Cg? (R^), w(z) 2 0, f «e» AH 


Rd 
It’s the well-known fact that 
fn — fll 70 asho 


if M (t) satisfies A2-condition, and 


f an - thes > ash—>0 
Q 
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(15) 


(16) 


(17) 


for any M(t), i.e.the sequence of {fn} approximates f in the sense of mean conver- 


gence. 


2 Strong approximation of weak limits 


Let us consider some sequence of functions {f,(z)}, n = 1,2,..., from Orlicz space 
Ly (9) such that fn — f weakly in Lm (NQ), as n — oo. For each f(x) we construct 


the family of averaged functions (fn)a (x). 


Theorem 1 ./f M(t) satisfies ^3-condition then there exists subsequence (fim) hm 


such that 
(fm), > f strongly in Ly (Q1) 


as m — oo, hm 0. 


For any M(t) there exists subsequence (fm)n,, such that 


J MUF- o. Dde => 0 TEE ene 
Q 


i.e. mean convergence takes place. 
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Proof 


Step 1. Simple example. In order to understand the problem we consider firstly, 
one very simple example of the sequence f,(xz) = sin(nz), n = 1,2,..., x € R!, 
Q = (0,7), of periodic functions.In this case we have 


fn(z) — 0 weakly in L?(0,«). 


Let us take the Steklov averaging 





ath 
(oi) = m. f Odg (18) 

w—h 

It’s easy to calculate di 
(fa)a(z) = = sin(nz). (19) 


It gives 


a) If h = hn > 0 as n — oo, but nh, — co (for example, hn = n^^,0«a« 1) 
then 
(fn), (£) = 0 as n — oo, 


i.e. (fn)ha (2) tends to 0 strongly when hn — 0 slowly enough. 
b) If nhn — const < oo (or are bounded), then (fn)n, — 0 weakly only. 
Step 2. One-dimensional case, Steklov averaging. Now consider the case of 
d = 1, x € R!, and f,(x) — f(z),n — oo, weakly in Lj(Q0), where M(t) satisfies 
4A»-condition. 


For the sake of simplicity we assume f4(z), f(x) to be T-periodic, T = const > 0, 
and, moreover, without loss of generality, one can admit f(x) = 0, i.e. 


fn(z) — 0 weakly in L(0, T). (20) 


Let us construct the family of functions 


a 


+h 
nate) = ax | f. (21) 
-h 


x 


and the sequence 
Fala) = | flO 
0 
which doesn’t depend on h. Formula (21) can be rewritten as follows 


(fiu) = gg (Fale +h) — Fala — h)). (23) 
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The sequence (F5(x)) possesses the estimates 
sup |Fa(z)I «C, WFA@llouo7r) < C (24) 
with constant C independent on n. 
Compactness theorem implies F,(x) — 0 strongly in Ly (0, T), i.e. 
l.Fsyllza(,r) € C»; Cn 3 0 as n oo. (25) 
If we take F,,(x +h) or F4(x — h (displacements of F;,,(z)) then 


IF, (x + hz, < C, i C, IF. (x A hz, < Ch C (26) 


with C independent on h. 


It gives a 
Mfn)allin € € 5". (27) 


So, if we take h = hn such that C, - hz! — 0 as n — oo, for example, hn = CP, 
0 « B < const < 1, then 


(fn)a, (2) — 0. strongly in Ly (0,T). (28) 


It proves the theorem 1 in 1-dimensional case. 
Step 3. The general case. Let the sequence {fn(z)}, x € Q C RÊ, be weakly 
converging in Ly(Q) to f(x) 2 0, where M(t) satisfies Ao-condition. 


We extend fn(x) by 0 outside of € and consider the family (fn), (x) given by the 
formula (15) 


(286) = zs f hou (5) à (29) 
i 


with arbitrary kernel of averaging w(z). 
At the beginning we fix some h = ho, for example hg = 1, and consider the 
sequence 


F,(2) = T fa (y)u(z — y)dy = ji fa(@ — 2)u(z)dz 
R4 R4 


which doesn't depend on h. 
As in one-dimensional case we conclude by the compactness theorem 


Fa (x) — 0 strongly in Ly (€), 


ie. || Fl, (0) € Cm, Cm — 0 as m — oo. If we take the family 


Forla) = | fs) ay 
R4 
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then for h € hg = 1 
Falla o € Cll Filles (a) 


with constant C independent on A, i.e. 
lFmallz.u (0) € € Om. 
It means that if we choose h = hm such that 
Caha => 0as m - oo, hm > 0, (30) 


for instance, hZ, = CÉ,0 < 8 < 1, then (fm)n,, — 0 strongly in L,(Q). 

The theorem 1 is proved for the case of Young function M(t) satisfying A;- 
condition. For any M(t) the same proof can be used if the mean convergence is 
considered instead of strong one or the strong convergence in Orlicz space Em (N) 
where the set of smooth functions is dense (in particular, the set of averaged func- 
tions). 


Remark. The main significance of theorem 1 seems to be useful for justification 
of the smoothing approach in computation of non-smooth solutions to partial dif- 
ferential equations. Big oscillations occur near singularities, and the appearance of 
oscillations can be connected with the weak convergence of approximate solutions 
to the exact one. The procedure of "smoothing of solution" means, in fact, an aver- 
aging, so, the theorem 1 indicates that the radius of averaging must be big enough 
according to condition (30). 


3 Applications to Navier-Stokes equations 


It this section we illustrate the theorem 1 by one example from the theory of Navier- 
Stokes equations for viscous incompressible fluid. We consider the sequence {un} of 
solutions to Navier-Stokes equations [2]: 


dun 





+ (un : V)us + Vpn = vâun + fn, (31) 
divun =0, (z,t) E€ Q=2x(0,T), NCR’, T=ðN, 


complemented with the initial and boundary data 


un| =ul(r), TEQ, u,| =0. (32) 


n 
t=0 T 


Let us suppose 
u? (x) — u9(z) weakly in L?(), 


fa — f weakly inL! (0, T; L?(Q)) 
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as n — oo. In view of well-known energy a priori estimate 


T 
sup ||us(t)lz(o) + f Plod <C (33) 
Oct«T J 


with constant C independent on n, we may admit 
u, — u weakly in L?(0, T; W!?(0)) n L?(0, T; L^(Q)) (34) 


with any p, 1 € p « oo. 

According to the theorem 1 it’s possible to extract subsequence ((u;,)4,, } of 
averaged functions (with respect to all independent variables or to spatial variables 
only) such that 


(Um)h,, — u strongly in L?(0,7;W'?(Q)) n L?(0, T; L?(Q)), 
(fin Jam — f strongly inL! (0, T; L?(Q)). 


And the question arises here: are {(um)a,, ) the approximate solutions to the limiting 
equations 


So 4 (u- V)u4 Vp vAu f, divu — 0 (35) 


in some strong sense? 
To give the answer to this question we apply the operator of averaging to equa- 
tions (31) and obtain the system (35) for (um),,, with new right part 


Fm = (fm)hm  [((um)n,, : V)(um)s,, — ((Um + V)um)s,.] = 
(fin) an + m: 


Theorem 2 . There exists subsequence (um)n,, such that the difference pm tends to 
zero in the norm of space LP(0,T'; L9(Q)) with exponents (p,q), p € [1,2], q € [1, 3/2], 
1/p + 3/24 > 2. 


Proof is the simple corollary of the theorem 1 and embedding theorems. 
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Asymptotic Profiles of Nonstationary 
Incompressible Navier-Stokes Flows in R” and R^ 
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Rokko, Kobe 657-8501, JAPAN 


1 Introduction 


We are interested in the large-time asymptotic profiles of weak and strong solutions 
of the Navier-Stokes system in the whole-space R” and in the half-space R}, n > 2: 
ðu tu: Vu- Au—- Vp (z€D",t»0) 

V-u=0 (re D^, t>0) (NS) 


ulizo = a. 
Here, D" = R" or R} ; and when D” = R}, we impose the boundary condition 
ulanz =0. 


u = (ul ,---,u") and p denote, respectively, unknown velocity and pressure; a is a 
given initial velocity ; and 


0,—8/0t, | V-(8,-.,0,, 0;—0/0zj (j—1,n) 


Au => du, uus Wii yas o 
j=1 j=l 


j=l 


We want to find asymptotic profiles of Navier-Stokes flows under some specific con- 
ditions on the initial velocities. In Section 2 we state our main results for flows in 
R”. The first result that, as t + oo, the solutions u admit an asymptotic expansion 
in terms of the space-time derivatives of Gaussian-like functions, provided the ini- 
tial velocity a satisfies appropriate decay conditions and moment conditions. This 
improves a result of Carpio [2], in which is deduced the first-order asymptotics of 
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two kinds, one in R? and the other in R?. We show that one and the same result 
holds in all dimensions n > 2. 

In Section 3 we state our result for flows in R}. In this case our asymptotic 
expansion involves only the normal derivatives of Gaussian-like functions in contrast 
to the case of flows in R”; but the essential feature is the same. Namely, the 
functions describing the profiles are of the form t^ ^?^ K (zt- 3), where K stands for 
some specific functions which are bounded and L‘-integrable for all 1 < q < oo. 
However, it should be emphasized here that in the case of flows in R” the functions 
K are all in L}, while this is not always true for flows in the half-space. This suggests 
that the Stokes semigroup over the half-space would never be bounded in L!. We 
then apply our expansion result to the analysis of the modes of energy decay of 
Navier-Stokes flows in the half-space and give (see Corollary 3.6) a characterization 
of weak solutions which admit the lower bound of rates of energy decay of the form 
lull > ct- "f^, This extends a result of [12] to flows in the half-space. 

In Section 4 we give our proof in the case of flows in R”, and in Section 5 
we mainly show how the above-mentioned characterization (Corollary 3.6) is de- 
duced from our asymptotic expansion (Theorem 3.5). Detailed arguments are given 
in [3], [4]. 


2 Results for flows in R” 


Consider the Navier-Stokes system in IR", n > 2, in the form of the integral equation : 
t 

u(t) = e*4q — f e -94 PY . (u & u)(s)ds. (2.1) 
0 


Here, A = —A is the Laplacian, u®u = (utut); C tA} >o is the heat semigroup, 
and P is the bounded projection [7] onto the" spaces of solenoidal vector fields. We 
assume that the initial velocity a is solenoidal, bounded, smooth and satisfies 


[+ olas < co. (2.2) 


Assumption (2.2) implies a € L! ; so the divergence-free condition ensures ([10]) 


J sisi: (2.3) 
We know ([7], [10]) that a unique strong solution u exists in L", 1 < q < oo, satisfying 
«5l, < c(1-57373079, — (vel, < CECD, — (24) 


if a is small in L" and satisfies (2.2). Hereafter, || - ||, denotes the L"-norm and 
= (1, +, n), 0; = 0/Ox;. The kernel function P(x) = (Pjx(z)) of the projection 
P has the Fourier transform 


Py (€) = fe -iz:£ pu (x)de = bjn + AR (i2 V-l 2-€= r). (25) 
j=l 
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So, the kernel function Fẹ = (Fe jk)? ki of the operator e-*4PÓ, has the Fourier 
transform 


P, js lE, t) = itp IU (o5, + itjits/ IE?) = FLU) + FE jl, t). 
Denoting the heat kernel by 
Elx) = (Art -7 exp( EË) 


and writing 0% = Of" -.-O2^ for any multi-index o = (@1,'**, æn) of nonnegative 
integers, we see that F7 j, (zt) = (OcE)(x)djx, and so 


1418]+2p _ n (1-1) 
4 


llP02 FF se (+, tlla LCt? 2 (1 € q € oo). (2.6) 


To estimate F?,,, we use the relation |£|7? = fj^ e 9l ds, to get 


oo 
F6, t) = iets | e^ tO ds, 


oo 
so that OF? (x,t) = i 088,0;0, E544(a)ds. 
0 


This implies 


POP F2,,.(,0], x Cyt ED (1 <q S00). 
Combining this with (2.6) gives 
OPO2 Fou (tll, € Cat ETG- — (1S gS 00). (2.7) 


Our results for flows in IR" are the following. Hereafter we use the summation 
convention. 


Theorem 2.1. (i) Leta be bounded, smooth, solenoidal and satisfy (2.2). Let 
u = (ul,-.-,u") be the corresponding strong solution of (2.1). For 1 < q € oo and 
j=1,---,n, we have 


lim ¢2+30-9) 
£00 








ud (t) + (Ok Ej)(-) J yra (y)dy 


=0. (2.8) 
q 


Faget) | i f es te 








1 


(ii) Suppose a = (a',-++,a”) satisfies the following additional conditions : 


n 
J iinatotas < œ, la) < CA +l), a = Y bt, 
k=1 


jbt (y) < CA + |yl) ^^, bik are small in L', no 
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for some integer m with 1 «€ m € n. Then, for 1 <q € oo andj = 1,:::,n, we 
have 
; mp n(1-i -- 1)lel a.d 
Jim ($*307) luj() -. ^ ve (8; ya! (y)dy 
1<|aj<m 
+ > oe (COT an OF Fy i) ? | sPyP (u'u*)(y, s)dyds| = 0 
pip! t ljk Y, Y =U. 


|B|+2p<m—-1 
(2.10) 
Theorem 2.2. (ii) For every a € L? which is solenoidal and satisfies (2.2), there 


exists a weak solution u which admits the expansion (2.8) with 1 <q < 2. (iv) Let 
n = 3,4, and suppose that 


fo + |yl)"~*|a(y)|dy < oo, fo + |yl)”la(y)|?dy < oo. (2.11) 


Then there exists a weak solution u satisfying (2.10) for1 < q € 2 and1 € m € n-1. 


Remarks. (i) (2.4) implies ||u(s)|| < C(1-- s) $1, so the last integral in (2.8) 
is finite. 

(ii) Convergence of the integrals in the second sum of (2.10) is ensured by the 
estimate : 


J il^lu(y,s) dy < C0 +8) 7- OS m<ntl), (212) 


which holds if a satisfies (2.9). Estimate (2.12) is deduced in the following way: 
First, as shown in [10], assumption (2.2) implies llu(s)]; € C(1 + s)- 5. Secondly, 
we know (see [11]) that (2.9) ensures |y|^*! |u(y, s)| < C for all y € R” and s > 0. 
Therefore, 


J wirt, fav < sup(ly|"** [u(y, s)|) / lu(y, s)|dy € C(1 + 8)72. 
y 


Since ||u(s)||2 € C(1 + s)7 $^ by (2.4), we get (2.12) via Hólder's inequality. 

(iii) Theorem 2.1 improves an asymptotic result of Carpio [2] in the following 
sense. First, the result of [2] ignores the vanishing of the average (2.3), and so 
contains the trivial term Ej(z) f a(y)dy = 0. Secondly, [2] deals only with the case 
discussed in assertion (i) of Theorem 2.1, but the results given there are incomplete 
in the two-dimensional case. 

(iv) The proof of Theorem 2.2 is almost the same as that of Theorem 2.1. It 
differs only in estimating the nonlinear convolution integral of (2.1) in a neighbor- 
hood of s = t. The restriction m < n — 1 in (iv) is needed since for weak solutions 
we know only that 


f wins Pay «Cis O*$90-)  (O<m<n, n=3,4), (2.13) 
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which is weaker than (2.12). Estimate (2.13) is due to [6], [13]. 


3 Results for flows in RY 


Consider first the Stokes system 
Ov = Av — Vp (x eR", t>0) 
V-v=0 (x € RY, t» 0) (S) 
vlan =0, v|r-o = a. 
Using the Helmholtz decomposition ([1]) : 
L'(R4) = (L (R4) = L5 L,  1«r«oo, 


with " 
L; = {u e L"(R}) : V-u=0, u" lore = 0}, 


Li, = {Vp e L'(R3) : pe Ly,.(R,)}, 
and the associated projection P = P, onto L7, we write the problem (S) in the form 
ðv --A,v-0 (t»0) v(0) 2 a € L}, (S^) 
where A = A, = —PA is the Stokes operator defined on 
D(A,) = L; N {u € W°” (RY) : ular: = 0). 
We know ([1]) that —A, generates a bounded analytic semigroup (e *^),5o in L7 


so that the function v(t) = (v', v?) = e~'4a, a € L^, gives a unique solution of (S’) 
in L7. Ukai [15] gave the following representation of the solution v: 


v"(t) = Ue a" — S - a]; v'(t) = eP |a! + Sa] — Sv". (3.1) 
Hereafter, B = —A denotes the Dirichlet-Laplacian on R} ; {e78 }+>o is the 
bounded analytic semigroup in L?-spaces generated by —B ; S = (5,,---,94. 1) are 


the Riesz transforms on R” * ; and U is the bounded linear operator from L'(R^) 
to itself, 1 < r < oo, which is defined via the Fourier transform on IR" ! as 


(UFE, n) = I'l f ENED RE, y)dy. (3.2) 


Recall that 


e™Ef = E,« f*| (3.3) 


Rn? 
for a function f defined on Ri, where E, is the heat kernel on R” and f" is the odd 
extension of the function f defined on Ri ; 


f (z' c4) (£n > 0), 
f (T, £n) = l (3.4) 
—f(z',—-z4) (£n <0). 
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Let ||- Ilg, 1 € q € oo, denote the norm of L* (R5). The following are the standard 
L"-L1 estimates for the Stokes semigroup. 


[Vte tall < Ct7$-3 7 a) allr (3.5) 
with k = 0,1,2..., provided either 1 <r <q<œ,orl<r<q4< oo; and 
lVe7f^al, < Ct7*|all, (r =1,%). (3.6) 


Note that in (3.5) the exponents r and q may take on values 1 and oo, respectively, 
although the Stokes semigroup would not be bounded in L', nor in L®. Estimates 
(3.5) are proved in [1] ; and estimates (3.6) are proved in [5] for r = 1 and in [14] for 
r — oo, respectively. 

We further need the following estimates : 


Proposition 3.1. Leta € L} for some 1 <q « oo and 
[lle < o. (3.7) 
4- 


Then, 


lle"*^al, < C(1 + t)7 2720-9) (it, + ]. valet) 
Ry (3.8) 


l| V/e7*^a], < Ci $3075 f .Wale(y)lddy (1<r <o, j=0,1). 
+ 


Proof. We use representation (3.1) for e~*4a. It is easy to see that 
e tBg . a! - ei^ g s (a')*, 


where e*^ means convolution with the heat kernel on R”. The Fourier image of the 
kernel function of the convolution operator ef^ is e-*l& i£'/|£'|, & = (&,..., £41). 
Inserting ||! = 1-1/2 f° n-2e—"E'l’ dn gives 


-eel iE L byere tle? [Op - denne’? -zet [^ -diete—(nt ole’? 
e int =m £e I n 3e 7755 day zm 3e jd n žig eT" dn. 
Ie] 0 0 

Thus, the kernel function F, = (F],---, F7^1) of eS is 

oo 
Fila) = (55)6) 7E en) |. sr 3 Er (a')dn, (3.9) 

0 

where V’ = (01,-*-,On-1). It is easy to see that 


lotv"E|, ct" 9 -30-P9 — forl<p<coandé, m=0,1,.... (3.10) 
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We now prove (3.8). In what follows integration with respect to the space vari- 
ables will be performed on the whole space IR" unless otherwise specified. Suppose 
(3.7) holds. Since f^. f*(y', Yn)dyn = 0 for a.e. y' € R” whenever f € L'(R5), 
direct calculation gives 


etA(an)* = f Ex (a! — y')[E:(£n — yn) — Er(£n))(a")" (y)dy 
(3.11) 


il 


-f [eet osos - PY onduas 

Application of Minkowski's inequality for integrals yields 

le75«^l, < CIELO. es f lnl - Ke") Wdy < cr 50-9 f. „ Ynlaly)ldy: 
1 

Similarly, we get 


eS -a'l < giren ynla(y)|dy. 
+ 


Since U and S are bounded in L'(R) for 1 < r < oo, these calculations imply that 


aba 


tle~*4all, < Ct 3 nop f yn|a(y)|dy for all 1 <q < oo. 
R} 


On the other hand, we have |le~*4al|, < Cllall, (3.5) ; so we obtain 
lle *^al, < Ca 4 07573079? (v, * f, : veto) 
+ 
The above argument and (3.5) together yield 
[Veal], € Ct7*lje"*^?al|. < 
Ct 1-80-D Í. ynja(y)|\dy foral 1 <r < œ. 
This proves (3.8) in case 1 < r R When r = oo, we apply (3.5)-(3.6) to get 
eMac $ CHÈ leall < C7 | volet) Vy, 
H 


|Ve7*Aal]oo € Ct7$]e-*^/"2a|.s < Ct-17$ f yn|a(v)|dy. 
R} 


This proves Proposition 3.1. 
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We write problem (NS) as 


t 
eta- f e (0-94 P(u . Vu)(s)ds 
p (IE) 
= etsa- f e 0-94 PV . (u Q u)(s)ds 
0 


u(t) 


and discuss the existence of weak and strong solutions with specific decay properties 
that will be treated in our main result. 

We first deal with the weak solutions, which are known (see [1], [9]) to exist 
globally in time for all a € L?, satisfying the identity : 


(u(t), p} = (e~*4a, p) + | (u & u, Ve 9 A p)ds (3.12) 


for all y € C(R?) with V - y = 0 and the energy inequality : 
o VS, 


t 
IMO +2 f Vuds < llli for all t > 0. (E) 


Theorem 3.2. Suppose a € L?. satisfies (3.7). 
(i) There exists a weak solution u, which is unique in case n = 2, such that 


lulle < CA 4 9778. (3.13) 
Furthermore, this weak solution satisfies 


lub], < C(14273-307? for alll <q <2. (3.14) 


Proposition 3.1 implies ||e"*^a||l; < C(1+t)- "$5. so the existence of a weak solution 
with decay property (3.13) is deduced in exactly the same way as in [1], [16]. The 
assumption implies a € L2 for all 1 < q € 2; so Proposition 3.1 and (3.13) together 
imply 

letal  C(12-2) 3730973?  forali«qx2 (3.15) 


By using this, we can deduce assertion (3.14) in a standard manner. 
To deal with strong solutions, note first that (TE) can be rewritten as 


t 
u(t) e 4g — f e U-94^PYy . (u & u)(s)ds 
0 


i 


t 
e~*A/2u(¢/2) 2 f e (t-8)A pv ; (u e u)(s)ds. 
t/2 


We use this representation to prove 
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Theorem 3.3. Let a € L2 for all 1 « q « oo. Given 1 < p< 2, there is a 
number np > 0 so that if |lalln € np, a unique strong solution u exists for all t > 0, 
satisfying 

llu)ll, < C1 +t) BGs 
for all p € q «€ coo. (3.16) 


n 


(Vult) < ct-3- 36-3 


— 


Theorem 3.3 is proved by following the argument given in [7], [8], [10]. Applying 
Proposition 3.1 and Theorem 3.3, we can deduce 


Theorem 3.4. Leta € L' (IR;) n L1 for all 1 € q € co and satisfy (3.13). Ifa 
is small in L^, the strong solution u given in Theorem 3.4 satisfies 


Ill, < CU +) BBO 
for all 1 « q « co. (3.17) 
[Vull € Cet 8079 


Our main result is 
Theorem 3.5. (i) For all 1 < q < oo, the strong solution u given in Theorem 3.5 


satisfies 


lim ¢2+20-4) 
i—o00 


oo 
—2U On Fi (-) - ( f, i yna’ (y)dy + f i . vv sues) 
+ + 








w(t) € 209,5) f yna” (du 
(3.18) 
=0 
q 








and 


lim ¢2+20-9) 
t-+00 


ul(t) + FEC) - SUBEC) f ama ()dy 


420, Ei) ( J yna! (y)dy + i f vg, gi 
Rt 0 JR? 


+2SU0,F;(-) - (/ yna' (y)dy «f | wally sds 
Rt o JR} : 
(3.19) 


(ü) The weak solution u given in Theorem 3.3 (ii) satisfies (3.18) and (3.19) for 
l<q<2. 








= 0. 








We can apply Theorem 3.5 to characterizing flows with the lower bound of rates 
of energy decay. The result below extends a result of [12] to flows in the half-space. 
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Corollary 3.6. The weak solution u given in Theorem 3.3 (ii) satisfies 
llu(£)la > ct" ^*^ for large t» 0 (3.20) 


if and only if 


( Í, : ys (y)dy + | 4 eee ud, f . zo) # (0,0. (3.21) 


T 
In [12] we proved that a flow u in R” satisfies (3.20) if and only if 
eo 
(fuh) # (0), o (f [efti hoa. — om 


We note that (3.22) involves all of the quantities J yja*(y)dy and 
fo f (uiu*)(y, s)dyds, while in (3.21) a distinguished role is played by the normal 
components a” and u”. 


4 Proof of Theorem 2,1 
We prove Theorem 2.1 by estimating linear and nonlinear terms separately. 


Theorem 4.1. Suppose a is solenoidal and satisfies 


[a+ lagos < œ (4.1) 


for an integer m > 1. Then for 1 <q € oo, 





lim £2 *3072 Jeta- Y CD e ENC) f y“a(y)dy|| =0. (4.2) 


t—-r00 ! 
1X|o|Sm 7 


Proof. Since a is solenoidal and integrable, it satisfies (2.3). So, 
(et4a)(a) = [Its - y) - Ex(@)Jatv)ay. 
Applying Taylor's theorem to E;(x — y) and estimating the remainder, we can prove 


(4.2). 
Consider next the nonlinear term 


w(t) = (wi (t),---,w^(t)) = - J ' e 6794^pPy . (u & u)(s)ds. (4.3) 
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Theorem 4.2. Under the assumption of Theorem 2.1 (ii), we have 


witt > Xe us 7a (OP OF Fe jr) t) f Ki sPy? (u^u*)(y, s)dyds 


^ »f 
[B|--2p€m-1 pp! 
-o(t $-80-0) as t — oo, 














q 


(4.4) 
for alll <q<oo, m=1,--:,n andj =1,---,n. 


Proof. By (4.3) and the definition of Fj, given in Section 2, we have 


t/2 t 
wi (t) = — (/ JA F,jk(z — y,t — s)(ufu") (y, s)dyds = Ji + Ja 


t 
lall < C f (t— s)" tllu(s)ll,ds = (t7780 -0) as t> o. 
t/2 


and 


To estimate Jı, we write 


Ji 


t/2 
— f Fe jkl£ — y, t- s) (u*u*) (y, s)dyds 
0 


— 18» t/2 
C Grae f f Py (utut y, tuis 


[8|--2p€m-1 


t/2 
-f Rp ust s)(ufu*)(y, s)dyds, 
0 
to obtain 


— 1l» co 
up m Cs 0 Fejn), t) f i sPy (u'u* (y, s)dyds 
[B|--2p€m-1 Laid 0 
; (—1)|Sl+2 o0 poe 
S a (PO Rae | fes (u*u*)(y, s)dyds 
pip! t/2 


|\B|+2p<m-1 
t/2 


és f J RP g(x, y, t, 8) (uut) (y, s)dyds 
0 


= Ja Ja. | | 
4.5 
Recall (2.6), (2.7) and (2.12), i.e., that 
(0232 Fej) Olla € Cat EO, 
(4.6) 


J s|y| P u(y, s) dy < CU + )- 52 1 
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If |8| + 2p € m — 1, each term of Jj; behaves in L like [HE -E0-D ast 0o; 


hence "C MET A 
tE+EC-a Talla < Ct «0t 20 ast oc. 


So we need only estimate J;5, which is a finite linear combination of terms of the 
form 


1 pt/2 
f [ / (1 — 1)?" (6P 02 Fy jx)(2,t — sr)s"yP (u'u*)(y, s)dydsdr, 
0 JO 


with [8| + 2p = m, or m+ 1, and p> 0; and 


1 t/2 
n f n (1 — 8)I8l7 (98 Fy sk) (x — y9, t — sy? (ufu!) (y, s)dydsdé, 
0 JO 


with |8| = m. Using (4.6) we easily see that all these terms behave in L? as 
1 


ote 2-720- a), This completes the proof of Theorem 4.2. 


5 On Proof of Theorem 3.5 and Corollary 3.6 


We first deduce Corollary 3.6 from Theorem 3.5. In view of (3.2), the functions 
UO, E, and Ud, Fý, j = 1,--+,n — 1, have the form t- ^?^ K(zt- 3), so 


Ivan Cu >o vari = CCP > 0. 


We easily see that U0, E; is an even function of z', and U Ən Fİ are odd functions of 
z'. Furthermore, let j < n — 1, k <n — 1 and j Z k. Then UO, Ff is odd in x; and 
even in zg, while UO, FF is odd in x, and even in z;. Therefore, 


(Ud, Er, U8,F?) = 0, j=l,...,n—1, 
lUa. Fd =... = [U 3n F7 li, (5.1) 
(Ud, F] UO, FF) = àj||UO, F? lf, 


where (-,-) is the inner product of L?(IR{). ¿From (5.1) it follows that if we set 
oo 
a=2 | Yna” (y)dy, B=2 f yna (y)dy, y=2 f f (u"u^)(y, s)dyds, 
Re Ra o JR" 


then 
|U 8, EF; (-)a — Un ARC) - (8 + WIL 


|U s Eila? + U 3n F2 [38 + rl? 
cF., 


(5.2) 
We shall apply (5.2) to the proof of Corollary 3.6. Firstly, suppose that (8 + y, aœ) £ 
(0,0). Then (5.2) implies 


lUa, E;(-)a - UÓ,FVC) (B - la 2 Ct ^ * >0 — forallt»0; 
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so (3.18) yields, for large t > 0, 
lu” (ll 2 U3 E()a - VAR) (8 4- 1l 
~ llu” (t) + U6, E (Ja — Un FC) (B + ll 
= Ct"? -ot E) >a. 
Secondly, suppose that ||u^(t)|lo > ct- F for large t > 0. Then (3.18) implies 
lU, E (Ja — Un Fil) - (B + *)llo 

> ||u"(t)lla — lu^ (t) + Ud, Ee (-)a — Uan Fl) - (B + 0l 

> ct- f — o(t-"F) > 0 
for large t > 0, and so we conclude that (8 + y,o) # (0,0). Suppose finally that 

lim inf t^? [fu^ (f)l =0 and |t) ct. (5.3) 
In this case we invoke 
C = CVT[UA.E Ca- UdnFi() (8+ llo 


tT lu” (t) + U9,E (-)a — UdnFi(-) - (8 + Vile + tË lu^ (0l. 


I^ 


Passing to the limit as t + oo and applying (3.18) and (5.3) gives C = 0, since 
lim inf[f (t) + g(t)] = Jim f(t) + lim inf g(t). 
This implies that (8 + y, o) = (0,0), so (3.18) and (3.19) together yield 
Q0 0,232 
Jim t^ [u(o)]l = 0, 

contradicting the assumption (5.3). Hence |lu(t)||2 > ct-^*^ implies ||u^(£)|| > 
ct T. and so we get (B -- ^y, a) # (0,0). This completes the proof of Corollary 3.6. 

The proof of Theorem 3.5 is so long and complicated that we cannot present it 


here ; for the details the reader is referred to [4]. Here we write a lemma which plays 
a crucial role in expanding linear and nonlinear terms of (IE). 


Lemma 5.1. Let xe Ri, y € R”, and consider the function 
K(a,y,t) = £773 K(zt 3,gt^ 3) 
where K°(£,) is smooth and satisfies 


IIVz K?(., n)lla < Cm, 
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for all m =0,1,2,..., and some 1 « q € oo. If we set 


I(x, t) = ~ K(z,y,t — s)(u & u).(y, s)dyds 
i (5.4) 


t/2 
I (e,t) = [ J Klev- 0 9 9 t. dyes, 


with u the strong solution treated in the main result, then 


=0 


lim :$* $072 
t—oo 





ho - 2K (-,0,t) Í B f (uo wy, s)dyds 


. l.-2(1-1) *(. - 
Jim d$ - Pur C£), = 0. 








q 


Here f* is the odd extension and f, is the even extension, both in xn, of a function 
f(z',z4) defined on R}. 


Using the operators as listed in Section 3, we decompose each term on the right- 
hand side of (IE) into the terms of the form (5.4), and then apply Lemma 5.1, 
to complete the proof of Theorem 3.5. The way of decomposition is similar to that 
given in Section 4, but the resulting terms look much more complicated. The detailed 
arguments are given in [4]. 
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1 Introduction 


There are fluids that do not obey the simple relationship between shear stress and 
shear strain rate given by the following equation for a Newtonian fluid 


T = —TÓij t uei. (1.1) 


These fluids have been given the general name non-Newtonian fluids. Many common 
fluids are non-Newtonian: paints, solutions of various polymers, food products such 
as apple sauce and ketchup, emulsions of water in oil or oil in water and suspensions 
of various solids and fibers in a liquid paper pulp or coal slurries and the drilling 
mud used in well drilling. We shall consider the fluids which exhibit the property 
to shear thin or shear thicken-the power law fluids. The equations governing the 
unsteady motion of these fluids have been previously investigated by many authors, 
e.g. [6]. We are interested in the asymptotic behaviour of the power law fluids. The 
Cauchy problem of the power-law incompressible fluids in R? is described by the 
system of equations 


div u = 0, 
uz + (u- V)u = div T, (1.2) 
u(.,0) = uo, 
u = (ui,..., U3) represents the velocity field, T is the stress tensor, uo is the initial 
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value of the velocity. The stress tensor is decomposed as 


Ti; = — 1043 + Ti, (1.3) 


where 7 is the pressure, 6;; is the Kronecker delta, 7” is the viscous part of the 
stress. We will assume the stress tensor 7" of the form 


T" =7(Du) (1.4) 


with r a nonlinear tensor function , where the components of the symmetric defor- 
mation velocity tensor are given by 


 lf0u;  Q8uj 
Du;; = 2 + on) (1.5) 


We consider the following growth-conditions 


Iri (Du)| < Cı (|Du] + Du), 0120, p> 2, 


Ir;(Du)) < CDu, 1«p«2, v 
as well as the strong coercivity condition 
rij (Du)Dui;; > C;([Dul? + |Du|?), 1 « p< oo, C; » 0, (1.7) 


(|D| = (Du;;Du;j)?). 

The existence of a weak solution for p > Jn and uniqueness and regularity for 
p»l- 7; n = 2,3 were proved by [6], 1996. 

There is an extensive literature on decay on the Navier-Stokes equations. We 
recall some of them. First result on decay of strong solutions with small initial data 
was given by Kato [6]. The decay in L? norm of weak solution with arbitrary data was 
proved by Schonbek [14] assuming L! N L? integrability of the initial data. Further 
Wiegner [21] and Kajikiya, Miyakawa [5] improved decay replacing assumption on 
L! integrabilty to asumption on L? integrability see [4] resp. that initial data are 
also initial data of linear heat equation see [15]. There are also many results on 
L! decay and decay in Hardy spaces given by Miyakawa see [9]. There are a lot of 
results of decay in an exterior domain, we can mention e.g. work of Masuda and 
Hey wood see [4],[7]. Concerning lower bounds we can mention works of Schonbek see 
[17]-[19]. There is intensive investigation of the boundedness and decay of moments 
see [20],[2]. 

The aim of this paper is to investigate the problem of shear thickenning (p > 2) 
when the stress tensor has the following form 


Tij = (Ho tA IDu|??)Du;;. (1.8) 


We shall not assume uo to be small or belong to some Lp space but uo is also 
initial data of the linear heat equation. We see that the decay results depend solely 


Equations of Non-Newtonian Incompressible Fluids 223 


on the decay properties of the solution of the heat equation. Finally, we deal with 
lower bounds of rates of decay of power law fluids. We consider the case when the 
average of fpa uodz is nonzero. 


We denote by C(R”) and C*(RN) (k € N or k = oo) the space of real continuous 
functions on R” and the space of k-times continuously differentiable functions on 
R^, respectively. The space of real C% functions on R” with a compact support in 
R” is denoted by D(R") and its dual by D'(R*?). 

Denote J = (0, T) with T > 0, Qr = R" x I. The standard notation is used for 
both scalar (u : R” œ R or Q: e R) and vector-valued functions (u : R” =” or 
QT t+ R”). The Lebesgue spaces of scalar and vector-valued functions are denoted 
by L*(R") and L*(R")", respectively, q € [1, 00) with the standard norm ||- ||,. By 
LT we denote the dual space to L4, where 1 /q+1/q' = 1. The Sobolev spaces 
W™?(R") and W™?(R")” are the sets of all measurable functions, for which the 
functions and all their generalized derivatives up to the order m belong to L?(R”) 
and L?(R")", respectively. The spaces are equipped with the standard norms, semi- 
norms are denoted by ||- ||m,q and | * |,4,4 (for detailed descriptions see [1]). By 
Wmi (R^), W-™4 (R^)^ we denote the dual space to W™9(R"), W™9(R")", 
respectively. 

Let s be a noninteger positive number, s = [s] + (s), where [s] is the integer 
and (s) the fractional part of s and let 1 € p « oo then the Slobodeckij spaces 
W*?(R")((W*?(R")") are subsets of the Sobolev spaces Wlsh»(g) (Wiber (R®)®), 
where 


lul, = lius Z f 


(oe — D^u(y)|P 
le]-[s] * F^ x £^ 


i 
P 
eak dzdy)" < oo. 


Let X be a Banach space with the norm ||.||x. The Bochner spaces Z*(I, X) 
consist of all measurable function u : 1 — X the norm of which Illa nx) 


IN llu(t)||%dt is finite. For q = oo, the norm is |lullzæ{z,x) = ess super ||u(t)||x. 
We denote by H = {p € L?(R?)3; divy = 0} and by V, = (p € D'(R?Y, Vp € 
L"(R9), div 2 = 0). 


Lemma 1.1 (generalized Korn inequality) Let p € W'*(R*?? nW!?(R3)5, q > 1. 
Then 


( J , Dolda) > kololia (1.9) 
R3 
where ky > 0. 


Proof: see [11] 
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2 Formulation of the problem 


We consider the initial data ug belong to the set Ba, with a > 0 if the following 
condition is satisfied: 


3 < (1+ t)^? for some C > 0, 


att) 
2a 


where a(t) denotes the semigroup solution of the heat system 3; — Aa = 0 on 
Rt x R” with initial value ug. 


Remarks: 
(i) It is easily seen that ||a(t)||2 —^ 0 for t + co, 
(ii)If A = —A, we may easily derive the estimate 


lle *^ull, < t7"? ull, for 1< r € q € oo. 


If uo € L,(R")^, with 1 € p < 2 then uo € By, where a = n((1/p) — 1/2). 
We define a weak solution of (1.2),(1.3),(1.8) and formulate the main result. 
Definition 2.1. Let uo € W!?(R9?)? n H and p > 2. Then a function u where 
u € L’ (I; Vp) 0 L?(I; H) (2.1) 
is called a weak solution of the problem (1.2),(1.3),(1.8) if 


= fa; u; £ dzdt + Jor "i ae pidzdt 
Eloy Tj (Du)Dvi; dzdt = fpa uoivi(0)da. 


is satisfied for every y € C!(I, Dog(R?)^), (T) = 0 and dive = 0. 


(2.2) 


Theorem 2.1 Let up € HAW!?(R3)5, p> 1. Then there exists at least one weak 
solution of the problem (1.2),(1.3),(1.8) in the sense of Definition 2.1. 


Proof: see [11]. 


We present an argument to establish L? decay of solutions to the Cauchy problem 
for 3-dimensional incompressible non-Newtonian fluids. 


Theorem 2.2 (Main Theorem) 
Let u € L'*(I,V,(R9)9) n L®(I, H3) n D?(IW!?(R9)3) with u vanishing at 
infinity. Suppose that u and m satisfy 


ut + (u: V)u — divr" + Vr = 0, 
V.u-0, (2.3) 
u(z, 0) = uo(z), 
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with uo € L?(R3)? N Ba,, p > 3 then 
le(s ells € C(t- 1)? (2.4) 


where c depends only on L? norm of uo,¥ = min(ao, in +1} and the following 
energy inequality is satisfied 


d 
5 [Pa f Ies f vu <o. 
R3 R3 R3 


lu(., t)lla — 0 for t — oo. (2.5) 


Finally, the solution u is asymptotically equivalent to the solution of the heat system 
with the same data in the sense that 


Moreover, 


llu(t) — a(t)ll3 — 0. (2.6) 


3 Technical Lemma 


In this section we prove technical lemma which we need to prove the main theorem. 


Decompose the frequency domain into two time-dependent subdomains yields a 
first-order differential inequality for the spatial L? norm of the Fourier transforma- 
tion of the solution. The time dependent subdomains are n-dimensional sphere S(t), 
centered at the origin with an appropriate time-dependent radius and its comple- 
ment. As in [14], L? decay will depend on an estimate of the Fourier transforms of 
u for the frequency value £ € S. 


Lemma 3.1 Let the assumptions of Main theorem be satisfied. Then the following 
inequality holds 


lutt)llžezpl h g*(5)ds) < lluoll + c Jy # (expl fy 9?(r)dr)) (3.1) 
x (Ila (tll + g"**(s) + e" *? (S) Gf Ilut)? }ds, 


where n = 3. 


Proof: 
First, we write the energy equality 


d 
gal + uollVul|? + cp f [Du|?dx = 0. (3.2) 
t R3 
¿From the previous paper we know that 


t 
f iougziar <e (3.3) 
0 
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for p > 3. Using the Plancheler theorem we get (F denotes the Fourier transforma- 
tion). For the technical reason let uo = uj — 1. 


(u)|[? + [[Dullpdz < — Je le? |F (u )| dE 

C(flei<gct) + Diis oc) lE a )P dg 

€ —€ fasst | EPF (u ji — eg?( t) Ji elza (t) j F(u)/? dE (3.4) 
S € fierege (9? (4) — EP FP m (t) fs [F(u)[2dé < 

S € [iis 9 (t) (£)|F (u)| d£ — cg?( t) fas |F(u)|*de. 


£F 
PS 


Then 
d : : 
Slew est f PPa f IDuras s f POFA. (5 
R3 R3 le| S a(t) 
Taking the Fourier transform of (1.2) we get 
à, + |€P?a = GCE, t) (3.6) 
where Zs 
G(£,t) = —F(u- Vu) ~ EF (1) - EF (Fy) (3.7) 
(8; = |Duf??Du;;). l 
Multiplying (3.1) by eflt we have 
c pta = etG(e, t). (3.8) 
It follows that 
t 
EE, t) < e~a) + f eTl- 1G(E, s)|ds. (3.9) 
0 


Now, 
Jirsa) EdE < Jessa * IU *F(ug)|? d£ 4- 
€ fares t) (foe Ie P(e )G(E,s))? dé. 


We are dealing with the first term of the right-hand side 


BE 2 T 2 
Jiisoto € 7 IF (uo)? dE S fes [F(uo) e 7H! < (3.11) 
< |[uoll3 = llells- 


(3.10) 


We estimate the term G. 
Jas aa. e-IE 0-2 PCY - |Du|P7!)ds)?de 


F (3.12) 
S C fiersa £l (f; l[Dullf1dzds)?d& < g"*?, 


Serca o € 79 F(u - Vu)ds)*d£ < cg"? (t)Cfo lull?ds)?. (3.13) 
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Finally, we deal with the term with pressure. Since 


9? 
p-2 
AT = ono aH “Du -u® u) (3.14) 


and applying the Fourier transformation we get 
EP? F (u) = &£,(F((Dul?-?Du) — F(u & u)). (3.15) 
Then 


t , t 
/ (d e Kl (79 P(Vz)ds)*de € cg^*?(1-- i llul|2ds)?). (3.16) 
&[9(t) JO 


which gives us (3.1). 


4 Proof of Main theorem 


Let asssume that 
luli} € (1 +4), 


where 8 > 0. Take g?(t) = o(1 + t)7!, with o suitable large and positive. Then 


exp( L g?(s)ds) = (1 + )*. 


Applying (16) we get 


lle) (1 + £^ < lluoll + C fo (1 + 5) Clla co) 


(Ldeg)- "d + (14 s)- “F -28Mgs € c(14- t) Pv*o, Ub 
with fj = min{ 252 + 22, ao}. Then 
lulz < (07? (4.2) 


If 6; = ag then the proof is completely otherwise, we consider a new exponent ĝi. 
Repeating this process several times we get 


lut) < (1 4- £)^^*, (4.3) 


if ao € 1. If ao > 1, we obtain after many iteration B of the form B — 14e with 
€ > 0. Now, since 


S 
f inier «c 
0 
which is independent of s and applying again Lemma 3.1 we get 


llu(IB (t + 1) < C+ c(t + 19790 + (E+ 1)27 EG, (4.4) 
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hence . 
lull < C(t + 1)" (4.5) 


for y = min{ao, in + 1). 


Now, applying again Lemma 3.1 with g(t) = ot^l, a > 0 and using that 
lla(e)Il2 — 0, u(r lle S lja(r)lla we obtain (2.5). 


Finally, we are dealing with (2.6). We denote v(t) = u(t) — a(t). Using energy 
inequality (3.2) and 


il. s 
5 llelld + IIVelld = 0, (4.6) 
we get 
d ie 2 7 
Ellok + Volk < 0. (4.7) 
Similarly as in Lemma 3.1 we get 
t D 
IFON s o (re Cf et an). (48) 
and i j 
Ile (OJllBezpC Sy g* (s)ds) < c fo £ (earl fi gh (r)dr)) ae 


x (g"*?(s) + g"** (s) (fp Ilu(r)||3)? ) ds. 


As in the previous parts, applying Lemma 3.1 with g?(t) = a(t + 1)~! and the fact 
that ||u(£)]|3 < C(t + 1)* we get (2.6). 


5 Lower bounds 


In this section we obtain the lower bounds for the rates of decay for the solution to 
the 3-dimensional power law fluids. We denote by Sê = {u : |ü(£)| > o for |E] € ô}. 
Let v be a solution to the heat equation 


Ut = Vax 
v(x, 0) = uo(z). (5.1) 


Lemma 5.1 Let up € L?(R3) SÉ for some a,5 > 0. If v is a solution of the heat 
equation (5.1) with data uo then 


2 c -4 s 
[wear f (t+ 1) (5.2) 


where c depending only on a and 6. 


Proof: see [17]. 
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Lemma 5.2 Let uo € L'(R?). If v is a solution of (5.1) then 

[Vuloo € ct7*, (5.3) 
where the constant c depends only on the L? norm of us. 
Proof: see [17]. 


Theorem 5.1 Let ug € L! N H, divug = 0. Then there exists a weak solution 
satisfying ; 
Ju(.,t)|3 > c(t + 1)7?, (5.4) 


with c depending only on L? and L? norms of uo. 


Proof: Let w — u — v where v is the solution of the linear heat equation (5.1) with 
data ug. We write the equation for w 


w, = Aw — (uVu + Vp) — div (Du? Du) (5.5) 


Multiplying the equation (5.5) by w and integrating in space yields 


£ fos we = — fra [Vu]? — foo (u - vjuVu- 
Tins t Vp + pr cos v) div  (IDui?- ?Du). (5.6) 


Since div w = 0 , div u = 0, f,;u-uVu = 0. Hence 
$ [na lw?’ dz = -2 fps Vw? — 25 Jrs Divi Vui- 


— fra (u — v) div (IDu]?-?Du) (5.7) 
< -2 fos IVw|? + c|Vvloo fps |u|?dz + e| Vv|os fas (Dul Du)dz. 


Let S(t) = {€:|é| < (sa) a Applying Theorem 2.2 we get 


it +1)3 fos lw] x 3-1) [s ||? dz + c(t + 1)3|Vuloo fps lu dz (5.8) 
+ce(t + 1)? Vols Spa (Dul? Du)dz. 


Using Lemma 5.2 and Theorem 2.2 we obtain 
Ts » [ |w|?] < 3(t + n f (ldr e(t 1)t73 e e(t 1961. (5.9) 
dt R3 S 
We need the estimate on ®© for low frequencies. The difference w satisfies 


i, + EPO = —uVu — Va — F( div (IDu[P?Du)) = H } (5.10) 
(E, 0) = 0. 


Hence by (8] (Lemma 3.2) and Theorem 2.2 we have 


I| < cellal? < dtl s (5.11) 
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Since || < (zb) ^, € € S(t), we get 
(t) < Gai (5.12) 
Altogether give us 
5 (e+ I. lwl?) «c(t 197^ f aceto nhe + e(t + 19173)... (5.13) 


Integrating over [1,2] we obtain 


(t +1)? fus |w|? < Ct + 2c fi (s + 1)9/2 (s 4-1) ds + (s + 13(s + 1)7 54 


5.14 
Jra Iw (1)?dz € Ct  2c(t + 1)5/4 + 2c(t -- 1) 4 + Jgs lw (1) dz. On 
Since 
| lw(1)|?dz < 2 f |uo [dz (5.15) 
R8 R3 
then 
fpa lwl?dz < Co[(t + 1)7? + (t 1)75 + (t +1)? + (t  1)7 1] (5.16) 
< co[(t + 1) 9/274 + (t+ 1)7 1]. l 
Applying 
lull? > [bell — Iwll (5.17) 
and Lemma 5.1 we get 
lull > c(t + 1)7?⁄. (5.18) 
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Navier-Stokes Simulations of Vortex Flows 


EGON KRAUSE, Aerodynamisches Institut der RWTH-Aachen, 
Wiillnerstr. zw. 5 und 7, D-52062 Aachen, 
Email: ek@aia.rwth-aachen.de 


1 Introduction 


Vortices play a dominant role in many flow problems, in hydrodynamics as well as 
in aerodynamics. Vortices can influence the main flow substantially, as for example, 
the dangerous spiraling of vortices in diffusers of large water turbines or the lee-side 
vortices on delta wings. The notion of slender vortices will be introduced first in 
the frame of Prandtl’s lifting-line theory. Simplified model equations will be used 
to explain the flow motion in the cores of the starting and the tip vortices. The 
simulation of vortex flows facilitated with numerical integration will be explained 
for time dependent flows in comparison with experimental data. The results show, 
that the motion of the vortices and also their inner structure can accurately be sim- 
ulated with numerical solutions of the Navier-Stokes equations on high-performance 
computers. 


In his celebrated paper on the lifting line theory Prandtl introduced the concept of 
slender vortices into aerodynamics [1]. He assumed that the flow around a wing can 
be simulated with the aid of rectilinear vortex filaments, superimposed on a uniform 
velocity field. The vortex system he used consists of the bound vortex, replacing 
the wing, the tip vortices, and the starting vortex. The tip vortices and the starting 
vortex are long or better slender with the ratio of the diameter D to the length of 
the vortex L much smaller than unity. He further assumed that in the vortex core 
the flow obeys rigid body rotation, but does not have any variation in the axial 
direction. Outside of the core the flow is given by a potential vortex. This model 
has served as a very useful purpose over decades to simulate the lift and also the 
induced drag of a wing of finite span. 


In contrast to Prandtl's mathematical model for the vortex system of a wing, in the 
case of real flows there is axial flow in the core. This was shown, for example, in ref- 
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erences [2], [3], and [4] in an experiment with a starting vortex. In that experiment 
a flap was hinged to one side wall of a glas container with rectangular cross-section; 
the flap extended all the way to the other two side walls. When the container was 
filled with water a starting vortex could be generated by rotating the flap; the flow 
was visualized by injecting dye of different colors at the trailing edge of the flap. The 
experiment showed strong axial flow motion, setting in at both ends of the vortex 
with radial flow motion on the wall which then turned into axial flow in the core 
of the vortex, and because of its counter-current nature it destroyed the prevailing 
slender flow structure of the vortex. 


Similar to the starting vortex, the tip vortices experience changes in their cores, too. 
'This can even be recognized in the sky at favorable weather conditions, as the vapor 
tails of aircraft visualize their tip vortices. The two counter-rotating, outstandingly 
slender vortices tend to become unstable and interact with each other. They form 
vortex cells in the wake of an aircraft, visible in the sky, weather permitting. 'The 
destabilization of the flow was investigated theoretically years ago by S. C. Crow 
in [5] and is since then referred to as the Crow-instability. His findings were later 
confirmed with an experimental investigation of T. Leweke and C. H. K. Williamson, 
reported in [6] and [7]. 


Upon a recommendation of R. Rautmann the major part of this paper follows some 
of the developments of reference [8]. 


2 Qualitative analysis of the flow in slender 
vortices 


The axial flow behavior in slender vortices can qualitatively be analyzed in the fol- 
lowing manner. The slenderness condition already mentioned, in the form D/L «« 1 
can be redefined with an order-of-magnitude consideration. The ratio D/L << 1 
can be replaced by the projection of streamlines: 


dr/dx = v/u << 1 (2.1) 


In equ. (2.1) the quantities r and x stand for the radial and axial coordinates, 
respectively, and v and u are the corresponding velocity components. With the aid 
of the continuity equation and the x momentum equation 


us + (rv) /r =0 (2.2) 
Uug + Vur +Pr/p — 0 (2.3) 


the slenderness condition can be rewritten in the following form 
oo 
dr/dx = v/u = a) f (r'p,/pu?)dr' << 1 . (2.4) 
r 


¿From equ. (2.4) it follows, that the slenderness condition, equ. (2.1) cannot be: 
satisfied, if 


D; 0, u- 0, (2.5) 
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and consequently the flow structure in the core has to change. For the axial flow 
motion in the vortex core three types can be distinguished, namely uniform, jet- 
like and wake-like axial flow. The jet-like axial flow is characterized by an velocity 
overshoot along the axis, and the wake-like flow by a velocity defect in comparison 
to the flow outside of the core. Equs. (2.4) and (2.5) show, that wake-like axial 
flow profiles with positive axial pressure gradient p, tend to increase the slope of the 
stream-lines, so that eventually the slenderness conditions can no longer be satisfied. 
Axial flows with jet-like profiles also tend to increase the slope of the stream-lines, 
when the axial pressure gradient p, is positive, but the decrease is slower. If the 
radial profile of the axial pressure gradient is negative to the extent that the integral 
in equ. (2.5) is negative, the slope of the stream-lines is even decreased and the 
vortex remains slender. 


In turn, the axial flow can strongly be influenced by the azimuthal velocity distribu- 
tion. This can be demonstrated with the aid of the radial and azimuthal momentum 
equations: 


w^ /r = pp (2.6) 
uw, + vw, + vw/r 0 (2.7) 


By differentiating the radial momentum equation (2.6) with respect to x, by insert- 
ing the azymuthal momentum equation (2.7) into the z-derivative of pp, and by 
integrating the resulting relation with respect to r, there is obtained: 


pe(t,7) = palz, 00) + 2p | - (v/u) (w/e?) (rw) ode! (2.8) 


The above relation shows, that the azimuthal velocity can induce an axial pressure 
gradient, even if 


Ps(m,00)—0 . (2.9) 


Equ. (2.8) also indicates, that the integral vanishes when the radial profile of the 
azimuthal velocity component is that of a potential vortex, since then the expression 
(rw), vanishes, when the radial distribution of the azimuthal velocity component is 
given by 1/r, i. e. 


(rw), — 0 (2.10) 


If the radial extent of the vortex core is to be described it is necessary to define the 
diameter D. It is usually assumed that D is given by the location of maximum of 
the azimuthal velocity w. Outside the core w may decay weaker or stronger than 
the azimuthal velocity component of the potential vortex for axially accelerated and 
decelerated flows. 


3 Remarks on the numerical solution of the 
Navier-Stokes equations 


'The motion of a viscous compressible gas is governed by the conservation equations 
for mass, momentum, and energy, usually referred to as the Navier-Stokes equa- 
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tions. In dimensionless form these equations read when transformed on to general 
curvilinear coordinates £, 7, and ¢ 


A- Qi+ E FF G0 (3.1) 


For gases the quantity A is the identity matrix. The vector of the conservative 
variables Q when multiplied by the Jacobian of the coordinate transformation J is 
given by 


Q = J(p, pu; pe)” (3.2) 


In equ. (3.1) p denotes the density of the gas, à the velocity vector i = (u, v, w)”, 
and e the internal energy. The flux vectors E, F, and G consist out of two parts, 
the convective and the viscous part, e. g. : E = E, — Ey, with 


É, = J(pU, pUu + Exp, pUv + £jp, pU w + £;p,U pe + pl)” (3.3) 
0 
" ExOne + EyO xy + €20 xz 
E, = (J/Re) ExPay + Eyyy + EzOyz (3.4) 


ExOnz + Ey yz + 6:07; 
Ez Evs + Ey Evs té, Eys 


In equs. (3.1) and (3.4) &, €y, and £; are the metric terms of the coordinate trans- 
formation, U is the contravariant velocity, Re is the Reynolds number and ø the 
stress tensor E, is the dissipative part of the energy flux containing contributions 
of the stress tensor and the heat flux. 


For incompressible flows with constant viscosity and thermal conductivity the Navier- 
Stokes equations simplify significantly. The energy equation can then be decoupled 
from the conservation equations for mass and momentum. If the temperature dis- 
tribution remains uniform throughout the entire flow process, the energy equation 
can be omitted. The vector of the conservative variables in equ. (3.2) reduces then 
to a vector, which has only four components, namely pressure and velocity, i. e. 


Q =J(p, 0)" . (3.5) 


The matrix A in equ. (3.1) becomes singular for incompressible flows, which renders 
the numerical integration of the conservation equations more difficult. For fluids 
with constant density the vectors of the convective and diffusive fluxes reduce to 


E, = J(U,Uu + £p, Uv + £p, Uw + £p)? (3.6) 
and 
0 
Pp Rey ee ere (3.7) 


give + g2Us + gave 
gie + G2Wy + 93We 
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with 
gi =E +E +E, go — Erne + Eyny + bene, 99 = Erke + Eyy - £2, (3.8) 


To advance the solution in time for compressible flows, an explicit Runge-Kutta 
multistep method is often used. Alternatively an implicit dual-time stepping proce- 
dure can be used for the solution of problems, for which an explicit scheme becomes 
inefficient. 


For the simulation of incompressible flows, Chorins method [9] is often applied. 
In that method an artificial equation of state is introduced that couples the pres- 
sure with an artificial density in order to eliminate the singularity of the matrix A. 
Then the continuity equation contains an artificial time derivative for the pressure 
which vanishes for steady-state solutions. In [10] and later in [11] this method was 
extended to unsteady flows by introducing an artificial time 7 and adding a pseudo- 
time derivative A - Q, to equ. (3.1). Thereby the pressure is coupled with the 
velocity and the conservation equations for incompressible flow can be integrated in 
a fashion similar to the integration for compressible flow. Since the steady solution 
is computed for the artificial time t the pseudo-time derivative A - Q vanishes, and 
the solution is obtained for the unsteady flow in the physical time t. 


The discretization of the conservation equations with the aid of a Taylor-series ex- 
pansion yields a system of linear algebraic equations of the form 


LHS - AQ”) = RHS (3.9) 


which has to be solved for each artificial time step. In equ. (3.9) AQ") is the 
change of the primitive or conservative variables within one time step, the quantiy 
LHS contains the discretized spatial derivatives of the Jacobian matrices which 
result from the linearization, and RHS contains the discretized space derivatives of 
equ. (3.1) and a second- or even higher-order approximation of the physical time 
derivative. Details of the linearization are given in [10] and [11]. The resulting 
algebraic equations may be solved with an alternating Gauf-Seidel line relaxation 
method. 


In order to preserve the conservative properties, equ. (3.1) is discretized for a finite 
control volume. A corresponding difference operator, e. g. óe for replacing the 
derivatives of the fluxes for a volume element in a node-centered scheme at a point 
(i, j, k) reads: 


(& E), jk = (Ei jio -— E, ajo jk) / (A) (3.10) 


The formulation of the fluxes at the half points i + 1/2 determines the properties 
of the discretization scheme, and different formulations may be used for various 
reasons. For example a cell-vertex scheme with artificial damping may be used 
for subsonic compressible flows, an adapted upwind discretization may be used for 
Large-Eddy-Simulation of turbulent flows. For incompressible flows, the projection 
of the variables to the cell interfaces can be carried out, for example, with the 
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QUICK-scheme proposed by Leonard. In the simulation of high-Reynolds number 
flows, high-frequency oscillations may occur. They can be avoided to a certain extent 
by fourth-order damping terms added to the continuity equation, when discretized 
with central differences. The latter are also used for the discretization of the Stokes 
stresses and the Fourier heat flux for compressible and incompressible flows. 


Since most of the flow problems to be solved are large in size, the algorithms sketched 
out above are parallelized by dividing the entire domain of integration into blocks 
and by assigning each of the blocks to a processor of a parallel computer. Then the 
difference between a sequential and a parallelized algorithm consists in handling the 
data on the block boundaries. The data between neighboring blocks are exchanged 
by sending and receiving data with a message passing library. The communication 
mode is asynchronous blocking. For global communication a binary tree topology is 
used in order to minimize the time for exchange of the data. If the grid blocks differ 
in size, a perfect load balancing cannot be achieved on parallel machines, if only a 
single job is processed. On the NEC SX-4, for example, perfect load balancing can 
easily be achieved, since several jobs can be executed in share mode on the same 
processor. 


The visualization of results is a problem by itself in the sense, that it is a priory 
not known, what flow quantities should be visualized. Since in the process of visu- 
alization a large amount of data has to be handled, in most cases the visualization 
is also carried out on a parallel computer, as for example the computation of streak 
lines. In order to minimize the communication time between the blocks, all data to 
be sent to a neighboring block may be packed into a single array and then commu- 
nicated. For particle tracing, perfect load balancing is very difficult to achieve, as 
the number of particles is usually not known at the beginning and may also change 
rapidly within a block. Nevertheless, machine efficiencies of about 80 percent can 
be obtained. 


In general for solutions of the Navier-Stokes equations, as for example the one de- 
veloped in [12] for three-dimensional, time-dependent, compressible, viscous flows 
long computation times are to be expected. The solution is written for contour- 
fitted, block-structured coordinates with a time-dependent grid and an explicit finite- 
volume integration of second-order accuracy. Typical computations usually involve 
more than one million grid points. The storage capacity required is about 2 Gbyte, 
and typical computing times are 120 h per flow field on a single processor. 


4 Examples of flow simulations 


Many flows carry vorticity, often enforced on them by solid walls, and as a conse- 
quence, vortices, in particular vortex rings can be formed. A steady state of the 
flow may not be reached, even when there is no change in the boundary conditions 
in the course of time. Several flow modes may even exist, and when the flow under- 
goes transition from one mode to another the characteristic length and time scales 
become important. Especially time-dependent flows are therefore, in general, three- 
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dimensional in nature, and the introduction of symmetry conditions in the solution 
of internal flow problems, such as axial or equatorial symmetry, may cause severe 
deviations from the actual flow behavior, that the prediction is far from reality. De- 
spite their enormous technical importance, internal, and in particular vortical flows 
seem to have received much less attention in the past than did external flows. One 
obvious reason is that methods of investigation were not available for detailed flow 
studies. Numerical tools for the description of complex boundary shapes and for 
devising suitable grids became the subject of systematic investigations only after 
sufficient computational speed and storage capacity were available, see for example 
[12]. During the past twenty years, the performance of electronic computing ma- 
chines could be enhanced by a two orders of magnitude. It is of equal importance to 
point out, that in the same time the algorithms could be improved to the extent that 
another two and a half orders of magnitude resulted in the increase of the perfor- 
mance ratio. Presently used numerical solutions of the Navier-Stokes equations are 
constructed for the simulation of three-dimensional, time-dependent, incompress- 
ible and compressible laminar and turbulent flow. Turbulent flows simulations are 
performed without and with sub-grid models for the description of the Reynolds 
stresses. When and how sub-grid models are to be used, depends strongly on the 
nature of the flow. 


A first example will illustrate the formation of vortices in a cylinder of a piston 
engine. For a long time it was believed, that the gas flow in piston engines is fully 
turbulent and that the flow is not able to form large vortex structures, since the 
characteristic flow times are very small. Recent investigations, however, show, that 
vortex rings are being formed during the suction phase. The vortex structures can 
be captured and traced in the following way: The velocity vectors obtained from the 
computation for a specified time are projected on an arbitrary plane, for example 
for the flow in a cylinder either on a meridional or a cross-sectional plane. Then 
elements of the streamline projections in the plane chosen are constructed from the 
projections of the velocity vectors. Vortex cores can readily be identified by search- 
ing for closed or spiraling streamline segments. After a core has been identified, 
vorticity vectors can be computed in the neighborhood of the core by differentiation 
of the velocity vectors, and elements of vortex lines by numerical integration. The 
step-size of the integration is determined by the distance to a neighboring plane, 
for which vorticity vectors are obtained in the way just outlined. This method is 
described in detail in [13]. Figs. 1 and 2 demonstrate the capturing and tracing 
of vortex cores in a flow of a piston engine during the intake phase. In Fig. 1a 
numerically generated time-dependent computational grid is depicted for a 4-valve 
cylinder [13]. 


With the velocity distribution obtained by numerical integration of the Navier- 
Stokes equations on the grid shown in Fig. 1, the instantaneous location of the cores 
of the vortices generated in the vicinity of the intake valve can be determined as 
outlined above. In the left part of the following Fig. 2 the vortex cores are indicated 
by closed and spiraling streamline segments in a plane parallel to a meridional plane 
of the cylinder, as determined from the computed velocity distribution. The grey 
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Figure 1: Numerically generated computational time-dependent grid for the simulation of 
the flow during the intake phase in the piston of a 4-valve engine [13]. 


straight lines, barely visible, under the first valve on the left of the picture represent 
exemplary vorticity vectors computed for the innermost streamline segment. The 
vorticity vectors are then used to obtain an element of a vortex tube. At its end 
another plane is chosen for which new streamline segments and vorticity vectors 
are computed, and a second element of the vortex tube can be determined. This 
procedure can be continued, until the entire core of a vortex is determined. In the 
picture on the right, the two vortex rings, formed under the open intake valves, are 
shown. They were computed from the instantaneous vorticity distribution of the 
time-dependent flow field [13]. 


The technical importance of the simulations just described need not be emphasized. 
A better understanding of the unsteady, three-dimensional, compressible flow in 
piston engines during the intake stroke is crucial for future development and im- 
provement of piston engines with higher performance and lower emission rates. The 
flow at the end of the compression phase determines the flame propagation speed 
in homogeneous charge spark-ignition engines, and the fuel-air mixing and burning 
rates in Diesel engines. The flow has a major impact on the emission values and 
on the breathing capacity of the engine and therefore also on the maximum avail- 
able power. The few considerations may suffice to show how important numerical 
integration techniques deviced for high-performance computing machines will be for 
future technological developments. 


In a second example the question, how accurate the generation and the motion of 
slender vortex rings and their mutual interactions can be predicted numerically, will 
be addressed. This question is decisive for technical applications. For this reason 
the motion of vortex rings is presently being studied by many research groups, not 


Navier-Stokes Simulations of Vortex Flows dm 241 





Figure 2: Vortex cores in the intake flow of a piston engine, indicated by closed and 
spiraling segments of streamline projections on a selected plane in the left part of the 
picture, with a few vorticity vectors shown near the core by the grey lines on the left. The 
two ring-like vortices generated by the intake flow are shown in the right picture [13]. 


only for obtaining a better understanding of vortex dynamics, but also for validating 
numerical predictions with available experimental data. One such set of experimen- 
tal data was provided by T. T. Lim in [14]. In his experiments he let two vortex 
rings of equal strength collide with each other, starting under a certain prescribed 
angle. The two rings were dyed with different colors, so that the changes taking 
place during the collision process could be detected. Photographic studies revealed, 
that the two rings first merge into a single ring, half of it showing the color of one of 
the starting rings, and the other half that of the other. After some time, the newly 
generated vortex ring is stretched in the direction normal to direction of the original 
motion, and two new vortex rings are formed. They separate from the intermediate 
one-ring structure, again in the direction normal to the direction of the initial mo- 
tion of the two starting vortices. 


This problem, obviously complex in the details of the collision process, was stud- 
ied with a numerical solution of the Navier-Stokes equations by J. Hofhaus at the 
Aerodynamisches Institut in order to investigate the accuracy of the numerical pre- 
dictions by comparing them with the experimental data of [14]. The results are 
reported in [15]. Several difficulties had to be overcome in order to make the com- 
parison possible. For example, because of the motion of the vortex structures in the 
flow field, their instantaneous location must be controlled. In particular, it must 
be avoided, that they touch the boundary of the domain of integration during the 
numerical simulation, as then the solution can no longer converge. In [15] this dif- 
ficulty was circumnavigated by introducing a moving system of coordinates. Since 
the velocity of the vortices can be determined, they can always be kept in the center 
of the domain of integration, at least at a safe distance away from the boundaries. 


Other problems arise from the necessity to prescribe initial and boundary conditions. 
It is certainly possible to follow the experiment and release a certain volume of a 
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incompressible fluid through an orifice. Such an approach would, however, require a 
large number of grid points for the description of the flow during the initial phase. 
For later phases of the time-dependent flow these points can no longer be used. An- 
other disadvantage of this approach might result from grid singularities, associated 
with circular cross-sections with corresponding coordinates. 


Before comparing some of the numerically predicted results with experimental vi- 
sualizations, the mechanism of the collision of two vortex rings is schematically 
explained in Fig. 3, taken from [15]: Two vortex rings of equal strength approach 





Figure 3: Schematic of collision of two vortex rings. Opposite signs of vorticity vectors, 
indicated by the small arrows, retard the rotation locally in the plane of contact and cause 
the merging into a single vortex structure [15]. 


each other with the same speed. The components of the vorticity vectors parallel to 
the plane of contact have opposite signs and retard the rotation of the flow particles 
during the collision, and the two vortex rings form a single one. 


If the strength of the vortices is large enough, the distant parts of the newly gener- 
ated structure, rotating in opposite directions, begin to interact, and two new vortex 
rings may be generated, separating in the direction normal to the original direction 
of motion. The shape of the structure that is formed in the collision depends to a 
large extent on the angle under which the two vortex rings are initially set in motion. 
This can be seen in Fig. 4, where results of numerical simulations are shown for a 
Reynolds number Re = 500 and initial angles between the axes of the vortex rings, j. 
The Reynolds number is based on the initial radius of the vortex ring and its initial 
speed. Plotted are the vortex lines for angles $ = 40?,509?,60?, 70°, 80?, and 90°. 
An analysis of the numerical data showed, that in the process of redistribution of 
vorticity only a certain part of the strength of the original vortex rings is found in 
the newly formed vortex pair. As already indicated through the connecting vortex 
lines in Fig. 4 for an initial angle 9 = 80°, a third vortex structure with closed 
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Figure 4: Formation of vortex structures after collision of two initial rings at a Reynolds 
number Re — 500 and various initial angles of the collision [16]. 


vortex lines is formed on the leeward side of the vortex pair. The comparison with 
the experimental data of [14] in Fig. 5 shows, that this redistribution of vorticity is 
also observed in the actual flow. 


The third structure results from the interaction of the vortex pair generated in the 
collision, as the two vortex rings (dark structures in Fig. 5) do not lie in one and 
the same plane. They can therefore continue their spatial redistribution of vorticity 
through interaction. The comparison in Fig. 5 also confirms, that the generation of 
vortex rings and their mutual interaction can be predicted with numerical solutions 
of the Navier-Stokes equations, provided the Reynolds number is low enough so that 
the details of the interaction process can be resolved with grids that can presently 
be implemented on available high-performance computers. 


5 Concluding Remarks 


The occurrence of slender vortices in various areas of fluid dynamics was demon- 
strated, in particular for aerodynamics but also for other technically important 
flows. Results of investigations of incompressible and compressible flows contain- 
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Figure 5: Comparison of the computed results of [15] (lower picture) with the experimental 
data, of [14] (upper picture). A third vortex structure with closed vortex lines is formed 
on the leeward side of the vortex pair, (dark spots) as a consequence of their interaction. 


ing structures of slender vortices were presented. 'The examples chosen comprise the 
formation and interaction of vortex rings in cylinders of automotive engines during 
the suction phase and the oblique collision of vortex rings. 


It was shown that for the cases considered numerical simulations of time-dependent 
three-dimensional vortical flows are in good agreement with experimental data, for 
external flows as well as for internal flows, as long as sufficient numerical resolu- 
tion of the local flow phenomena can be provided. The results were obtained with 
solutions of the complete Navier-Stokes equations. Description of the algorithmic 
elements of the solutions employed was purposely kept short in order to be able to 
emphasize the comparison of the results with experimental data. 
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Abstract 


The conjugate gradient boundary iteration (CGBI) is a domain decompo- 
sition method for elliptic partial differential equations [1] [2] [3] [6] [7]. In 
the context of fractional step methods [10], a Navier-Stokes solver based on 
CGBI and a characteristics method was constructed. In this article, numeri- 
cal results for the incompressible flow past a backward facing step and past a 
cylinder (both modelled in 2d) are presented. 


1 Introduction 


For the efficient computation of the flow past an obstacle in a channel, the possibility 
to combine the high accuracy of spectral solvers with the high flexibility of the 
finite element method (FE,FEM) seems desirable. The CGBI parallelization method 
is a tool to couple such heterogeneous solvers for elliptic problems. The channel 
is devided into several non-overlapping subdomains, where Chebychev collocation 
spectral solvers [4] are applied on rectangular subdomains and FE solvers on the 
subdomains containing the obstacle (Fig. 1). This article shows the application 
of CGBI for the computation of a Navier-Stokes flow. The time-splitting scheme 
decouples each Navier-Stokes timestep into a transport step and elliptic problems 
for the velocity and for the pressure. CGBI is used to solve the elliptic problems, 
and the transport equation is handled by the characteristic's method. 
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Figure 1: Domain decomposition of a channel with an obstacle inside. 


2 The CGBI-characteristics solver 


The time scheme. Concerning the time scheme, a pressure correction method [2] 
[6] [7] [10] is used to discretize the Navier-Stokes equations. Each timestep is splitted 
into three parts: The transport step, which is solved by the characteristic's method, 
and two elliptic problems, i.e. the diffusion step and the pressure correction step, 
which both are solved by the CGBI method. 

The diffusion step leads to resolvent type equations 


(c- A)w =f, c20, (2.1) 


for the velocity components with Dirichlet boundary conditions on the physical 
boundary, whereas the pressure equation leads to a Poisson equation (i.e. o — 0 in 
(2.1)) with Neumann boundary conditions. 

As the Lagrangian (’material’) derivative is presently approximated by a first order 
difference quotient, the Navier-Stokes time scheme is presently only of first order in 
At; the implementation of a higher order scheme is straightforward and carried out 
in the near future. Presently, we concentrate on the spatial accuracy. 


The CGBI method. CGBI is à domain decomposition method for the parallel 
solution of the resolvent equation (2.1). The theory of the CGBI method together 
with numerical results for elliptic problems was subject of former publications [2] 
[3]. Let us summarize the main features: 

The occuring local problems on the subdomains f? ,..., Np use boundary conditions of 
Neumann type on the interfaces I'; = (f1;,,. The correct Neumann boundary data 
on the interfaces I := Dj T'; happen to be the solution of a certain minimization 
principle. This minimization principle is solved by a conjugate gradient method (CG) 
running on the interfaces F. In each CG step, local problems on the subdomains 
being independent of each other are to be solved. 

Efficient preconditioners using only O(N log N) operations for NxN grid points per 
subdomain were developed for CGBI. Basically, these preconditioners are approxi- 


Numerical Results for CGBI Method to Viscous Channel Flow 249 


mations of the square root of the negative Laplacian operator on the interfaces [6] 
[7]; they do not require the solution of any subdomain-based problem. These pre- 
conditioners lead to a condition number independent of the number of subdomains 
and of the number of unknowns and of c. If the subdomains are not too narrow, an 
error reduction rate of 0.1 per CG iteration step was found, both for the resolvent 
equation and for the Poisson equation. That means that ~8 CG steps are to perform 
if spectral solvers are used within CGBI, and ~4 if only lower order solvers are used 
such as FEM, FDM. 

The CGBI methods resembles the dual Schur method (e.g. [5]); however, the pre- 
conditioning and the treatment of the ‘floating’ subdomains (i.e. subdomains with 
pure Neumann b.c. for the Laplacian equation) is different. 


The characteristics solver. Our characteristics solver traces the characteristic line 
for each grid point backward in time by the classical 4th order Runge-Kutta scheme. 
For the tracing and the computation of the characteristic foot point, interpolation 
in space and time is required. Our algorithm uses linear interpolation in time. 
For the spatial interpolation on the spectral domains, we discard the full order 
spectral interpolation because of its large computational costs. Instead, we use 
piecewise polynomials of order p = 1, 2,3. On FE domains, the piecewise linear FE 
representation is used. 

Numerical tests revealed no stability restriction of the timestep size. At least for 
equidistant and quasi-uniform meshes, this could be expected due to theoretical 
stability investigations. 


3 Numerical results 


Flow over a backward facing step. As a first example, we present the computa- 
tion of a flow past a backward facing step. The Reynolds number is moderate so that 
the flow becomes stationary after some time. The reason to choose this example is 
the following: As we focus on the stationary state of the flow, the time discretization 
error of our scheme is of minor importance; we can even choose the rather large time 
step size At = 0.08. This test case enables us to investigate the spatial accuracy of 
the Navier-Stokes solver. 

In a first stage, our domain is rectangular of size 


Q = (0,6) x (0,1), (3.1) 


and the step of height 0.5 is modelled by posing a Poiseuille inflow profile on the 
half of the left edge of the computational domain. This simplified geometry of the 
computational domain enables us to use the spectral solver on all subdomains. The 
maximum inflow velocity is 1.0, and the Reynolds number with respect to the step 
size and the maximum velocity at the inlet is Re=150. We compare the test runs 
of 


1. Chebychev solvers on all 6 subdomains (’CC’-coupling), interpolation in the 
transport step by polynomials of order p=1 
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2. Chebychev solvers on all 6 subdomains (’CC’-coupling), interpolation in the 
transport step by polynomials of order p=3 


3. FE solver on first subdomain, Chebychev solvers on the other subdomains 
(’FC’-coupling), p=3 on the Chebychev domains, 


4, FD solvers on all subdomains (’DD’-coupling). 


In a second stage, we include the upstream part of the channel into the computational 
domain in order to make a computation comparable to the benchmark [8]; our new 
computational domain f1 is L-shaped: 


Q = (0,0.75) x (0.5, 1) U (0.75,6) x (0, 1). (3.2) 


It is devided into 6 subdomains of the same width; on the first, the FE solver is 
used. This geometry and the Reynolds number correspond to the benchmark tests 
in [8]; except that the length of our channel is smaller. However, our computational 
results showed that the influence of a longer channel in downstream direction on the 
numerical result is neglectable. The spectral solvers use (N 2-1) x (N 4-1) grid points 
on each subdomain, N =8, 16, 32, 64, 128, and on the FE domain, a regular mesh of 
triangles with a similar number of nodes is used. See Fig. 3 for the visualization of 
the x-component of the flow for both geometries (N —64). 
For the analysis of the results, we focus on the length L of the recirculation zone 
at time T — 50. At this time, the recirculation length is already stationary up to 
+0.005. Fig. 2 shows L in dependence of the method and on the spatial discretization 
parameter N. Fig. 2 reads that all test runs 1.-4. using the rectangular domain (3.1) 
lead, for N — co, to a limit of about 2.67. Furthermore, we see that for the case of 
Chebychev solvers on all subdomains, the order of the spatial interpolation in the 
transport step is essential for the accuracy of the whole Navier-Stokes solver: For 
the high order interpolation p=3, the result for N = 8 is more accurate than for the 
lower order interpolation p — 1 and N = 64. Fig. 2 also shows that the influence of 
the lower order FE domain onto the error of L is limited; the 'FC' result is clearly 
more accurate than the 'DD' result. 
Let uw denote the numerical solution for (N+1) x (N+1) grid points per subdomain. 
Assuming a law 

luv — Uezactllr2(q) mON + f(At) (3.3) 


for the error, we can compute the order o approximately without knowing tezact by 


llun — unlle 
uzn — unlle) 


M astethedfollaying ceankttor a. The spatial interpolation error in the computation 


of the characteristic’s foot points can be estimated by 


cmin(h?*!, u|At h?..) 


loc loc 


a f logy 


which becomes the largest in the center of the subdomains where the Chebychev- 
Gauss-Lobatto mesh is the coarsest. Here, the Courant number |u| At/hioe21, So 
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Figure 2: The length of the recirculation zone for different combinations of local 
solvers. CC=Chebychev method on all subdomains, FC=finite element method 
on first subdomain and Chebychev on the other subdomains, DD=finite difference 
method on all subdomains, FC2: as FE, but with the different geometry (3.2). 
p = order of polynomial for spatial interpolation on Chebychev domains for the 
characteristic’s method. 


we can expect the order a = p with respect to hij, ~ N^!. However, we cannot 
expect that the At-dependent terms of (3.3) extinct each other completely, in which 
case a smaller value for the order a is pretended. 

Results very similar to Table 1 are gained by regarding L(N) instead of the L?((1)- 
error of uy. 

Finally, let us compare our test runs ’FC2’ on the L-shaped computational domain 
(3.2) with the benchmark [8]. We find a good correspondence of our results; in [8], 
most results are situated between 2.2 and 2.6; using a discretization comparable to 
[8] (N — 32), 'FC2' in Fig. 2 reads 2.46. 


Channel flow past a cylinder. In the following we present the computation of 
a non-stationary 2d benchmark problem introduced in [9]. A circular obstacle of 
diameter 0.1 is situated in a channel of width 0.41. The center of the obstacle is 
positioned 0.20 from one channel border and 0.20 from the entrance of the channel. 
At the inflow, a Poiseuille profile u(y) = 6 Umean y (1— y), Umean = 1.0, for the x- 
component of the velocity is prescribed. The Reynolds number Re = UmeanD/v 
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order a 
2.6 
0.8 
0.7 


method 





Table 1: Approximate order of the different methods with respect to the length of 
the recirculation zone for the backward facing step 





Figure 3: x-component u of the velocity for the flow over a backward facing step 
for the two different computational domains (3.1) and (3.2). For positive values 
of u, the brightness indicates the quantity. Negative values of u (the recirculation 
zone) are coded with bright colors again. Upper part: the computation on 6 spectral 
subdomains (’CC’), lower part: the computation on 1 FE and 5 spectral subdomains 
(FC2’). 


with respect to the mean velocity at the inlet and the diameter D of the obstacle is 
Re=100. 

Our computation uses 6 square subdomains. The first, containing the obstacle, 
uses the FE solver and the other the spectral solver. On the spectral domains, the 
interpolation by polynomials of order p=3 is used during the transport step. 

Due to the asymmetric position of the obstacle the periodic vortex shedding estab- 
lishes rapidly. In Fig. 4, the norm of the velocity, the y-component of the velocity 
and the vorticity for N=64, At=0.002 at time T=5.0 are displayed. 

Although a coarse spatial discretization on the FE domain (no local refinement close 
to the obstacle) and the first order time scheme was used, we found a Strouhal num- 
ber St = fD/Umean (f =frequency of vortex shedding) of St=0.26; the benchmark 
computation [9] gives St=0.300 + 0.005 to be the ’exact’ value. 

We observed an increase of the Strouhal number when a finer temporal and/or 
spatial discretization on the FE domain was used. See the next chapter for current 
improvements. 


Numerical Results for CGBI Method to Viscous Channel Flow 253 





Figure 4: The norm of the velocity, the y-component of the velocity and the vorticity 
for N=64, At 0.002, p=3, T z 5.0. 
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4 Summary and Outlook 


We think that CGBI is a well suited parallelization tool for the coupling of FE 
solvers and spectral collocation solvers, and the highly accurate computation of a 
Navier-Stokes flow. A high spatial accuracy is reached on the spectral domains. 
Presently, the FE solver uses approximately the same amount of grid points as the 
spectral solver. To balance the error and also the processor load, we intend to use 
a refined FE mesh (which requires a preconditioning or a multigrid method for the 
local FE problem) for future computations. 

The implementation of a higher order time scheme is presently under investiga- 
tion. Without much modification of the code, a higher order characteristic's method 
(ie. a higher order of the approximation of the Lagrangian derivative) is possi- 
ble. Another possibility which is under current investigation is the introduction of 
a semi-Lagrangian method [11] which avoids costly spatial interpolations. However, 
the semi-Lagrangian method leads to a restriction of the timestep size used in the 
transport equation, but we intend to overcome this problem by ’subcycling’ [11]. 
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1 Introduction 


The impact of drops onto a dry or wetted surface can have great importance in tech- 
nical applications and natural phenomena such as soil erosion, turbine blades corro- 
sion, surface cooling, formation of charged droplets in a thunderstorm, dispersal of 
spores and micro-organisms, spray injection in diesel and gasoline direct-injection 
engines, liquid painting. The impact of liquid droplets onto a solid surface, either 
dry or wetted, has been studied for more than one century. However, because of the 
high complexity of the splashing and spreading processes, a detailed and satisfac- 
tory description of these phenomena is still not available in the scientific literature. 
A drop impinging on a surface can spread over it, rebound or form a crown (Fig.1a- 
e). Several other phenomena may also occur. For example, as shown in Fig. 1b-c, 
during crown formation, some jets can be produced and then break, thus throw- 
ing away secondary droplets. In Fig. 1d a lamella breaks up during the receding 
contraction of a drop on a non-wettable surface. Finally, if the surface is covered 
by a liquid film or has a low wettability, a conical rebounding jet is formed which 
in turn can produce a few secondary drops as an effect of the elastic collision (Fig. 
le-f). The dynamics of the impact of a single liquid drop on a wall depends on the 
physical parameters of the impinging droplet, on the solid surface properties and on 
the near wall boundary conditions. In particular, the impact process is influenced 
by the drop dynamics (its diameter D, velocity V normal to the impacted surface, 
impact angle o), liquid properties (non-Newtonian or viscoelastic fluid, viscosity 
ut, density p, surface tension c) and droplet internal conditions (circulation, pres- 
ence of solid particles, non-homogeneous density or viscosity). The main surface 
parameters are its temperature, wettability, roughness, porosity, elasticity, charge, 
curvature and, if the surface is wetted, the film thickness, its waviness and chemical 
composition. The near-wall conditions can influence the impact dynamics mainly 
through the presence of an air boundary layer or a vapor film. Moreover, the im- 
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pact frequency has to be considered as an independent parameter, since its influence 
is not only the mere production of a liquid film of a given thickness on the solid 
surface. A time scale should be included in the dimensional analysis: its standard 
adimensional form is the "convective" time scale r = Vt/D. 

Consider a droplet of a Newtonian homogeneous liquid, then the evolution of the 
flow of the liquid film after the impact is the result of the opposing action of surface 
and inertial forces, damped by viscous stresses. In some circumstances, gravity may 
also play a role [Cossali et al. (1997)]. Adimensional quantities that play a major 
role in the droplet dynamics are the Weber number (We = pV?D/c), the Ohnesorge 
number (Oh = u/ /pDc), the Reynolds number (Re = pV D/p) and the Froude 
number (Fr — V?/Dg). Only three of these numbers are independent. The velocity 
entering the previous definitions is the component normal to the wall or its module, 
but independently from this choice the impact angle is important [Faddeyev et al. 
(1988), Marengo et al. (1998), Stow and Hadfield (1981)] and its influence must 
be considered separately. Another relevant parameter is the drop deformation: the 
variable D is generally written via the square root of the maximum area cut by the 
droplet on a plane normal to the direction of motion. Finally, the drop dimpling 
just before the impact should be checked and considered in the analysis. 

Among surface properties and "interaction" features, we mention a few adimen- 
sional parameters: surface roughness (Rna = R,/D), film thickness (6 = h/D) and, 
for a monodisperse drop-chain impact, impact frequency (fna = fD/V). The Bond 
number (Bo = pgh?/o) may also have some relevance. A few authors investigated 
other features like surface curvature, charge, elasticity and a non-homogeneous liq- 
uid in the impacted film. The following discussion will provide a review of studies 
about single droplet impact on a cold solid surface and on a homogenous liquid film. 


2 Spreading and Splash Evolution: Experimental Classification 


For impacts on wetted surfaces it is possible to distinguish four main temporal 
phases: (1) the lamella formation and the prompt splash, (2) the crown rise, the 
cavity and the vortex rings formation, (3) the jet formation and break-up (late 
splash, secondary droplet formation) and (4) the crown collapse and a sort of elastic 
rebound. For droplets impacting on a solid surface, there are three spreading stages: 
the kinematic phase r < 0.1, the spreading phase and a final phase during which the 
lamella decelerates strongly and reaches an asymptotic diameter. A clear separation 
between impacts onto dry and wetted surfaces is necessary since the morphology of 
spreading and splashing are rather different in the two cases. 


2.1 Drop Impacts on Wetted Surfaces 
Drop deformation, lamella ejection, prompt splash 


Drop deformation, lamella ejection, prompt splash The lamella formation (a 
radial flow departing from the impact point) was first detected by Worthington 
(1876,1877a,1877b,1897). With an innovative photographic technique, he studied 
the formation of the crown and jets, with evidence of perturbations along the crown 
and break-up of the jets. The protruding of a liquid lamella from the deformed drop 
surface is still an unsolved problem. The influence of liquid compressibility was 
considered by several authors [Engel (1967), Heymann (1969), Field et al. (1985)]. 

The liquid film on the surface deforms slightly when the falling drop approaches, 
then the droplet preserves its spherical form for a longer time than in the case of an 
impact on dry surfaces. Hence with a good approximation the drop apex interacts 
with the surface at 7 = 1. The lamella speed, when it can be determined from 
experiments, is about 6-10 times larger than the impact velocity V and shows a 
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decreasing power-law behavior with time. The lamella can produce a crown or a 
simple radial flow. The advancing rim is moving with a vertical velocity component 
which depends on the film thickness [Marengo (1996)]: the thicker the film, the 
higher the angle between the lamella and the surface. The rim can show waviness 
and some fingers at this early stage as well. The lamella evolves toward a vertical 
cylindrical shape or crown shape. During this evolution, some droplets can also be 
produced by early hydrodynamic instabilities (Fig. 3). This effect was noticed in 
splashes of water drops [Cossali et al. (1997)] and called "prompt splash”. At lower 
surface tensions, the prompt splash appears to be amplified [Rioboo et al. (1999)]. 


Crown evolution 


The crown formation has been theoretically analyzed in the case of impact on 
wetted solid surfaces. Energy balances have been used to characterize the crown 
evolution and to evaluate the importance of different physical parameters. However, 
dissipation is very difficult to quantify and the comparison between experimental 
data and theoretical prediction is poor. More recently two models, based on force 
balances, have been proposed with some success [Yarin and Weiss (1995), Roisman 
et al. (2000)]. Yarin and Weiss study impact over a thin liquid layer. They describe 
the evolution of a horizontal radial flow using a thin layer approximation. Their 
analysis is equivalent to the potential flow analysis for jet impacts performed in a 
similar context by Peregrine (1981). It yields for the crown diameter the estimate 


3 = Re!/4(7 — m)? (2.1) 


where 79 is a shifting factor that takes into account the experimental error to predict 
the impact time. However, Peregrine (1981) noticed that: a) potential flow theory 
for jet impacts yields lamellas that are not vertical but inclined at an angle with 
the surface (this is at variance from observations both numerical and experimental); 
b) potential flow theory does not necessarily apply. If on the other hand potential 
flow theory is abandoned, then relation [2.1] is not the only solution to the jet 
impact. This may explain why a lower exponent for the crown radius evolution 
after impacts of water droplets was found experimentally. Indeed, Coghe et al. 
(1999) found r,/D = C(We)(r — 7)°4 , for r € 15, where C % 0.7 and slightly 
increases with Weber number. 

The analysis of the crown evolution generated by water droplets impacting on a 
thin liquid film showed that the adimensional vertical velocities of the crown varies 
slightly, depending only on the film thickness. On the other hand, the adimensional 
crown thickness increases in time to 3-5 times the initial value, independently of 
film thickness and impact velocity. The maximum crown height increases with im- 
pact velocity and it is reached in the interval 7 < 7 < 15 for 2 < V < 4m/s and 
D = 3 mm. Figure 4 reports the adimensional crown height y, = H/D, versus 
adimensional time for some experimental conditions. The crown height reaches a 
maximum value (Ne,maz) after a time tmaz from the impact. These two values 
depend on the drop impact velocity, whereas the influence of the film thickness 
appears to be very weak. The ratio n¢maz/Tmoz is independent of the drop im- 
pact velocity as both nc,maz and Tmaz seem to scale similarly with impact velocity: 
Ne,maz = AWe”, Tmas = AoW e" with n = 0.65 + 0.75. 

Macklin and Metaxas (1976) used different fluids (methanol, water and glycerol) 
to correlate the crown geometrical aspect to the Weber num-ber for impacts on 
both shallow and deep liquid films. The crown maximum height depends on Weber 
number and varies between 0.5D and 4D, and in general the bigger the Weber 
number, the thinner the crown and the greater the liquid volume present in the 
crown. When a drop falls through a liquid surface, usually a cavity forms under the 
free surface. The papers by Engel (1955,1966,1967) and Macklin (1969,1976) give 
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some information on this problem for drop impacts with 6 >> 1. In principle, an 
interaction between the solid surface and the cavity bottom cannot be excluded and 
therefore the solid surface could play a role also for impact on a liquid film [Hobbs 
and Osherof (1967), Marengo (1996)]. At high impact velocities, liquid jets can 
develop from the rim on the top of the crown and eventually break. The number 
of jets protruding from the crown rim decreases with time, while it increases by 
lowering the liquid surface tension. Once formed, the jets may have a ramification 
and subdivide in two or three branches. Many theories have been developed over 
time for jet formation, however we find none of the published theories satisfactory. 


The critical splash regimes 


The lamella spreading can result in three main phenomena: a recoil with jet 
formation or drop rebound, a splash with secondary droplet formation, and a sim- 
ple deposition of the drop on the surface. The determination of empirical relations 
among impact variables to predict the outcome of the lamella spreading is of out- 
standing importance in industrial applications and for numerical simulations. 

The secondary droplet formation is due to a Rayleigh break-up of the jets. 
Several authors [Stow and Stainer (1977), Stow and Hadfield (1981), Walzel (1980), 
Mundo et al. (1995), Cossali et al. (1997), Yarin and Weiss (1995)] indicate the 
dimensionless group K = WeOh~°4 as the discriminating variable for splashes 
on both dry and wetted surfaces. When K is greater than a critical value Ker, 
related to surface conditions such as its roughness, then the splash happens. The 
dimensionless film thickness plays an important role in splashing. Cossali et al. 
(1997) determined the critical value of Ker, for thin liquid films ô < 1. Four main 
regimes can be distinguished: thin film, liquid layer, shallow and deep pool [Tropea 
and Marengo (1998)]. In Table 1 a survey of the critical K values is given. 

Some authors considered also the limit for the conical jet break-up after the 
crown collapse. Rodriguez and Mesler (1985) found the critical value of K = 790 
for the secondary droplet formation from the conical final jet. 


The splash products 


The outcome of the splash is influenced by impact conditions: (a) the number of 
secondary droplets increases with the Weber number and decreases with both the 
Ohnesorge number and the dimensionless film thickness, (b) the mean diameter of 
the secondary droplets decreases with higher impact velocity, bigger surface rough- 
ness and thicker films. It has also been found that the ejection angle of secondary 
droplets is a function of impact parameters. 

Many empirical models define a mean droplet diameter that actually varies in 
time during the break-up process. The diameter increases in time with the law 


dsec/ D = 4.67" 1/? (2.2) 


where 7* is defined as 


r= voWe-on'(1 4+ 61/7) (2.3) 


The first secondary droplets are generated at a time 7* in the range [0.004 +0.008] 
after the impact. 

After reaching its maximal height, the crown starts to collapse. For impacts 
on a liquid pool and with a Weber number greater than 400, the crown closes off 
before collapsing. Near the end of the collapse a conical jet forms. Some secondary 
droplets may still be produced, at least for the most energetic impacts. The height 
of the conical jet and the number of secondary droplets that it ejects, increase with 
a decreasing liquid film thickness. 
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2.2 Drop Impacts on Dry Surfaces 
Drop deformation 


As for the wetted case, at the early stage of the impact the shape of the droplet 
is similar to a truncated sphere and no lamella is yet present. After the detachment 
of the shock wave, a cavitation bubble can appear in the center of the drop [Engel 
(1966), Chandra and Avedisian (1991)]. Engel was the first to determine the maxi- 
mum pressure and velocity that this phenomenon can produce. She found that this 
pressure was proportional to the waterhammer pressure and that this velocity could 
be up to 8.6 times bigger than the impact one. Moreover, the velocity of the con- 
tact line along the wall can be much higher. This problem is related to the known 
paradox of the edge velocity of a knife cutting a plane. The propagation velocity of 
the contact line along the surface is clearly infinite at time t — 0. Through a simple 
geometrical analysis it scales as V e At-!/?. A recent measure of this velocity is 
presented in Fig. 5, where a maximum value of about 40 m/s is obtained at 10s 
after the impact. Its ratio with the impact velocity is about 30. 

Experimental data show that the spreading diameter grows in time with a power 
law with an exponent that lies in the range [0.45-0.57]. Its precise value depends on 
the liquid and impact conditions, which apparently do not affect the overall shape 
of the droplet. 


Lamella ejection 


As time goes on, a lamella is ejected from the base of the droplet and forms a 
thin film. The lamella is characterized by radial perturbations and for high impact 
velocities azimuthal undulations appear along its contour. No satisfactory correla- 
tion has been found to date to characterize the number of these perturbations as 
a function of impact and surface parameters [Marmanis and Thoroddsen (1996)]. 
Lamellae expand and can form a thin liquid crown or spread over the surface till a 
maximum radius is reached. 

In case of high viscous liquids, the droplet is smoothly and continuously de- 
formed and a distinct lamella is no longer visible. By increasing the impact velocity 
or the drop diameter the spreading is faster, while it is slower by increasing the 
surface tension or viscosity. For r « 0.1, drop diameter and impact velocity are the 
governing parameters. Surface tension plays no role for r < 0.5, then till r < 2 the 
spreading diameter slightly increases with smaller surface tensions. In Fig. 6, we 
show the time evolution of the spreading diameter for different viscosities (r œ% 1 
and D is kept constant). At higher liquid viscosity the spreading diameter is smaller 
and its maximum is reached at an earlier time. 

A further increase of the impact velocity leads to a splash. Engel (1967) noticed 
that splashing occurs for less energetic impacts, but with rough surfaces, while 
Hartley and Brunskill (1958) found that a necessary condition to obtain a droplet 
rebound was the presence of 'micro-roughness' on the leaves. Range (1995) investi- 
gated the influence of surface wettability. l 


Spreading phase 


Wettability has no influence during the initial kinematics phase, but as the time 
increases its effects become important. This is shown in Fig. 7, where only at later 
times a difference is discernable for the water-repellent case (Opec = 154°). The 
droplet comes to a rest earlier and with a smaller maximum diameter. Fukai et al. 
(1995) found that for more wettable surfaces the maximum spreading increases. In 
case of completely wettable systems (static contact angle= 0°) and of stationary 
conditions, the dynamical contact angle is only a function of the capillary number 
Ca (= BY). For partially wettable systems (static contact angle Æ 0°) the value of 
the dynamical contact angle is a function of the capillary number and of the static 
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contact angle [Blake (1993), Kistler (1993)]. At high impact velocities, wettability 
has a smaller influence on the deposition rate than surface roughness [Podvysotskii 
and Shraiber (1993)]. 

Roughness increases the energy dissipation during the spreading, but it promotes 
secondary atomization processes (splashes). The greater the adimensional surface 
roughness, the lower the value of Ker necessary for splashing. Other two main 
additional effects of surface roughness are the higher amplitude and number of 
perturbations during the spreading and the entrapment of air or vapor between the 
liquid interface and the solid surface. 

Perturbations on the rim appear on rough surfaces even at relatively low impact 
velocities. By increasing this velocity, perturbations develop on the rim even on 
smooth surfaces. On a rough glass, a prompt splash occurs at high impact velocity 
(V » 3m/s). The comparison of three images of impacts of water droplets on a 
PVC plate with different roughness wavelengths (the wavelength is a measure of the 
mean distance between surface profile peaks. For this experiment the surfaces have 
been prepared by laser ablation to obtain a "deterministic" roughness) shows that 
shorter wavelengths lead to prompt splash at lower impact velocities. The limiting 
velocities for these operating conditions (a water droplet of 3.4 mm) are Vimp = 3.1 
m/s for the surface with roughness Ry = 300jm and 2.7 m/s for the surface with 
Ry = 100jm. 


The final spreading phase 


Recently, Rioboo et al. (1999) showed that given a fixed surface, glass in his case, 
the splash occurs at different K numbers for different fluids, in particular a lower 
critical value of K for ethanol than for water. As a result, the K number alone is 
not able to define the splashing threshold. Deposition occurs on a rough glass with 
water droplet for K equal to 5342 and an adimensional roughness (Ryp = Ra/D) 
equal to 4.5 107?. On the other hand, crown splash occurs with ethanol at K = 
2085 and Ryp = 9.28 107?. This implies that the Weber and Ohnesorge numbers 
do not define completely the physical problem through the Buckingham Theorem, 
other physical parameters should also be considered. 

In the final phase of the spreading, the drop may begin to recede. A parameter, 
particularly significant for this process, is the receding contact angle. After reaching 
the maximum radius, if no crown has appeared, the lamella oscillates and moves 
towards the equilibrium position. The equilibrium shape is determined by the static 
contact angle and secondarily by the drop volume. On completely wettable surfaces 
(@ = 0°) the drop will continue to spread, and by definition a maximum spreading 
radius has clearly no meaning. In reality, drop impact on very wettable surfaces still 
produces an asymptotic value for the lamella radius because the shrinking due to 
liquid evaporation compensates the slow wetting. If the surface is not wettable, the 
lamella will recoil. A new phenomenon, observed by Rioboo et al. (2000a,2000b), 
has been defined as the "plateau" phase. The spreading diameter stalls for some 
time at an almost constant value before continuing to spread. The "plateau" phase 
is followed by the pure wetting phase for completely wettable systems. 

During the recoil the lamella can break. As the liquid recedes, its dynamical 
contact angle becomes smaller. As the limiting value of zero is reached, some drop 
is left behind by the receding lamella. The lamella can even form a central jet 
or rebound from the surface, depending on the available excess of energy [Mao et 
al. (1997)]. High impact velocities lead to a larger diameter of the spreading film, 
which, in the receding phase, is more likely to break-up. 

Zhang and Basaran (1997) studied carefully the effect of a surfactant during 
the spreading and recoiling phases of an impact. The dynamics is influenced by 
the presence of an extra surface tension term in the force balance. The maximum 
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spreading radius of surfactant-laden droplets is found to be smaller than with pure 
liquid droplets in the case of water. 


3 Numerical Studies 


Droplet-wall interactions offer a striking challenge to numerical and theoretical 
methods The simplest models involve inviscid fluid mechanics alone [Weiss and 
Yarin (1999). These models predict correctly several features of the splashing phe- 
nomenon. Inviscid fluid dynamics may be computed using the boundary integral 
method (BIM), in which the interface is tracked by a series of N markers and an 
integral equation is solved for the strength of sources along the interface. Axial 
symmetry is most often used and the fluid equations are then two dimensional, 
with a one-dimensional interface. The integral equation to be solved is then one- 
dimensional and the amount of computation required is of the order of N?. 

It is often desirable to take fluid viscosity into account. Then the Navier-Stokes 
equations must then be solved, with either a single fluid or two fluids, when the 
flow in the outside gas is important and thus it must be computed. These equations 
are supplemented with conditions for the continuity of velocity and stresses along 
the interface. As in the other formulation, a description of contact line motion 
is also needed when the impact is on a solid surface. Rather few studies tackle 
contact line motion, with the recent exception of Renardy (2001), and we shall 
thus leave this aspect of the problem somewhat aside. Many methods exist for 
the solution of the Navier-Stokes equations with interfaces. One of the aspects in 
which the methods differ widely is the treatment of interface reconnections. Such 
a reconnection may occur in various ways in the droplet impact problem: the most 
important one is the instant of impact of the droplet on the fluid layer, but later 
on during the development of the phenomenon, reconnections may also occur, for 
instance when secondary droplets are formed. It is thus important to reflect on 
the physical origins of reconnection. In some cases, reconnection is related to a 
singularity in finite time of the Navier-Stokes equations [Eggers (1997)], related to 
the Savart-Plateau-Rayleigh instability of jets. In other cases, van der Waals forces 
between the two interfaces attract them causing the reconnection to occur. Thus a 
realistic model of the reconnection should also take into account microscopic forces 
between interfaces. Molecular forces between the interface and the solid surface 
may also play a role. 

Beyond reconnection other physical effects may be of importance: surface ten- 
sion varying in space and time, surfactant molecules transport, visco-elastic effects 
and the finite thickness of the interface. However, it is important, when considering 
the challenge posed by droplet impact and various increases in realism and com- 
plexity, to know where to stop. Thus we shall mostly restrict this short review to 
inviscid and Navier-Stokes approaches with constant surface tension. 

Among numerical methods, most of the methods applicable to interfaces in 
general, reviewed by Scardovelli and Zaleski (1999), are also applicable to splashing. 
Fukai et al. (1993,1995) used finite element methods with moving grids. However 
a larger number of authors used methods in which the Navier-Stokes equations are 
solved on a fixed, regular grid of size N There are three main fixed-grid methods: 
marker particle chains, volume of fluid (VOF) and level sets. All three methods in 
a two-dimensional space require of the order of N x N operations, but so does the 
boundary integral method (BIM), thus there is no obvious computational advantage 
in using an inviscid, BIM formulation. Moreover our own comparisons of both 
methods show that the CPU time required by the methods is also comparable in 
practice. 

However, the Navier-Stokes formulation is limited in Reynolds number by the 


264 Marengo et al. 


grid resolution. Thus, using a BIM method could be a way to attempt to reach 
higher Reynolds numbers. However, it is well known that the inviscid formulation 
of fluid mechanics is not necessarily the limit of the solutions of the Navier Stokes 
equations at infinite Reynolds number. 

The numerical modeling of interfaces may be roughly divided in three parts: the 
methods used to solve the Navier-Stokes equation in the absence of interface, the 
"geometric" or "kinematic" tracking of the interface and all the other aspects of 
the dynamics of the interface, such as surface tension, stress conditions or effects of 
density jumps. Among fixed grid methods, VOF methods are particularly attrac- 
tive. The topology of the interface is not fixed by the representation of the interface 
data. Instead, the data (the information the algorithm has at the beginning of a 
time step) is the volume fraction occupied by the reference fluid in a given cell. 
The VOF algorithm then tries to guess what the shape of the interface is and then 
propagates it. 

The interface may be reconstructed by straight lines parallel to the grid axis 
as in first order methods. However, it is found that to obtain sufficiently accurate 
and stable codes, it is necessary to use at least second order methods, where the 
interfaces are represented by straight lines of arbitrary orientation (or portion of 
planes in the three-dimensional space). The third dynamical aspect (the correct 
representation of surface tension and jump or free surface conditions) is another 
important issue in fixed grid methods. In the current state of the art, the dynamical 
issue is at least as important, or even more important, than the issue of correct 
tracking of the interface. 

Results obtained by numerical calculations are mostly qualitative. Figure 8 
shows an axis-symmetric VOF calculation performed using the VOF code of LMM 
[Gueyffier et al. (1999)]. A droplet, with a diameter of 4 mm, impacts on liquid 
film 0.9 mm thick, with a velocity of 20 cm/s. The density ratio is 500, and the two 
fluids are 10 times more viscous than air and water. As a result the Weber number 
is 4. The evolution of the interface showing the formation of the crown is depicted 
in the figure. 

One of the striking features of these simulations [Gueyffier (2000)] is the fact 
that the jet starts very early. Figure 9 shows the early development of the jet. The 
more refined the simulation is, the earlier we observe the jet. 

Another interesting point is the development of the corolla. At intermediate 
times it bends slightly backwards, but then it tips forward until it is almost vertical. 
At late times, the base of the corolla is vertical, while the top bends forwards. The 
fact that the top bends forward may probably be explained by the inertia of the 
top part of the corolla and the end rim. 

This whole picture differs from the potential jet-impact theory, which would 
predict a corolla bending strongly backwards at late times. However it is possible 
than in these simulations a true late time has not yet been attained. The spreading 
of the corolla follows approximately the R t!/? law, but with a slowing down near 
the end of the simulation. This slowing down disagrees with the standard theory 
but agrees with the experiments. 

Three-dimensional simulations have also been performed by several authors 
[Gueyffier and Zaleski (1998), Rieber and Frohn (1998,1999), Bussman et al. (2000)]. 
To obtain splashing impacts, the authors need to add "by hand” small perturba- 
tions to the droplet surface or to the liquid layer surface. The corrugations and 
instabilities that develop may be due either to the Richtmyer-Meshkov instability 
of the accelerated jet at early times [Gueyffier and Zaleski (1998)], or the Savart- 
Plateau-Rayleigh instability of the end rim [Rieber anf Frohn (1998)]. Additional 
information may be found on the LMM web site at http://www.lmm.jussieu.fr/ za- 
leski/gouttes.html 
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Figure 1: Examples for the 6 kinds of outcomes (liquid, surface, velocity, 
advancing/receding contact angle): a) water, smooth glass, 1.16 m/s; 10°/6°; b) 
water, rough glass, 3.6 m/s, 10°/6°; c) Isopropanol, smooth glass, 2.89 m/s, 
0°/0°; d) water, smooth wax, 3.6 m/s, 105?/95?; e) water, rough wax, 1.18 m/s, 
105°/85°; f) water, smooth wax, 1.18 m/s, 105°/95°. 
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Figure 2: Shock wave formation and lamella ejection in the first impact instants. 
V: impact velocity, C,: sound velocity, r: drop radius, r.: contact radius, B: angle 
between the solid surface and the drop interface, Vjeing: velocity of lamella 
ejection. 
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Figure 3: Drop impact on a liquid film. We = 560; Oh = 2-10°, & = 0.1, t = 8.3 ms. 
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Figure 4: Crown height evolution for waterdrop impact on wetted surface. 
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Figure 5: (a) Evolution of the contact area diameter after a waterdrop impact 
onto a smooth PVC surface (We=88). (b) Multiframe image of a drop impact. 
The lamella extension can be directly evaluated together with its velocity. At-60 
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Figure 6: Influence of the viscosity on the spreading diameter in time. 


Dimensional and dimensionless forms can be seen on the same graph since V/D 
is held constant. 
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Figure 7: Wettability influence on the spreading behavior. All experiments are 
made with water. The drops sizes and velocities are comparable. 
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Figure 8: Early stages of the droplet impact on a liquid film. 
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Figure 9: A series of interface profiles for a droplet impact. The Weber number 
is 4, other parameters are in the text. 
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Notes 

The surface is at ambient temperature (T < Tyu). 
The surface curvature is negligible. 

Surfaces and liquids are not 
electrically charged. 

The liquid is Newtonian. 

The liquid on the surface is the same of the 
primary drop. 

The impacting drop is spherical. 
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Table 1 Resume of experimental correlations for isothermal drop impact. When K > Ke splash occurs. Ty, is the Nukiyama temperature 
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1 Introduction 


Many physically interesting phenomena in industrial processes and nature involve 
flow problems with interfaces or fronts. Examples of such phenomena include the 
casting or mold filling processes, the dendritic solidification and the crystal growth, 
etc. These phenomena consist of free surface flows and free interface flows. In the 
free surface flows which describe the interaction between a fluid and air, it is often 
that the flow equations are solved only for the fluid and zero traction is assumed 
on the interface. If we formulate them by true two-fluid flow model, we can also 
regard them as the free interface flow problems. Anyway, in these problems the 
surface tension effect also plays a fundamental role. It is presented at the fluid-fluid 
interface for immiscible media. 

In this paper we propose the finite element method for two-fluid flows with free 
interface including surface tension effect. The numerical strategy to deal the interface 
is Eulerlian. The feature of this approach is very easy to construct the algorithm 
due to the availability of the fixed mesh, however, we can only capture the interface 
implicitly. In our approach the interface is considered as the 0 level set of the 
pseudo-density function introduced by Dervieux and Thomasset [3]. As for the 
numerical treatment of the surface tension effect, it is interpreted as a body force 
spread across the interfacial region with a finite thickness, which is slightly different 
from the continuum surface force model (CSF) developed by Brackbill et al [1]. 

On the other hand, the another important problem in the numerical simulation 
for two-fluid flows or two-phase flows is the numerical reproduction of the inter- 
face. Especially, in our approach it is difficult to discuss the convergence of the 
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approximate interface directly. In this paper we show the convergence of the ap- 
proximate interface by using the Borel measure and the Heaviside operator under 
the assumption that the finite element scheme for the pure advection equation of 
the pseudo-density function has the reasonable accuracy. 

An overview of this paper is as follows. In Section 2 we present our mathematical 
model. Section 3 is devoted to the modeling of the interface. In Section 4 we give the 
finite element scheme for two-fluid flow system including the surface tension effect. 
In Section 5 we define the finite element scheme for the pure advection equation and 
show the stability and the convergence of it. In Section 6, we discuss the convergence 
of the interface. Finally we present some numerical results in Section 7. 

Let us now establish the notation used throughout this paper. Let 9 be a 
bounded domain in R? with Lipschitz boundary I. For a nonnegative integer m, let 
H” (N) be the standard Sobolev spaces and denote their norms and the semi-norms 
by || + |l, o and |+|m,a, respectively. We shall denote H°() by L?(Q), and the 
norm and the inner product of L? (N) are denoted by ||- || and (-,-), respectively. For 
functions defined on the cylinder Qr = Q x (0, T), we shall also introduce some ad- 
ditional notations. Namely, for any Banach space X and 1 < p < oo let L?(0, T'; X) 
be the space of all X — valued functions which are defined on (0, T), measurable and 


T 
llullze(o,7;x) = d [u(t IF dt)? < +00. 


Simiarly we define L?? (0, T'; X). In particular, we denote L?(0, T; LP (Q)) by L?(Qr), 
and L??(0,T; L??(€)) by L® (Qr), respectively. 


2 Mathematical model 


Let 2 be a bounded domain of R? with the boudary T. The domain Q consists of 
two time-dependent subdomain Q;(t), i = 1,2 such that 


N=UODUMMB and Q4()n90s(t) 20 for0<t<oo. 


Each subdomains are filled by the fluid#1 and fluid#:2, respectively. We assume 
that two fluids are both viscous, incompressible and immiscible. The governing 
equations for unsteady, viscous, incompressible, immiscible two-fluid system and 
the incompressibility condition are given by the following : 


Pu Au a (a 
ai + ul i) = au — pagóig in Na (t) x (0,T), 
J 





for i = 1,2 and a = 1,2, (2.1) 
div u(9 =0 in Na(t) x (0,T), 


where u( = (uf?) , ube the velocity, p( the the pressure, fia the viscosity, pa 
the density, g the gravitational acceleration. Here the stress tensor is defined by 


off)  -p ij + pa Di; (u(99), (2.2) 


Finite Element Approximation for Two-Fluid Flows 281 


where & 
1,049 dui? 
D; (u(9?) = (4i Ly, 
Here we have used the summation convention. 
As for the boundary condition and the initial condition, we assume the no- 
penetration condition on solid walls : 





u:n —0 onl. (2.4) 
and 
u = ug in Q, (2.5) 


where uo is a prescribed divergence-free velocity, respectively. 
Furthermore we assume the transmission conditions at the interface between two 
fluids. One is the the continuity of the velocity : 


ul) =u) on I(t), (2.6) 
and other is the mechanical condition : 
of nj - on; = on; on I(t),i = 1,2, (2.7) 


where c is the surface tension coefficient, x the curvature of the interface I(t) and n 
the unit outward normal vector along the interface I(t). In what follows we assume 
that the surface tension coefficient c is a constant. 


3 Advection of the interface 


By the assumption for the immiscibility of two fluids, the motion of the interface is 
governed by 
u(? .n — v.n, (3.1) 
where u(9 is the velocity of fluid#ta on the interface for a = 1,2, v the speed of 
the interface displacement and n the unit normal vector to the interface. 
If we consider that the interface Z(t) is defined as follows : 


I(t) = {x = (z1i,23)| v(z,t) = 0 for 0 < t < T), (3.2) 
it is easiliy seen that y = y(x, t) satisfy the following equation : 


TP us Ve -0 in Q x (0, T). (3.3) 


In practical computation, we choose an sufficiently smooth initial function for the 
transport equation so that 


T l «0 inù4(0), 53 


>0 in (0). 
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Due to [3] the solution of (3.3)-(3.4) is called the pseudo-density function. 
Remark 1. Recently, for the numerical analysis for two-phase problems it is well 
known that the level set function [2] is usefull, however, there is a slight difference 
between the pseudo-density function and the level set function. Initially, the level 
set fuction $ is set equal to the signed distance function from the interface. That is 
+d in 9,(0), 
$9 —4 0 onI(t), (3.5) 
—d inf (0), 


where d is the distance from the interface Z(t). But the pseudo-density function does 
not have this property. 


Using the pseudo-density function, we can obtain the outer normal unit vector 
and the curvature, respectively : 


(3.6) 
"W^ CS mm Teron 
L vin = SuPer = WahyPey + PaPyy (3.7) 


CENE 


In order to get these quantities, we need to find accurate values of Y, Yz, Py, Per, Peys Pyy- 
This suggests that we have to use at least the finite element of 6 degrees of freedom 
to approximate the pseudo-density function by the finite element method. 


4 Finite element scheme for two-fluid flows 
We introduce the following space : 
= (ve H!(Qn)|v.n-0onT], 
Q = O) = {4 € P(N) | Jaade = 0). 


The variational formulation for the gorverning equations (2.1) is obtained by mul- 
tiplying (2.1) by an arbitrary function v € H! (N), integrating over the domain Na 
and adding two equations. 


Find (u(t),p(t)) EV xQ fr0<t<T 
such that 


(4.1) 
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Ou; 
] o d uj 


E -f pgóiavidr «f ckn;vidy, for Vu = (v1,v3)) € V,i = 1,2. (4.2) 
Q I(t) 


Fee) de - A p -de +24 f Dylu) setae 


f ado uan =o for VqgE Q,0<t<T, 
where for a = 1,2 
u=u™ in Q(t), 
=p inf), 
P=Pa in Q(t), 
B-—pBa in felt). 


(4.3) 


In order to approximate the variational formulation (4.2) by the finite element 
method, we construct the finite element space using P1 iso P2/P1 element : 


| Vnz={un€ c°(n)? | unlg € P (KY VK € Th/2) v, :nlr = 0), 
(4.4) 


Qn = {qn € COM) | nlx € B(K) VK ET} n. LA), 


where {Ti }aso be a regular family of triangulations of Ñ and 7;, /2 be a new trian- 
gulation obtained by deviding each element K € 7; into four equal subtriangles. As 
shown in (4.2), the surface tension effect is represented by the line integral on the 
interface I(t). In this paper, the surface tension effect is interpreted as a body force 
spread across the interfacial region Rz(t) with a finite thickness, which is defined by 


Re(t)= |J K. (4.5) 
ibas 
KET}, 


Therefore in the variational formulation (4.2) we replace 


f oknivdy 
I(t) 


by the volume integral on the interfacial region Rz(t). 
In order to define a full discretization of (4.2) we consider the uniform mesh for 
the time variable ¢ and define 


—nr forn=0,1,2,---, [7/7], 


where 7 > 0 is a time-step. Then our approximate problem is defined as follows, 
where uf, and pi, denotes the approximation of the exact solution u(x,t,), and 
p(x, t"), respectively. 
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Find (uf? pt) € V, x Qs such that 


p(( SR M vn) + (up Veet, va)) — (pis div v)  24(Ds (uf), Di (Un) 


=(f,vn) t(fSy,va) for Vv, € Va, 


(div up* qn) =0 for Van € Qn, 
(4.6) 
where f — [0 — pg] and 


(fr, va) = 5y [ carn: Vp dz. (4.7) 


KERI (tn) 


In practice we implement the approximate problem (4.6) by the velocity explicit and 
pressure implicit scheme [4] using the mass lumping matrix, however, we omit it in 
this paper. 


Remark 2. In the finite element scheme (4.6) with Pliso P2 element, we can take 
C = 3n/hx in (4.7), where hx is the diameter of K and 7 > 0 is the constant 
derived from the regularity of the family of triangulations. 


5 Finite element scheme for the transport equation 


In order to decouple the nonlineality of the Navier-Stokes equations (2.1) and the 
transport equation (3.3), in practice we may consider the following pure advection 
problem instead of (3.3). 


TÉ un Vp 20 inf?) x [tn, tn4i), 
for n = 0,1,---, [T/T] — 1, op 
(2,0) = po in 2. 


where u"t! = u(z, tn+1) and qo is the sufficiently smooth function defined by (3.5). 
In the sequel, we assume that for n = 0,1,---,[7/7] - 1 
ut! c Lo (Q), 
div u^*t! 20 — inf, (5.2) 
ut! .n=0 on T. 
Then we consider an implicit Euler scheme for the pure advection equation (5.1), 
which is the discretization in time and the finite element approximation is adopted 


in space variable using the finite element of 6 degrees of freedom at least. Let V be 
a Sobolev space H1(Q) and V, be the finite dimensional space of V such that 


Va = {vr € C?(Q) | UnlK € P&(K) for VK € Th}; (5.3) 
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where k > 1. For 1 < l € k let II; be the interpolation operator from H'*1(Q1) to 
Và. It is well-known that 


lo — IInv|lo,o + Alu — Waviia € Ch^*|v[j419 for Vv e H'*1 (Q). (5.4) 
Then our finite element scheme for (5.1) is as follows : 


Find ypt! € V, such that 


Ph : Ph n+l n+1 
ohh yn) + (u Voy sv 0 for Vu, € Va, 
T n) + ( ny = ‘ (5.5) 


ye = (oh; 
where Yor = Hayo. 


Remark 3. In practice we use the Pj iso P2 element for the scheme (5.1). For this 
element we have the following estimate : 


ilv — IIav[lo,o + ^|v ~ Hrvho € CA?|v|2o for Vv € H?(Q). (5.6) 


As for the stability and the convergence of the finite element scheme (5.5), we have 
the following results. 


Proposition 1. For each n = 0,1,2,---,(7'/7] it holds 


lesllo,o < Ileonllo.o- (5.7) 


Theorem 1. Assume that qo € H*(2) and the solution ¢ to (3.3) satisfies 
?(0, T; H*1(0 oe L^(0,T; H*(Q PE e pe 
e € L*(0,T; (Q)), ar € L'(0, T; H*(Q)) and ar € (Qr). (5.8) 
Then y7 defined by (5.5) satisfies for each n = 0,1,2,---,[T'/7] 


lor — ol tn)llon S CCAS +7), (5.9) 


where C > 0 is a constant. 


Proof. We consider the semi-discretization in time for the equation (5.1). 


n+l — 4n 
E puit .VqP t =0 ing, 
T (5.10) 


pP = po. 
Noticing that it holds from (5.1) 


u”t! 


ð 
Sr (E, tnt) == Vo(x, tnt), 
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we have the following by means of the Taylor's theorem. 


Phe tnt) — p(x, tn) + ut. Vol 


where 0 < 6 < 1. Subtracting (5.11) from = we have 
en a én 
= 


8? 
2,111) = -5 gp minu —-6r) (511) 


4 ut yel = Lage nai — 07) (5.12) 


: a 


where €"+! = qt! — O(a, tnyi). 


Multiplying (5.12) by é"*+! € V and integrating on 9, we have for some t* = 
tn+1 — Or 


IEH a = (EE) + — (ae (w,t*),€"**). (5.13) 
Since £° = q? — o(z,0) = 0, it is easily shown that 


0? 
ll£^llaa € Cr lI ze (an): (5.14) 


On the other hand, we consider the variational formulation for the semi-discretization 
in time (5.10) : 
Find "+t! € V such that 
o — g" "m Ji 
—— ———,v) + (u®™ Vort v) z0 for Ve € V, 
(E, o) + (ut vut, o) ae 
pP = po. 


Setting v = v, in (5.15) and subtracting the full scheme (5.5) from it, then we have 


(or m qr vn) + r(u^*! . Viprt? f me Uh) = (ph = q^, Un): (5.16) 
Here we set vj, = pr — II4q^*!. Noticing that the following equality holds 
los ^ — Ie" t| áo = (Malet! — on) — (gt! — on), vr — Tony 
- r(u : Vinay"! = grr) om _ TI,yp"t") 
+ (ph — Way”, pat? — Ion), 
we have 


len ^. — Tag oe x rlt! — 9) — (prt! — 9"), or — Io") 
hu s ud 
a) 


+ riut. V(II Qt! — pt), oet! — mont) 
Nera NCA, fc re a d 
(2) 


+ [lok — Hav"lloo leet? — Whig" Ilon. 
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From the assumption T € L?(0, T; H*(Q)) the first term is estimated as follows : 


ð ð 
O < MGE C tn 07) — SE Cta nlla lep — ne"! lion 


IA 


1 
erh* Rt — IIa"! llo o. 
As for the second term, we can estimate as follows : 


(2 x rlut lir (o) Vag"? — v"* loo [egt — Mret [loo 


IA 


Tiju” [re (o) ezh" [og — Mre” loo. 
Therefore we have 
lR! — Tae" llog < (ei + erlu” t lr (oy)h*r + leg — Hav"lloo. — (5.17) 
Since y? — Inyo = 0, it is easily shown that 
Went? — IIng^*!lloo < Ch*. (5.18) 
From (5.4), (5.14) and (5.18) we have 


ent — e taco < lon — Hag" llo + IIo" — e"! Hoo 


[o t! — pl, tr+1){lo,0 


O(h*) + O(h***) + O(7) 


I^ 


= O(h* +r). 


6 Convergence of the interface 


In this section we consider the convergence of the approximate interface by means 
of the measure theory. Let E be a 1-dimensional Borel set and f = f(x) be a 
1-dimensional Borel measurable function. We denote meas{x € Q| f(x) € E) by 
m|f € E]. Furthermore, we denote the Heaviside operator by H(.:). 


Lemma 1. Let p > 1 be a integer and ô > 0. Then it holds that for any %1, Y2 € 
E(N) 


IE (91) — H (42)llzr) S mill « 6] + mllvs] < 4] + mfl — vol > 26]. (6.1) 
Proof. Due to the definition of H(-), we have for some constant ô > 0 


I (V1) — H(V3)llz (o; = miy: 2 0,» < 0] + mii < 0, v» 2 0] 
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= mp > ô, p2 < —d] + miyi > 6,-6 < v « 0j 

+ m[d > yı > 0,99 € —ô] + mld > yı > 0, —ó < y» < 0] 
+ mfy € —ô, p2 > ô] + mfp € —6,0 > y» > 0] 

+ m[-6 < 1 < 0, Y2 > 6] + m|- < v4 < 0,0 > v» > 0] 
zom[ > ô, p2 < —ð] + mfy € —ô, p2 > ô] 

+ md 2.0, —6 < o < 0] + mfy < 0,0 € v» < ô] 

+ m[ó > yı > 0,9» € —ô] + m[-d < yı < 0, %2 > 6] 

< ml 26,4» € -ó] + mfy < —ô, p2 > 46] + m[Ii| < 6] 
+ m[Iv»| < ô] 

< m[|vi| < 4] + m[|vo| « 4] + m[vs — v»| 2 26]. 


The following lemma can be easily shown by the Schwartz inequality and the Cheby- 
shev inequality. 


Lemma 2. Let ô > 0 be a constant. For any V4,» € L? (N) it holds that 


miiy — p| > 2 20] € = m li — V»llo.o: (6.2) 


Theorem 2. Assume that qo € H*(Q) and the solution y of (3.3) satisfies 
e € L^(0, T; H**(0)), ae € 17(0,T; H*(Q)) and ve € L™(Qr). (6.3) 


Furthermore, we assume that for sufficiently small 6 > 0 and h > 0 there exist 
constants C1 > 0, C» > 0 independent of ô and h such that 


sup milly; < ô] € Cid, 
E miles t) < 4] < C28. n 
If there exists a constant C4 > 0 such that 
F « Cs, (6.5) 
then we have for some constant C = C(p) > 0 
(eR) — H oC, ta))llzoqoy < CHRP, (6.6) 


Proof. From Lemmas 1, 2 and Theorem 1 we have 


IL GA) — GC lle < miel <4] mile. ta) < 3] s +7. 
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Here we take 6 = h?*/3, So that we have 


2 
IH (en) — H(eC, tn) Ira) < (Ci +C2)h?* + ChAES pat +7?) 


2 2 
(C1 + C; + Snes + Ch Meg 
Since 7 < C3h*, we have 


Hlo") —H . p C C. e C? Cj 2k/3 
| (yh) (oC, t8) rs (o) S ( 1+ C2 2 + 2 )h . 


Remark 4. In the case of P1 iso P2 element, we have from Remark 3 


ll (eR) — Hll, ta))lzsqo) € Ch. (6.7) 


7 Numerical results 


In this section we present some numerical results to demonstarate the efficiency of our 
scheme. Rayleigh-Taylor instability is a fingering instability of the interface between 
two fluids of different densities, which occurs when a heavy fluid is superposed 
over a light fluid in a gravitational field acting downward. Any perturbation of 
this interface tends to grow with time, then the fluid interface is unstable. In this 
example we consider Rayleigh-Taylor instability of the air and Helium which are 
confined within a closed box of width 10cm and height 40cm. The density and the 
viscosity are 1.225 x 107?g/cm? and 1.776 x 107 *g/(cm - s) respectively for the air, 
and 1.655 x 107 *g/cm? and 1.941 x 107*g/(cm - s) for the Helium. In this case 
the ratios of the density and the dynamical viscosity are pair/Phelium = 7-4 and 
lair/ Bhelium = 0.13, respectively. The gravitational acceleration is 980cm/s?. 

We consider the flat initial interface and the perturvation is supplied by specifying 
the vertical component of the initial velocity ug at the interface to be A cos(2421) for 0 < 
zı € 10, where A is the amplitude of the purturbation. Evidently this initial con- 
dition is adapted to the incompressible condition. For the initial function of the 
pseudo-density function, we set as follows : 


-1 (0 < z2 < 20-6), 
¢o(a) = sin 5- (za —20) (20Ce€ z2 € 204 €), (7.1) 
1 (20 +€ < z2 < 40). 


All computaions were performed on a adaptive-like finite element mesh with 2305 
nodes and 1108 elements. The time step is set to r = 1.0 x 1074. Figure 1 shows the 
finite element mesh used in our computations and the profile of the initial function 
$o(z) of the pseudo-density function. 

We present a numerical example in the case of g = 0. Figure 2 shows the profile 
of the pseudo-density function and interface at different times. From these figures 
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Figure 1: Finite element mesh and profile of yo(x) 
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Figure 2: Profiles of the pseudo-density function and interface at t = 0.02, 0.03, 0.04. 
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Figure 3: Time history of maximum and minimum values of the pseudo-density 
function 


it is easily seen that the interface between two fluids formes like a mushroom cap, 
which is the typical feature of the Rayleigh-Taylor instability. Figure 3 shows the 
time history of the maximum and minimum values of the pseudo-density function. 
The time history of the total mass of fluid#2(Helium) is plotted in Figure 4. Here 
the initial total mass of Helium is 0.609. From these figures we can observe that the 
conservation of total mass is almost achieved within a small tolerance. Since our 
scheme for the pure advection equation has no re-initialization procedure, it needs 
some re-initialization techniques to obtain an excellent conservation of total mass. 
Furthermore, Figure 5 shows the velocity vector field at different times. 
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Figure 4: Time history of the total mass of Helium 





Figure 5: Velocity vector fields at t = 0.02, 0.03, 0.04. 
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